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NPEAMCIIOBME ANA YYMTENA

YueBHO-MeTOAMYECKHI KOMMANEKT AN u3yyeHus Kypca anrebpel B 7-m
knacce obuieobpasoBaTenbHOM LKONbI, BbINYCKAeMbIM M3aaTenscTBom «MHe-
MO3MHA», COCTOMUT M3 CNEAYIOLMX INEMEHTOB:

A. . Mopakosuy. Anrebpa=7. Yacte 1. YuebHuk.

A. . Mopagkosuy, Jl. A. Anekcarngposa, T. H. Muwycruna, E. E. Tyns-
yuHcKan. Anrebpa—7. HYactb 2. 3agauHmK.

A. . Mopgrosny. Anrebpa—7. Metoguueckoe nocobue ans yumrens.

J1. A. Anekcargposa. Anrebpa—7. KoHntponbHbie pabotel / Mop pen.
A. . Mopaxosuya.

J1. A. AnekcaHgpoBa. Anrebpa—-7. CamocTtostencHole pabotel / lMopg
pea. A. . Mopakosnua.

E. E. TynbunHckas. Anrebpa—7. bnuuonpoc.

B. B. LllenomoBckuii. INeKTPOHHOE ConpoBOXaeHue Kypca «Anrebpa—7» /
Mop pea. A. . MopaxoBuya.

Ona n3ydeHun Kypca anrebpbi B 7-m Knacce y4eHuKM AOMKHLI MMeTb ase
KHUru: y4eBHMK 1 3apa4HmK. XOpOLUMM NMOMOLLIHMKOM KaK ANf yuuTenew, TaK 1
ANS YYEHMKOB CTaHET COBPEMEHHOE MYNbTumeauiHHoe CpefcTso obyuerus
(komnbloTepHbIn auck), cospanHoe B. B. LLlenomosckum.

Y Bac B pyKax nepBas KHMra yKa3aHHOro Komnnekta — y4ebHuk. AeTop
HafieeTca, 4TO ero ByayT YMTaTb M YHUTENA, M YHEHHUKMU, M POAMTENH, NOCKONb-
KY CTMNb M3NOXEeHus OOCTYNHbIM, BO MHOFOM PAacLBEYEHHbIN HEMPUBBIMHLIMK
ANA MaTeMaTHHECKOM PYTHHHOIM NeKcukn obopoTtamu. B 1o e spems sbigens-
I0TCH OCHOBHbIE 3Tanb! PACcCyMAeHMN € (PMKCAUMEN BHUMAHMA YMTATENA HA Bbl-
AenexHbix atanax. Hanpumep, pelueHne NpaKTMY4eCKM BCEX TEKCTOBLIX 3aAay
othopmneHo B Buae Tpex 3TanoB: COCTAaBNeHHE MaTemMaTHYECKON MOAenu; pa-
6071a ¢ cocTaBneHHON MOAENLIO; OTBET Ha BONPOC 3a/a4M.

Ha ypokax matematnku yuutens Bcerga covetaer obbigeHHbin a3biK (A3bIK
oBLieHms, A3bIK NUTEPaTYPHOrO NOBECTBOBAHUS) C MPEAMETHBIM S3LIKOM —
CTPOrMM, CYXmum, NAKOHMYHBIM, CTPOALLMMCSH NO NPHHATLIM B MaremaTuke 3a-
KOHam. Tak HanucaH u 3toT yuebHuK, npeactaensowmit cO6O KHUry He Ans
33y4MBaHKA, @ ANA M3YHEHHN, T. €. ANA HTEHUA M NOHUMaHKA.

Ormpascek Ha y4ebHuK, yuutens npekpacHo pasbeperca B Tom, 4T Hapo
PaccKkasatb yuyawmmcs Ha YPOKe, uyrd npepnoXmMTb MM 3aNOMHKUTL, a uTo npo-
€TO npountaTte goma (n, BO3MONMKHO, 06cyp.u'rb B Knacce Ha cnegyrowem ypo-
Ke B xaHpe Geceppi).

BC!OP.Y. rAe BO3MOMHO, aBTOP CTapancs Cnefosats uaeam npobnemHoro
06yuenms. Mpobnema (no GonbluoMy cueTy) — 3TO TO, YTO Mbl CETOHA PELUMTL
HE MOXem u 3aBTpa He pellMm; 3TO TO, HTO MyHaeT Hac NPOAOMKMTENnsHOe
Bpems, ato 1o, K pELLUEeHUIO Hero mbl NOCTENEeHHO NpubrnuKaemcs, OLLyLLasn
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3To NnpubnumKeHue; 3TO TO, HaKoHel, 4To, Byayum pelieHo, AaeT amouMOHanb-
HbIN 3apsf, NPMHOCKT PapoCcTL. MmeHHo Takoe (He nokansHoe, a rnobansHoe)
noHumaHue npobnemnoro obyueHus pykosoauno asTopom B pabote Hapg, y4e6-
HMKOM. [TpMMEpPOB MOXHO NpuBECTM OHEHb MHOrO, BHMMATENbHbIM YMTaTErb
(npexpe Bcero, KOHEYHO, yHuTENb MATEMATHKM) BCE YBUAMT M NOMMET.

Jluwb npocTenLume NoHATHS AAIOTCA CPasy B FOTOBOM Buae, OCTanbHbIE e
BBOASTCA NOCTENEHHO, C YTOHHEHMSIMM M KOPPEKTUPOBKOM, a HEKOTOpble BOOG-
e OCTaloTCs HA MHTYUTMBHOM YPOBHE BOCTIPHATHA A0 TEX NOP, NOKa He HacTy-
nuT GnaronpuaTHLIM MOMEHT ANs ux TouHoro onpepenenmnsa. K uncny Takux no-
HATUW OTHOCMTCS, Hanpumep, NOHsTHE (PyHKUMM, KOTOpoe, no rnybokomy
y6erxkpeHnto aBTopa, He HY)>XKHO BBOAUTb C CAMOrO Hauana, OHO JOMKHO «CO-
3petb». Bo BcAikOM cnydae, B 3TOM yuebHuKe cTpororo onpepenexus yHK-
LMm HeT, oHo ByfeT BBeAeHO nuLwb B Kypce anrebpbi 9-ro knacca.

Pabotasn Hap, yue6HMKOM, 3BTOP NOHUMAN, HTO €ro rnaBHas 3aAaqa 3aKno-
4aeTcs He B CyxOm coobuieHun matemaTuyeckux (hakTtoB, a B Pa3BUTHUM
y<aLwmxcs NoCPeAcTBOM NPOABMKEHUs B npeagmeTe. MHbiMu cnoBamu, npuopu-
TETHbIM SBNAETCH HE MHCPOPMALMOHHOE, a pa3eueaioLlee none Kypca. B yue6-
HUKE NPaKTMYEeCKW peann3oBaHbl NPuHUMNBbI pa3suBatowero obyueHus,
cchopmynmpoeaHHbie J1. B. 3aHKoBbIM: 0ByueHue Ha BbICOKOM YypOBHE TPyaHO-
CTH; NPOXOXKAEHHe TeM MPOrPamMmbl AOCTATOHHO BbICTPbIM TEMNOM; BeayLLas
ponb TeopeTMHEeCKMX 3HaHMK; OCMbiCneHne npouecca obyueHus (yueHuk
AOMKEeH BUAETb, KAaK OH YMHeeT B Mpouecce u3ydeHus marepuana — 37O
pocturaetcs npobnemHbim obyueHuem); passBuTMe BCEX YyHaWMXCH
(ecTecTBEeHHO, yunTbIBaSs, HTO y KaXKAOrO M3 HUX CBOM NPEAEn BO3MOXHOCTEH).

Kaxpas rnasa sakaHumsaetcs paszgenom «OcCHOBHble pe3ynbTartbi». JTO
cBoeobpasHbiit CMOTP [OCTMIKEHMM, «CYXOM OCTaTOK», NOQBEefeHue MTOroB,
4TO ANs yCnewHocTh npouecca obyueHus oueHb BaXKHO.

O6bpallaem BHUMaHKE UMTATENs HA TO, YTO 3TO mu3paHue yyebHuKa cywie-
CTBEHHO oTnuuaeTcs ot u3ganHun 1997—2006 rr. npexxpe BCEro Tem, HTO m3-
MEHMNCA NOopSROoK XORoB: rnasbl 6 1 8 (nuHelHas hyHKLUMA M CMCTEMBI NMHEMN-
HbIX ypaBHEHu) NepeasuHy Tbi B Ha4ano Kypca (Tenepb 3to rnassi 2 u 3). 3tn
M3MEHEeHUs OTPaXKeHbl M B METOAMUECKMX NOCOBMsX.

AsTOp



Yuntecb paborars C KHMIOH

B yueGHHMKe HCIOJIL3YIOTCH HA IOJIAX 3HAKHU-CHUMBOJIEL.

Ilesb BBEJIEHUSA CUMBOJIOB COCTOMT B TOM, YTOOLI IOMOYb yYaIIMMCH
yCBOMTh ¥ 3aKDenuTh yuebHEIH MaTepHasd; nobyAuTh yduTeNleHd K
BOCHHUTAHHIO ¥ ITKOJBHUKOB HaBBIKOB OBICTPOI OPHMEHTALHH B U3y4ae-
MOM MaTepHaje; IOMO4Yb POAHTEJIAM IPABHIJIBHO IPDOKOHTPOJHPOBATDL
3HAHMA JeTeil.

OT pepaxoun

0npoc

deme
== g

— OKOHYaHHe pellleHHudA nmpHuMepa
(upu oTCyTCTBHM PYODUKH «OTBET»).



rNABA 5
1 MATEMATHUYHECKUMU A3bIK.

MATEMATHYECKAA MOJZEJIb

§ 1. Yucnossie n anrebpanyeckme sbiparkeHns

§ 2. Yro rakoe MaremMarM4ecKmi A3biK

§ 3. Yro rakoe maremarmyeckas mogens

§ 4. J/lnHeriHoe ypasHeHme ¢ O4HON NepemeHHOH
§ 5. KoopgmHarrHas npsmas

§ 1.YMCNOBBIE U ANFEEPAMYECKME
BbIPAXKEHMSA

B Mmuaammx Kjaccax Bl VUHINCH OI€PHPOBATEH € LEJIBIMH
¥ ApoOHBIMM YHCJIAMH, PEINaNH YPABHEHHHA, 3SHAKOMHUJIHCE C T€OMeT-
pHYECKHMMH (DHrypaMH, ¢ KOOPDAMHATHOM NpAMON M KOODAWHATHOM
ILJIOCKOCThI0. Bce 3TO cocTaBnfano colep:KaHWe OJHOTO IIKOJBHOTO
npeamvera «Maremaruka». B AeliCcTBUTEIEHOCTH TaKas Ba)KHAA 00J1ACTH
HAYKH, KAK MATEeMATHKA, IIOAPASAEISeTCS HA OPOMHOE YHCJIO CAMOCTO-
ATeJBHBIX UCOHUILIHH: airedpy, reOMeTpHIO, TEOPHIO BEPOATHOCTEH,
MaTeMATHYECKHI aHANH3, MATEMATHYECKYIO JIOTHKY, MATEMATHYECKYIO
CTATHCTHKY, TEOPHIO UI'D B T. I. ¥ Ka)KJ0i JUCIHILINHEI — CBOH 00BEK-
THI H3YYEHNS, CBOH METOJbI II03HAHNUA PEAIbHOM NeHCTBATEIEHOCTH.

Anrebpa, K H3y4e€HHI0 KOTOPOH MBI IPHCTYIIA€M, HAET YEeJOBEKY
BO3MOXKHOCTE HE€ TOJIBKO BBINIOJIHATE PaA3JINYHEIEC BEIYHCJIEHHWSA, HO H
YYHUT €ro [leJIaTh 3TO KaK MOXKHO OBICTpee, paniiOHaJIbHee. JeNnoBeK,
BJISJICIOIINH ayrebpandecKUMy METOAAMHM, UMeeT IPEMMYIIECTBO Iepes
TEMH, KTO He BJIAJICEeT 3THMH METOAAMH: OH OhICTpee CUNTAeT, yCIeIIHee
OPHEHTHDYeTCH B YKM3HEHHEIX CHTYAIIHMAX, YeT4e OIPHHUMAeT pelleHns,
Jyume Meicaut. Hama sagjaua — moMo4Ys BaM OBIafeTh ainrebpanye-
CKMMH MeTOAaMH, Ballla 38/a4a — He NPOTHBHTHECH 00y4eHHIO, ¢ I'OTOB-
HOCTBIO CJIENOBATE 38 HAMH, IIPEO0JIeBasd BOSHUKAKIIIAE TPYAHOCTH.

Ha camom neste B Mnagmux KJaaccax BaM yke IPHOTKPBLIA OKHO B
BOJIIEOHBIN MUD anre6pel, Befnh aarebpa B NEPBYIO OYEpeNb H3ydYaeT
YHCJIOBEIE ¥ ajirefpandyecKye BEIDAYKEHHUA.
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1 ) || MATEMATHMYECKMA 93bIK. MATEMATHMYECKAS MOLENb

HanoMHMM, YTO YHCAOBBIM BRIpaskeHMeM Ha3bIBa-
IOT BCAKYIO 3aIlMCh, COCTABJIEHHYIO U3 YHCes U 3HAKOB
apudMeTHYeCKHX JeicTBHIi (cocTaBleHHyI0, pasyme-
eTcs, CO CMBICJIOM: HampuMmep, 3 + 5 - 7 — uuca0BOE

BEIpaKeHHUe, TOrja Kak 3 + : — He YMCJIOBOE BRIpaXe-
YHCNOBOE HMe, a 6eccMEICIeHHEIH Habop cumBonos). Ilo HEKOTO-
BbipaxeHHe PbIM IpUYUHAM (0 HUX MBI 6yieM roBOPUTE B AajbHEMH-
anreBpanseckoe IIIeM) YACTO BMECTO KOHKPETHBIX YHCes YIOTpeOIsoT-
BLIpAMEHHE ca OyKBH (IPeMMYINECTBEHHO H3 JATHMHCKOTO

asaBuTa), TOrZA MOJy4YaeTca aarefpandeckoe BHIpa-
skeHHe. JTH BRIDAYKEHHS MOryT GHITH OYeHBb rpomMosgxumu. Anrebpa
YUMT YOPOINATh UX, MCIOJbL3YA PasHble NPaBUJa, 3aKOHKI, CBOMCTBA,
GopMyIIEL.

IHpumep 1. HaiiTu 3HaYeHHEe YHCIOBOrO BRIPAYKEHU A

2 14
(2,73 + 4,81 + 3,27 - 2,81): (— = —)

5 15
25-37-0,4

P em e H u e. Cefiuac MBI BMeCTe C BAMH KOe-4YTO BCIOMHHM, H BEI
YBHUIUTE, KAK MHOr0 airedpandyecKuXx GaKTOB BHI y2Ke 3HAETe.

IIpexxe Bcero HY»XHO BHIPaGoTaTh NJAH OCYIIECTBIEHUS BBIYHC-
nennii. [Ina yaoGerea BBefieM ciaeayiomue ob6osHaueHHs. Uucaurens
AaHHOrO ApoGHOrOo BEIpa)xeHus o0603HauuM OykBOi A, a 3HaMeHa-
Tens — OykBoii B:

£ 14]; B=25-37-0,4.

A=(2,73+4,81+3,27-2,81): [5 15

B Bripaskenun A obosHauum nenmmoe Gyksoit C, a AenuTeNh —
GyxBoit D. Toraa miaaH HAIIKUX AelCTBUM GyAeT BRITIAAETH TAK:

1) Baiifem snauenue c Beipaxenus C;

2) maiipem sHauenue d BeIpaskeHns D;

3) paspenus c Ha d, HaiizieM 3HAYEHUE Q BLIpasKeHud A;

4) naiinem spauenue b Brpaxcenus B;

5) pasgenus a Ha b, HalifleM 3HaYeHHe 3aJAHHOTO YMCJIOBOIO BHI-
PaKenus.

Hrak, nnan BEIYHMCJIEHHI ecTh (2 Haju4due NJIAHA — IOJOBHHA
yenexal), npuctynum K ero peasusanuu.



1 i MATEMATUHECKMIA 93bIK. MATEMATUMHECKAS MOLENb

1)C=2,73 + 4,81 + 3,27 — 2,81. KoHe4HO, MOKHO
CYHMTAThE NOAPAJ WIH, KaK HMHOIZA I'OBOPAT, «B JI0D»:
2,73 + 4,81, sarem K aTOoMy uMciy npubasuts 3,27, 3a-
TeM BhiyecTs 2,81. Ho KyJIbLTYpHEIA YeNOBEK TAK BEI-
4YUCNATEL He Oyaer. OH BCIOMHUT IepeMEeCTUTENbHEINA 1
COUYeTATENIBHEIA 3aKOHEBI CJIOMKEHHA (BIpoYeM, eMy MX M He Hafi0 BCIO-
MUHAaTh, OHHA Y HEro BCEr/ia B roJiose) ¥ OyAeT BLIYHCIATE TaK:
(2,73+3,27) + (4,81 - 2,81)=6+2=8.

Hrak, c = 8.
2 14
2)D= 5 15" 31ech HAM NPUAETCH BCIIOMHUTE, KaK JeliCTBOBATDL

¢ OOBIKHOBEHHBIMH ApobGamu. CHavana Hajo npuBecTH Apobu K obmge-
my 3HameHaTtemo. HaumensmumM o6mumM kpateeiM 5 u 15 aBnsaercs

2
uucno 15, oHo u Gyaer o6imumM sHameHaTeneM. A Apobu — moiy-

15
.2_23_ 6 )
qaeM: 553 15 . Tanee HaxomuM:

2_14_6 14 _s1_ 8

5 15 15 15 15 15
HUrak, =—£.

15
3) Pasgenum ¢ Ha d:

8 15 8-15

8.[—E)—8 (?)— s 15.

HUrak, a = —15.

4) B = 25 - 37 - 0,4. OnATH-TAKU MOYKHO NIPOBOJHUTEH BHIYHCJIE-
HHASA «B j06», T.e. BRIYHCAUTEL 25 - 37, 3arem TO, YTO IOJYYHTCH,
yMHOXKUTE Ha 0,4. Ho ayMaromuii yesoBek (& TAKHM Bcerga ABIAETCH
KYJBTYDHHEIH YeJOBEK) BOCIIOJIB3YETCH IIE€PEMECTHTEJLHBEIM U cOYeTa-
TeJbHLIM 3aKOHAMY YMHOXKeHUS U Oy/IeT BEIYHCIIATH TaK:

25-37-0,4=(25-0,4) -37=10-37=370.

Urak, b= 370.

5) OcTanoch pasfieIMTh YHUCJIUTENb @ Ha 3HaMeHaTens b. ITomyuum:

= %5‘ = _% (paszenuiy YUCINTENH U 3HaAMeHaTe b Apobu Ha 5, T. e.
COKPATUIH Apobb).

. -3
OTBerT: 74"



1 MATEMATUYECKMIMA A3bIK. MATEMATHMHECKAS MOQENb

A Temepb BMECTe IIDOAHAJIM3MPYeM, KaKue CBeJleHUsA H3 MaTeMa-
ruK¥ HaM OPHIIIOEh BCIOMHHUTD B IIPOIecce PeieHus npumepa (npu-
yeMm He IIPOCTO BCIIOMHUTDb, HO ¥ MCIOJIL30BATS).

1. ITopaziok apudMeTHYECKUX AeHCTBHIL.

2. IlepeMecTUTENLHELA 3aK0H cnoXxeHuA: a +b=>b + a.

3. IlepemecTHTENLHEIH 3aKOH YMHOXeHUA: ab = ba.

4. CodyeTaTeILHEII 3aK0H CJIOKEHHA:

at+tb+c=(@a+b)+c=a+(b+c)

5. CodeTaTeJIbHEI 3aK0H yMHOKeHus: abe = (ab)c = a(be).

6. ITouaTHA OGLIKHOBEHHOMH ApoOH, AecATHYHOMH ApobH,

OTPHLATEILHOI'O YUCJIA.
7. ApudmeTHYecKHe ONIEepaliy ¢ AeCATHYHBIMHA APOOAMH.
8. ApudMeTHYECKHEe ONePalUi ¢ OOLIKHOBEHHBIMHU APOGAMH.

b
IlpOﬁH He M3MEHHTCH, eCJIH ee YHCJIHTeJIb H 3HAMEeHaTeJIb OJHOBpe-
MEHHO YMHOMHTH Ha OJTHO H TO XK€ YHCJIO HJIH Pa3feiuTh Ha OMHO B
TO e YHCJIO, OTJINYHOE OT HYJIH). 3To cBOICTBO MO3BOJIHJIO HAM ope-

9. OcHOBHOE CBOMCTBO OGEIKHOBEHHOI Apobu: L. % (sEauyeHHE

2 6 2
obpasoBaTh Apobb 5 KBHAY 1o (4ucnuTeNh U 3HAMEHATENH APO6H 5

ONHOBPEMEHHO YMHOXMKHIIM HA OTHO H TO e yucyo 3). OHo e mo3Bo-

15
JINJIO HaM COKPATHTH Apo0B 370 (4ucnauTENs M 3HAMEHATENb Apobu

15 z
370 OAHOBDEMEHHO Pas/ieIMId Ha OIHO U TO e YHCIIO 5).

10. IlpaBuna geficTBHil C MOJOKUTEILHEIMA ¥ OTPHIATEILHBIMU
4UCIaAMH.

Bce aTo BHI 3HAETE, HO Beib BCe 3TO — anreGpandecKkue QaKThHI.
Taxum o6pasom, HEKOTOpOoe 3HAKOMCTBO ¢ anrebpoii y Bac yxe co-
CTosNoCck B muanmux Kjaccax. OCHOBHAS TPYAHOCTh, KAK BHUAHO
Y¥e us npumepa 1, 3aKJI104aeTCA B TOM, YTO TAKUX (DAKTOB JOBOJIB-
HO MHOrO, npuyeM UX HAJO He TOJNBLKO 3HATH, HO H YMETh HCIOJbL30-
BaTh, Kak roBOPAT, «B HY)XHOe BpeMs M B HYKHOM MecTe». Bor
9TOMy u Gyzem yuuThCA.



MATEMATUHECKUM $3bIK. MATEMATMYECKAS MOLENb

3Ha4YeHMe
YHCNOBOIro
Bbipayenna

nepemeHHas

3HaveHHe
anrebpanyeckoro
BLIPAMEHNS

H nocneanee, 4ToOLI 3aKOHYUTE 00CY XK IeHHEe IPU-
mepa 1. To yucsI0, KOTOPOE MOJIYYAETCHA B Pe3yJbTaTe

YUPOILIeHU# YHCIIOBOrO BHIpaXXKeHHs (B JAHHOM NPH-

3
Mepe 3To O6BII0 YHCIIo _ﬁ)’ HA3BLIBAIOT 3HAYEHHEeM
YHCJIOBOI0 BLIpAKEHHMA.

Ecym paso anrefpanyecKoe BEIpaKeHHE, TO MOYKHO
TOBOPHMTEL O 3HAYeHHH ajirefpandyecKoro BhIpaxKeHMd,
HO TOJIBKO DM KOHKPETHRIX 3HAYEHUAX BXOAAINUX B
Hero Oyke. Hanpumep, anrefpanueckoe BHIpa)keHHe
a + bupua = 5, b = 7 umeer 3Hauerare 12 (MOCKONBKY
a+b=5+T7=12); npu a = —-16, b = —14 oHO UMeeT
sHaveHue —30 (Tak Kak a + b =-16 + (—14)=-16 —14=
= —30). Anre6panyeckoe Bhipaxxenue a> — 3b (uto Ta-
Koe a?, nomauTe? — 310 @ - @) ipu @ = —2, b = 0,4 npu-

HUMaeT BUJl YHUCJIOBOro Bhipaxernus (—2)2 — 3 - 0,4; ynpomas, noxyqa-
eMm: 4 — 1,2 = 2,8 — 3T0 ¥ ecTh 3HaYeHHe Aire6pandyecKoro BEIpaXke-
auaa’—3bmpua=-2,b=0,4.

ITockoneKy OyxkBaM, BXOAAINMM B COCTAB airedpanmdyecKoro BhIpa-
JKeHHA, MOXXHO IPDHAABATL PA3JIMYHEIE YHCJIOBbIE 3HAYEHHA (T. €. MOXM-
HO MEHATH 3HaYeHUdA GYKB), 5T OYKBBI HA3BIBAIOT IePpeMEeHHBIMH.

IIpumep 2. Haiitu 3HaYeHNe anreOpan4ecKoro BEIpaKeHus

ecau:a)a=1,

a’+ 2ab + b?
@+b)(a-b)’

o

3
b=2; 6)a=3,7,b=-1,7; B)a= ,b=—5-.

Pemenmue.

a) Cobmogas mopAafoK AedcTBHIA, TOCIeNOBATEIEHO HAXOAUM:
1)a®+2ab+b*=12+2-1-2+22=1+4+4=9;
2)a+b=1+2=3;

3)a-b=1-2=-1;

4)(a+b)(a—-b)=3 - (-1)=-3;

a®+ 2ab + b2
5) @+b)(@a-b)

10

2
— =-3.



1 = MATEMATHUHECKUI A3bIK. MATEMATHUHECKAS MOQDENb

6) AHanOru4yHoO, cobNI0AaA MOPAAOK JAeHMCTBHIA, TOCIeNOBATEIbHO
HAXOAUM:
1)a’+2ab+b*=3,72+2-3,7-(-1,1)+ (- 1,72 =
=13,69-12,58 + 2,89 = 4;
2)a+b=3,7T+(-1,7)=2;
3)a-b=3,7-(-1,7=5,4;
4)(a+b)(a—-b)=2-5,4=10,8;
a®+ 2ab + b* 4 4-10 40 10
) @+b)@-b 108 ~ 10810 108 _ 27

40
(pasgenuay YUCIUTENb H 3HAMEHATe b Apobu Jog @ 4, T. e. COKpa-

THJIH Apo0B).

B) CHOBa, cobuiofad MOPAACK AeHCTBHI, OCIEA0BATEILHO HAXO-
JuM:

2 3 3 2
1)a® + 2ab + b= {E] +2: ¢ % +(§] =

5 5
Datb=5+3 =03
3)a- =§—%=0;

4)(a+b)(a—b)=§-0=0.

A Ha HYyav deaumdb Henv3a! UTo 3TO 3HAYMT B NaH-
HOM ciy4yae (K B APYrUX aHAJOTMYHKEIX cay4asx)? 9to

3 3
3HAYMT, YTO IPH @ = ¢, b= 5 3aAaHHOe anrebpanye-

GHUMaHue

CKoO€ BhIpasKeHHe He UMeem CMbicaa. (m

Hcnonp3yercs Takas TePMUHOJIOTHA: €CJIM IDU KOHKPETHHIX 3Ha-
4YeHHAX GyKB (mepeMeHHEIX) aireGpandeckoe BHIpaKeHHEe HMeeT YHC-
JIOBOe 3HAYEHHE, TO YKa3aHHbIe 3HAYCHUS NNepeMEeHHBIX HAa3hIBaIOT 0~
NyCTMMBIMM; €CJIH JKe IIPH KOHKPeTHHIX 3HAaYeHHAX OykB (mepemen-
HBIX) anrefpanyecKoe BhIpaskeHHe He HMEeT CMBICIa, TO YKasaHHLIe

11
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AONycTHmble
3Ha4YeHMAa

3HAYEHHUA NEPEMEHHBIX HA3KIBAIOT HEXOIyCTHMBIMH.
Tak, B mpuMepe 2 sHadeAna a = 1lub=2,a=3,7Tu

3
= -1,7 — ponycTHMBIE, TOr/la KAK SHAYEHHUA 4 = 5 H
3
b= 5 — HemomycTHMEIe (6onee TOYHO: IEpPBHEe JBe

napel 3Ha4eHW — JONyCTHMEle, & TDEThA Iapa 3Hade-

nepemenHoH HU#l — HegomycTUMAasn).

HeZONyCTHMbIE Boo6me, B npuMepe 2 HeAONYCTHMBIMH OyAYT
3HEYEHHS TaKHe 3Ha4YeHUA IepeMEeHHLIX a, b, mpu KoTOpHIX 16O
nepemeHHos a+b=0,mm60a—-b=0. Hanpumep,a =T, b=—T unn

a = 28,3, b = 28,3 — HemomycTHMEIE IapPLE] 3HAYEHMI;

B nepBoM ciaydae a + b = 0, a Bo BTopom cayuae a — b = 0. B oGoux
cly4yasax 3HaMeHaTe b 3aJJaHHOTO B 5TOM IIpMMepe BeIpakeHus obpa-
ImaeTcA B HyJib, 4 HA HYJb, IOBTOPHUM €Ille pa3, AeJIMTh HeJab3fA. Te-
nepb, HaBEPHOE, BBl M CAMH CMOJKETe NPHAYMaTh KaK JONYyCTHMEIE
napel 3HaYeHUH AJiA NEePpeMeHHHIX 4, b, TaK ¥ HeJONYyCTUMEIE Iaphl
3HaYeHMi 3TUX nepeMeHHHIX B npuMepe 2. Ilonpobyiitel

12

3ameuarHne 1. Mpumep 28) Ha cCamom Aene Ml peLany nno-
X0 (HEKYNbTYPHO), NOCKONLKY CAENnany Paa, MULLUHMX, HEHYMXHBIX

- 3 3
Bbiucnenmi. Hago 6eino cpasy sametits, ytonpu @ = s mb =%
3HameHarens obpauiaeTtcs B Hynb, M OBBABUTL: BbIpaXKEHHe He
umeet cmbicna! Ho, kak rosopurcs, cpa3y 3ameuaer TOT, KTO

3HaeT, YTO HaAO 3amMeuarb. ITOMY M yumut anrebpa.

3ameyarme 2. Ecnm 661 Mbi ¢ Bamm pewsanv npumep 2 nosp-
Hee, TO caenanu 6ei 310 Nyuwe. Msi 661 cmornu npeobpaszo-

a+b
BaTb BbipaXkeHue Kk Bonee npocTtomy Buay , a Torga, co-

a-b
rnacurecs, ropasgo npotue 6eino 6sil M BeMMCNATL. A BOT NOve-

a®+ 2ab + b® a+b

MY BEPHO PaBEHCTBO T~ D@-b  ab’ MOKa Mbl CKasaTs

He moxem. Ha ator eonpoc oreetum nospgree (8 § 35).
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§ 2. 4TO TAKOE MATEMATMYECKMHM A3bIK

Ha maTeMaTH4eCKOM A3BIKE€ MHOT'He YTBEPIKAEHUSA BBITJIA-
OAT ACHee W NMpo3padyHee, yeM Ha o6bidHOM. Hanpumep, Ha OGEIYHOM
A3LIKe roBopAT: «OT mepeMeHB! MECT CJaraeMeIX cymMma He MeHsAeT-
ca». Capllia 370, MATEMATUK MUIIET (MJIM FOBOPHUT):

a+b=>b+a.

OH nepeBOAMUT BHICKA3aHHOE YTBEPXJeHHE HA MATeMATHYECKH ASKIK,
B KOTOPOM MCHIOJIL3YIOTCS pasHble YHcia, 6yKBh (mepeMeHHEIE), 3HA-
KM apu(MeTHYeCKHX AeiicTBHIl, HHEIE CHMBOJH. 3anuck a +b=5b+a
3KOHOMHA ¥ yA0OHA ANA NpUMeHEeHUA.

Bossmem apyroit npumep. Ha o6biyHOM A3biKe roBopaT: «YToObI
CJIOKHUTH iBe OOKIKHOBEHHEIE APO6H ¢ OAWHAKOBHIMM 3HAMEHATEISIMH,
HY3KHO CJIO}KHTH UX YHUCJIMTENH, 8 3HAMEHATENb OCTABUTH 0e3 M3MeHe-
Hus». MaTeMaTHK OCYLIECTBIIAET «CHHXPOHHLIN IIePeBO/» HA CBOM A3BIK:

a c a+c

b b b’
A BoT mpuMep ob6paTHOrO nepeBofa. Ha MaTeMaTHYeCKOM S3BIKE
3aIMCaH pacupefie/INTeLHEII 3aK0H!:

a(b+c)=ab+ac.

OcyimecTBiAA mnepeBo] HA OOBIYHEIN A3HIK, HDOJYYHM AJHHHOE
npeayoxenHe: «YTo6M YMHOMHTE YHMCJIO @ Ha cyMmy 4ducen b u c,
HaJ0 YHCJIO @ YMHOYHTH IIOOYEPESHO Ha KajkJoe cjaraeMoe u IoJy-
4YeHHble NIPDOH3BeJeHHA CIOXHTE» .

Bo BCAKOM fA3BIKE €CTh NHCHBMEHHAS M YCTHAA pedb. Brimre mMu
TFOBOPHMJIM O MUCHEMEHHOH peYd B MaTeMaTHMYeCKOM fA3blKe. A ycTHasn
peuyr — 3T0 ymoTpefjieHHe CrenUaJbHBIX TEPMHUHOB («cliaraemoes,
«yPaBHEHHE», «HEPABEHCTBO», «IrpaduK», «KOOPAUHATA» M T. I1.), & TAK-
e PA3IMYHbIe MATEMATHYECKHE YTBEPyKIeHHUA, BEIDAXKEHHEIE CJIOBAMH.

Yrobul OBIaAeTk HOBEIM A3BIKOM, HeobOxomgumo
HU3YYHUTH ero GYKBEI, CJIOTH, CJIOBA, NPeAJIOKeH s, Ipa-
BHJIA, 'PAMMATHKY. JTO HEe CaMO€ BeceJjioe 3aHATHeE,
UHTepecHee cpasy 4uTarh ¥ roBoputh. Ho Tak He GHI-
BaeT, npuaercsa HabpaThcA TePIEHHA W CHAYAJa HU3y-
YHUTh OCHOBHI. B peayJsibTaTe TAKOro M3y4YeHHA BAIlM NPEJCTABJIEHHSA
0 MaTeMaTH4YeCKOM A3BIKe OyAyT mocTeneHHO PACIIMPATHCH.

13
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§ 3. UTO TAKOE MATEMATHYECKAS
MOJENb

IIpeacrasbTe cefe TAKYIO CUTYAIHIO: B IIKOJIE YETHIPE CEAb-
MEIX Kjacca. B TA yuaresa 15 pesouexk u 13 mansuuxos, B 7B — 12
ZeBo4ueK U 12 ManbuuKoB, B 7B — 9 seBouek u 18 mansuukos, B 7T —
20 peBouek u 10 manpuukos. Eciay HaM HY»XHO OTBETHTHL Ha BOIIPOC,
CKOJIBKO YYEeHHKOB B Kaj)KZIOM H3 CeIbMBIX KJIACCOB, TO HaMm 4 pasa
OPHUAETCA OCYIECTBJIATE OJHY U TY Ke OIIEPAIlHIO CIIOMEeHUA:

BTA 15 + 13 = 28 yueHMKOB;
B7B 12 + 12 = 24 yueHuKa;

B7B 9+ 18 = 27 yueHUKOB;
BTl 20 + 10 = 30 yueHHMKOB.

HMcnone3ysa MareMaTHU4YeCKHil ASBIK, MOMKHO BCe
9TH 4YeThIpe PasHble CUTYauuHu O0befHHUThL: B KJacce
yyaTcs @ neBoYeK u b MajJbYMKOB, 3HAYHUT, BCEIO yUe-
HUKOB a + b. TakoBa mamemamuieckas mModensv
JaHHON peasibHO# cuTyanuu. Anrebpa, B 4aCcTHOCTH,
maremaruyeckas 3aHHMAaETCHA TeM, YTO ONMCHEIBAET Pa3JIMYHbIe PeaJIbHbIe
mogens CUTyallUH HA MaTeMaTHYeCKOM fA3blKe B BHJEe MaTe-
MATHYeCKHX MoJeJieil, a 3aTeM HMeeT JHeJi0 yiKe He
C peaJIbHEIMM CHTYAI[MAMH, & C 3TUMH MOZEeJIAMHU, HUC-
IOJIL3YA PasHble NMPaBHJIA, CBOMCTBA, 3aKOHEI, BHIpA-
GoTanHBIE B aaredpe.

B cnenyromeii Tabnune nNpHBeeHbl Pa3IMYHEIEe PealbHEIE CHTYAa-
OUH ¥ UX MaTeMaTHYeCKHe MOJAeNH; IPH 3TOM @ — YHCJO JeBOYeK
B KJiacce, b — 9m1CcJI0 MAJIBYMKOB B TOM Ke KJIACCE.

Ne Peansuan curyaums MartemaTnueckas MoOIelhb
1 | B Kiacce fieBOYEK U MaJbYUKOB a=b
nopoBHY (kak B 7B)
2 | HeBouek Ha 2 6onpie, a-b=2
YeM MaJIbYMKOB (KaK B TA) umi a=b+2
unu a—2=5

14
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Ne PeanbHas cuTyauus MaTemaTH4yecKas MOJeJasb
3 | leBouek Ha 9 MeHbIIIe, YeEM b—-a=9
Mans4YMKOB (Kak B 7B) wm b=a+9

i a=b-9

4 | Oesouex B 2 pasza Gosslite, a=2bwumub =%

YyeM MaJIbuHuKOB (Kak B 7T)

b

5 | JdeBouex B 2 paza MeHbIIIE, a=3

4yeM MaJbYHKOB (Kak B TB) umm b=2a
6 | Ecinu B faHHBIM KJIacC IPHAYT

eme 0JHa AeBOYKA B TPH MaJb-

YHKA, TO JEBOYEK H MAJTLYUKOB

CTaHeT MOpPOBHY (Kak B TA) a+1=b+3
7 | Ecnu us Knacca yinyr tpu

JEBOYKH, TO MAJILYUKOB CTAHET

B 3 pasa Goabmre (Kak B 7B) b=3(a—3)

Cocrasnaa oty Tabnumy, MBI ILIM OT PeaJlbHOH CUTyanUH K ee
MaTemaTHdecKoil Mogenu. Ho Hamo ymeTs ABHraThCca H B oOpaTHOM
HanpasJIeHUH, T. €. 110 3aJaHHON MaTeMaTH4YeCcKO! MOZIeJIH ONTMCHIBATh
CJIOBAMH peasibHYIO cuTyanuio. Hanpumep, uro o3HAaYaeT (IIpH Tex xe
0003HAYEHNAX, YTO M B Hamel TabJuue) Takas MaTeMaTH4YeCcKas
Momenb: a — 5 = b + 57 OHa o3HAYaeT, YTO €CJH M3 Kjacca yiAayrT
5 ZeBouek W NpUAYT 5 MAaJBYHKOB, TO eBOYEK U MAJBYUKOB B KJacce
CTaHeT MOPOBHY (3Ta CHTyalusA uMeeT MecTO B 7' M3 pACCMOTPEHHOTO
npuMepa).

HagepHoe, y Bac BO3HHK BOIIPOC: a 3a4eM HY)KHA MaTeMaTHYeCKas
MOZieNIb peasibHOM CUTYaIlMH, YTO OHA HAM JlaeT, KPOMe KPaTKoil BEIpa-
3uTensHOM 3anucu? YTo6wI OTBETUTH HA STOT BOIIPOC, PEIHM CIEeAYI0-
myIo 3aavgy.

15
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IIpumep 1. B knacce gesouex BABOe GoJibille, yeM MaJILYMKOB.
Ecau u3 sToro Kiacca yiayT TP AeBOYKHU W NIPHUAYT TPH MAJLYHKA,
ToO feBouek Gyaer Ha 4 Goxbie, yeM MaAb4YUKOB. CKOJBKO YYEHHKOB
B IaHHOM KJacce?

P e e H 1 e. IlycTh x — yHesI0 MAJILYMKOB B KJjacce, Toraa 2x —
yucio gesodek. Ecau yiiayT Tpu meBouku, To ocTaHercH (2x — 3) meBo-
yek. Ecom npuAyT TpM MaJbuHMKa, TO cTaHerT (x + 3) mansuukos. Ilo
VCJIOBHIO ieBoyeK OyzeT Toraa Ha 4 6ojbile, 4eM MAJIbYHKOB; HA MaTe-
MAaTHYEeCKOM A3BIKe 3TO 3anuckiBaeTcd Tak: (2x — 3) — (x + 3) = 4.

910 ypaBHeHHe — MaTeMaTHYeCcKas MoAesb 3anaun. Hcmoneaysa us-
BeCTHBIE IPABHJIA PeIlleHHA YPABHEeHHI, I0CIeIOBATEILHO IIOJIYYaeM:

2x — 3 — x — 3 = 4 (pacKpuLIH CKOOKH);
x — 6 = 4 (mpuBenu nofo6HLIE CIIaraeMule);
x=6+4;
x=10.
Temeps MBI MOXX€M OTBeTHTH Ha Bompoc 3agauu. B kiacce 10
MaJbuHKOB, a 3HAauuT, 20 meBoYeK (BBl MIOMHHUTE, UX IIO YCJIOBHIO

6r110 B 2 pasa Gosbiie).
O T B e T: Bcero B Kaacce 30 yueHHUKOB.

HHaTepecHO, 3aMeTHJIM JIX BEl, UTO B XOJle pelleHuA GbLIO YeTKoe
pasfeneHHe paccy:kAeHui Ha Tpu arana? [laBaiiTe mOCMOTPUM BMeECTe.

Ha nepBoM aTane, BBeisi IePEMEHHYIO X M IepeBe-
A TEKCT 3a1a4YX Ha MATeMATHYeCKHii A3BIK, MBI COCTAa-

BHJIH MﬂTeM&TH'-IecRYIO MOIOeNnbsL — B BHIE ypﬂ,BHeHHa
o s (2x-3)—(x+3)=4.

Hﬂ BTOPDOM 3TAalle, HMCIOJIb3YyHA HaIIM 3HAHHUA H3
Kypca MaTeMaTHKH 5—6-ro KiaaccoB, MBI 3TO YPABHEeHHE PEerinIu:
x = 10. Ha aTom sTane MH He AYMAJIH HH [IPO AeBOYeK, HH PO MaJib-
YHKOB, & 3aHHMAJIHUCH «YHUCTOM» MaTEeMaTHKOM, paGoTaiu TOJIBLKO
C MaTeMaTHYecKoil MofeNbIo.

Ha TpeTheM 3Tane MbI HCIOJL30BAIH TOJYYEHHOE PelleHHe, YTO-
GBI OTBETHUTH Ha Bompoc 3a7a4yu. Ha aTom aTane MBI CHOBA BEPHYJIUCH K

JAeBOYKaM, MAJIbYHKaM M HHTePeCcyIIeMy HacC KJaccy.

IlogBesem umToru. B npomecce pemeHHs 3afayu GHIIM YETKO
BEIZIeJICHBI TPH 3TAIa:

16
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Ilepsriii sTan. Cocmasnenue mamemamuiecKoil Mooeru.

Bropoii aran. Pa6oma ¢ mamemamuieckoiL modensio.

Tpetuii aran. Omeem Ha éonpoc 3adayu.

Bor Tak 06BIYHO IpUMeHAETCH MATEMATHKA K PeasbHOil JeiicTBH-
TesibHOCTH. IlocjIle paCCMOTPEHHOIO MPUMepa MOBTOPHUM BONIPOC: HYMK-
HEI JIU MaTeMaTHYeCKHe MOJAeJH W Hafo JH yMeTh paGoraTh ¢ HUMH?
Hy»xHb1! Pazymeercsd, 4eM cJI03KHee MOJieJb, TeM GoJbe (hakToB, mpa-
BHJI, CBOMCTB NPUXOAUTCA NPUMEHATE AJIA paboThl ¢ Heil. 3TH GaKTHI,
NpaBUJia, CBOMCTBA HAJ0 U3YYHUTh, YTO MBI ¥ OyZleM ¢ BaMH AeJaTh Ha
NPOTHKEHUH BCEX JIeT H3yYeHus anrebpul B IIKOJIE,

MaTremMaTHYecKHe MoJiesH OBIBAIOT HE TOJIEKO anrebpandeckue (B
BHJI€ PABEHCTBA C IEPEMEHHBIMH, KaK B Tabuune Ha c. 18, unu B Buge
ypaBHeHHHA, Kak Ob110 B mpumepe 1). Ilna sHakoMcTBA elne ¢ OAHUM
BHAOM MaTeMaTH4YeCKOM MOJleJId BO3bMEM 3ajauy U3 yueGHUKa MaTe-
MaTHKH Ja 6-ro Knacca (cmenuanbHO OepeM 3afady, ¢ KOTOPOH BHI,
MOXKeT OBITh, BCTPEYAJIHCE).

IIpumep 2. IlocTpouTh rpadMK TeMIepaTypH BO3AyXa, €CIH H3-
BECTHO, 4TO TeMIepPaTypy H3MepAJIH B TeUeHHE CYTOK H IO Pe3yJbTa-
TaM U3MEepPEHUA COCTABHIIM CIEAYIOMYIO TabaIuny:

Bpemsicyrok,u |0 (2 |4 6| 8 (10 |11 |14 |16 |18 |22 (24

Temneparypa,°C|d |0 |0|-3|-4|-2| O 6| 8| 5| 3| 3

Pem e = ue. [locTpouM npAMOYroJLHYI0 CHCTEMY KOODAMHAT.
Ilo ropusonTanbHOM ocu (ocu abcuucce) GyAeM OTKIAABIBATE 3HAYEHUA
BpeMeHH, a 110 BePTHKaNbHOMH ocH (OCH OpAUHAT) — 3HAYEHHA TeMIile-
patyphl. IlocTporM Ha KOOPAMHATHOH MJIOCKOCTH TOYKH, KOODAMHA-
TAMH KOTOPHIX SBJAIOTCA COOTBETCTBYIONME YHcaa U3 Tabmunel. Beero
nonyuaerca 12 Touek (puc. 1). CoequHUB UX MJIABHOM JIMHMEH, mOIy-
YUM OAHH K3 BO3MOXMXHEIX I'padMKOB TeMnepaTypHI (puc. 2). (m

IocTpoeHHBIH rpadMK eCcTh MATEMATHYECKAA MOJeNb, ONMHCHIBAIO-
Ijas 3aBUCHMOCTh TEMIEPATYPLI OT BpeMeHH. AHAIU3HPYSA 3TOT Ipa-
OuK, MOMKHO ONMHMCATH CJIOBAMHM, UTO IMPOMCXOAUJIO C TEMIEPATYDPOM
BO3/lyxa B TedeHHe cyToK. Hourio ¢ 0 u g0 8 ¥ yTpa CTAHOBHJIOCH BCE
xonoxuee (ot 5° B 0 4 #o —4° B 8 ¥ yTpa). IloTOM, BUAMMO, BEITISHYJIO
COJIHBIIIIKO M CTAJIO TeILJIeTh, TaK 4To B 11 4 TemnepaTypa Gbliia yaxe He
OTpHUaTeNLHOM, a HyJeBoii (0°). [lo 16 4 Tentesno, mpuyem B 16 4 65110
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Puc. 2
Temyee Bcero (8°). A saTem cTajo TeMHeTh, TeMIepaTypa Hadaja Io-
CTeNeHHO CHM3XKaThea ¥ noHusunack a0 3° B 22 4. 'naas Ha rpadpux

TEeMIEPaTypPhl, MOXKHO NPUOIHIKEeHHO ONpele/INTh, Kakasa Oblla HaHu-
MeHBIIAaA Temneparypa (—4° B 84 yrpa), kaxkas Oblia Hambonbmuas
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Temueparypa (8° B 16 4), rme Temneparypa MeHAJAach OwICTpee, rie
Me[lJIeHHee, a rae Boobme He MeHanach (0T 2 10 4 4 HOYBIO M OT
22 no 24 4 BeuepoMm). PaccMOTpeHHAas MaTeMaTHYECKAaA MOJENb SABJIA-
eTcA npuMepoM rpaduyecKoil MOAeIu.

HUrak, HAM HY)KHO YYHUTHCA ONHMCHIBATH PEAJbHBIE
CUTyalyH CJIOBaMH (croeéecHas modenw), anrebpamde-
cku (anzebpauueckan modenv), rpadhudecku (zpagu-
yeckas modenv). BEIBalOT elie zeomempuueckue mode-
Jii peaJibHBEIX CHTYalldii — OHM H3yYaloTCA B Kypce

cnosecHas reomMeTpuu. Brupouem, rpadudYecKkHe MOAENH TaKKe
mogens HHOIZIaA HA3BIBAKOT I'eOMETPHYECKHMH, & BMECTO Tep-
anrebpamveckan ~ MIAHA ¢AJT ebpanryecKas MOJieNb» YIOTPeOIAIOT TepMUH
MOAEND «aHAJUTHYECKad MoZenb». Bece 3T0 — BHALI MaTema-
THYECKHX MOJeJIeii.

rpachuyeckas

Y1068 cBOOOAHO ONIEPHPOBATE C JIOOKIMH BHIAMH
Mmogens

MaTeMaTHYeCKHUX MoJeseil, Hy;KHO HAYYHTHCHA Iepe-
XOAUTH OT OJHOTO M3 HUX K Apyromy. Tak, Bmme, B
npumepe 1 HaMm yAasock mepedTH OT CJIOBECHOH MOJeNH K aHAJTUTH-
yeckoil. B mpumepe 2 yapanock mepeiiTH OT ciioBecHO# (TouyHee, Tab-
JUYHOI) MoJeNu K rpaduyecKoii, YTO MO3BOJIMJIO BHOBb BEPHYTHCHA K
CJIOBECHOMY ONIMCAHUIO PACCMATPHUBAEMOMH CUTyaluy, HO yiKe Ha Gosee
coflepaKaTeIbHOM YpoBHe. ByieM yYHTECA 3THM IIepexoiaM.

§ 4. NMHEMHOE YPABHEHME C OQHOWM
NMEPEMEHHOM

OpHEMM 13 caMBIX OIPOCTHIX U B TO )K€ BpeM#A OYeHb BAXKHBEIX BHUJIOB
MaTeMaTHYeCKHX MOZeJIel peaJbHBIX CUTYal Ui ABJIAIOTCA H3BECTHEIE
BaM M3 Kypca MaTeMaTHKu 5—6-ro kiaccos aunellnble YpasHeHUR
¢ 00noil nepemernoii. IlpuBesieM npuMepH JUHEHHBIX YPaBHeHUId:
3x=12,5y-10=0, 2a + 7 =0 u 1. A. Pewuums auneii-
HOe YpasHeHUe — 3TO 3HAYUT HANTH BCe Te 3HAYEHUSA
TIepeMeHHOM, TPH KaK/J0M U3 KOTOPRIX YPaBHeHHe 06pa-
maeTcs B BEpHOe 4uCJoBoe paseHCTBO. Kayknoe rakoe
SHaYeHHE NEepPeMEHHOH HAa3hIBAIOT KOPHEM ypaBHEHHMA.
KOpeHs Tak, ypaBHeEHe 3x = 12 umeeT KOpeHb X = 4, mo-
YPasHenus CKOJBKY 3 - 4 = 12 — BepHOe PaBEHCTBO, IIPHYEM APYTUX
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KOpHei#l HeT; ypaBHeHHe S5y — 10 = 0 uMeeT KOpeHBb
Y = 2, mockoneKy 5 - 2 — 10 = 0 — BepHOe paBeHCTEO,
npuYeM APYruxX KopHell HeT; ypasHeHue 2a + 7 =0
HMeeT KOpeHb a = —3,5, mocKoueKy 2 - (-3,5) + T=0 —
BEPHOE PAaBEHCTBO, IIPUYEM APYrUX KOpHei Her.

Boobme, auHEeHHHIM YpPaBHeHHEeM ¢ OQHOMH Iepe-
’; '; a:’;:""e MeHHOI X HA3LIBAIOT ypaBHeHUe Buga ax +b =0, roe a
ne:emmoﬁ u b — mo6sle yucna (Koagpuyuenmut). Eciin a = 0 u
b= 0, T. e. ypaBHenue umeer Bug 0 - x + 0 =0, 10
KOpHEM YpaBHEHHA ABJIAeTcA Jio6oe yncio (beckoHey-
HOe MHOecTBO KopHe#i). Ecoim a = 0 u b # 0, T. e. ypaBHeHHE HMEET
Bua 0 - x + b =0, To HU OZIHO YHCJIO 3TOMY YPABHEHUIO HE YAOBJIETBO-
PAeT; TOBOPAT, YTO YPaBHEHHE He HMeeT KOpHeii.

PaccmoTpum HamGojiee 4acTo BeTpevdalwImuiica caydail, Korpga
a # 0. Paccy»xaem Tak:

1) ax + b =0, saauur, ax = — b (mockoneky (— b) + b = 0); dpaxTu-
YecKH cyiaraemMoe b nepeHec)H M3 JIeBOI YACTH YpaBHEHHA B NPAaBYIO C
IIPOTHEBOMIOJIONHBIM 3HAKOM;

2) ax = — b, T. e. MpoU3BeieHHEe YHCEJI 4 U X PaBHO — b; HO Torma
MHOKHTEJNb X PaBeH YaCTHOMY OT JieJIeHUA IpousBelleHnsa — b Ha BTO-
poii MHOXKHUTENL. 3HAYUT, X = (— b) : a. BMecTo 3HaKa Je/leHUA MOXXHO

nHHeHHoe

Ko3ghhuynenT

b
HCIIOJIL30BATE YepTy Apobu: x = "

PDaKTHYEeCKH MBI BHIPaGOTaNH ONpefesIeHHYI0 IPOorpaMMmy Heid-
CTBHI, ONIpefie/ICHHBIH OPAAOK XO[0B — B MATEMATHKE B TAKHUX CJIY-
YaAX HCIOOJIL3YeTCA TEPMHH aJZopumM — JJf pPellleHHA JHHeHHOro
YPaBHEeHHS.

4 i
AnroputM pemeHHs JMHEHHOr0 yparHEHHHA
ax+b=0 B cayuae, xorga a#0

1. IIpeobpasoBaTs ypaBHeHMNEe K BHAY ax = —b.
2. BanmcaTh KOpeHb ypaBHEHUA B Buze X = (— b) : a, niaun, 4To To 3Ke

b
camoe, x =——,

% N y,

A kax 6uITh, ec/IM ypaBHEHHe BaIHUCaHO B Gojiee CJIOKHOM BHJE,
HanpuMep:
2x—-2=10—-x?
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Paccysxnaem Tak. J[Ba BRIpaXKeHHA PaBHEI TOTAAa M TOJBKO TOrja,
Korja UX pasHOCTh paBHa Hymo: (2x — 2) — (10 — x) = 0. Bocnous-
3yeMcH U3BECTHBIMH H3 Kypca MaTeMaTUKH 5—6-ro Kiaccos nmpaBuia-
MH PACKPEITHA CcKOOOK H IIpHBEOEHHA HO,I[OﬁHbIX YJIeHOB:

2x—-2-10+x=0;

3x—-12=0;
3x=12;
x=4.

Taxue ypasHeHHS BH YK€ pPelllajid B Kypce MaTeMaTuKu 5—6-ro
kaaccoB. OGobuuM MpoBefieHHEIE PacCy XK AeHNA, ohOPMHUE UX B BHAE
e1re OJHOIO TOJIE3HOTO AJITOPUTMA.

r ™
ANTOPHTM pellleHHA yPpaBHEHHA
ax+b=cx+d(a#c)

1. IlepeHecTH Bce 4ideHH YPaBHEHHMA M3 IPABOH YACTH B JIEBYIO
C IPOTHBOIOJOMHEIMY 3HAKAMH.

2. IlpuBecTn B JIeBOM 4acTH NOJA00OHEIE claraeMele, B Pe3yJLTaTe
Yero NOJIYUYUTCA ypaBHeHHe Buaa kx +m=0,rne k # 0.

3. Ilpeo6pasoBaTs ypaBHeHHe K BHAY kX = —m H 3aIMCATH €ro

KOpPeHb: X = —%" .
3 g,
HWmenHO Tak 651710 pemeHo YypaBHEHHEe, KOTOPOe MOJIYYHJIOCH B IIpe-
Ablaymem naparpade B npumepe 1.

IIpumep 1. Peruurs ypaBHeHHE %y+%=%y—i.

P e m1 e H u e. IlepBhlii cnocob6. Bocmosns3yeMcs aIropuTMOM:

olbo  colne S

o
+

ool=a
|

<o
o
+

|
olen
—_—
L=
+
col|=1
+
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Bropoii cioco6. Ilpexcae yem NpUMEHATE AJITOPATM, YMHOMHM 06e
YACTH YPaBHEHHA Ha 24 — 3T0 HaMMeHBbIIHH 001Ul 3HaMeHATE b HMe-
romuxca gpobeii. IIpu aToM MBI IOJBE3yEMCHA TeM, YTO ecId A = B, To
24A = 24B u o6parso. ITomxyunm:

2 7\ _o.(5 1

2421247 =(24.8)y-2¢4.1,
3 8 6 1

16y + 21 = 20y — 6.

A AaJjiee BOCIIOJIbL3YyeMCH aJIrOPHTMOM:

16y +21 - 20y + 6 =0;

0Py —4y+27=0;
o’gg?z”? 4y =27;
P 27 3
y—T,T.e. H—GZ.
3
OtBeT: y = 61.
IIpumep 2. Pemunts ypaBHeHHe 325_4=222+1 .

P e m1 e H 1 e. Bociosrb30BaBIINCH OCHOBHEIM CBOMCTBOM IpPOIOP-
nuM (npousBeieHHe KpaiHUX YJIeHOB IPONOPIM# PABHO IIPOM3Befe-
HHIO CPeJHHUX YJIEHOB), IIOJYIHM:

2(3z—4)=5(2z+1).
JansHelmuil Xof pemieHus, HaileeMcs, yiKe He TpebyeT KOMMeH-

TapHes:
62—8-10z2-5=0;
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-4z-13=0;
-4z=13;

13 1
z=—T ,T.e.z=—3z.

Orper:z=-3,
4

IIpumep 3. Kynuiu HECKOJBKO KHUT M ILITAIOTCA Pa3MEeCTHTh
MX Ha OHHAKOBEIX INOJKAX B KHH)XHOM mKady. CHayaja MocTaBUIHA
mo 20 KHHUI Ha KaXKAVIO HOJNKY. B pesyinTaTe JBe MOJKM OKA3aJMCh
NyCTHEIMH, & OCTaJbHBIE 3anoJHeHHEMH (10 20 kHMT). 3aTeM pemuIn
cTaBuTh 0 15 kHur Ha nosky. IlonkiTka OKazanace yaadyHo: BCe OJ-
KH 3aN0JHUINCH (o 15 KHUr Ha Ka)x o). CKONMBKO KHUTr GLIJIO KYII-
JeHo?

IlepBmiii sTan. Cocmaeaerue mamemamuyeckoii modenu.

OGosHayum OYKBOHM X YHCJIO IOJIOK B KHU»HOM mikady. Korga ma
KaXAVIO IMOJKY mocTAaBHJIH m0 20 KHUT, TO 3aI0JJHEHHBIMH OKA3aJIHCEH
(x — 2) nonku. 3HAYNT, 06Ijee YUCIIO KYIJIEHHBIX KHUT BHIPAYKAETCHA
¢opmymnoii 20(x — 2). Janee B 3aja4e CKA38HO, YTO KOTAa HA KAXKAYIO
NOJIKY IOCTABHJIM MO 15 KHHUI, TO Bce X IOJIOK OKA3AJHCH 3AII0JIHEH-
HBIMH CIIJIOIIb. BHB.‘IHT, 0611188 YHCJIO KYILIEHHBIX KHHUI' BEIDAXKaeTCHa
dopmynoii 15x. OcTaeTrca NPpUPABHATE ABA MOJYYeHHBIX BBIDAYKEHUHA
YHCJA KYILJIEHHBIX KHUT:

20(x — 2) = 15x.

9To ypaBHEHHE — MaTeMATHYECKasa MOJeNb 3aJa4H.

Bropoii aran. PaGoma ¢ cocrmasniennoii mamemamuieckoil mode-
AbI0.

Pemaem ypaBHeHUe:

20(x—-2)—-15x=0;
20x—40-15x=0;

5x—-40=0;
5x = 40;
x=28.

Tpernii aTan. Omeem Ha eonpoc 3adayu.

Mu1 BRISICHHJIM, YTO B KHIKHOM mKady 8 nosok. Bee KymieHHEIe
KHUTM pasMeCTHJIMCh Ha 3TUX MOJKax mo 15 mTyk Ha Kaxnaoi. 3Ha-
4MT, Bcero Ge110 KymieHo 15 - 8 = 120 krur.

O r B e T: Bcero 6u110 KyIeHo 120 kHur.
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§ 5. KOOPOAMHATHAS NPAMAS

B koHne § 3 MBI rOBOpMJIHM, YTO HYKHO YMeTh CBOGOIHO

NEePEeXOAUTH OT OAHOI'O BHAA MAaTeMATHYECKOI MOJIeJIH K JPYyIroMy, BEI-
6upaTh TO, 4T0 ynoOHee. B 3Toit cBA3H BechMa MOJIe3HA U3BECTHAS M3
Kypca MaTeMaTUKH 5—6-ro Ki1accoB Takas rpadudecKas MOAeNb, KaK
KOODAVHATHAA MPAMAadA.

KOOpAHHATHAR
npsmas

HOOpAHHaTa
TOHKH

IIpamyto I/, Ha KoTOpOIi BEIOpana HayaJLHaA TouKa O
(Hayasio oTcuera), MaciuTab (eJMHUYHEIH OTPE3OK, T. €.
OTPE30K, JJIMHA KOTOPOIro CYHTaeTcH paBHOI 1) 1 moJo-
JKHTEJbHOE HamnpasjieHHe, HA3LIBAIOT KOOPAMHATHOM
NpAMOH MJIM KOOPOAHMHATHOMN ocklo (puc. 3); ymo-
TPeGJIAIOT TaK)Ke TEPMHH «OCh X» («OCh Y», «OCh 2»
HT.O.).

KaxxpomMy 4HCIIy COOTBETCTBYET eAUHCTBEHHASN TOY-
Ka KOOpAHHATHOI mpamoii. Hanpumep, yucay 3,5 co-
oTBeTcTBYeT ToukKa M (pmc. 4), KoTopasa yaajieHa OT
HaYaJa 0TCYera, T. e. OT Touku O, Ha paccTOsHME, PaB-
Hoe 3,5 (B 3amarHOM MacmTabe), B OTJI0MKeHA OT TOUKH O
B 33JJaHHOM (TIOJIO’KHTEJILHOM) HanpaBieHuu. Yucny —4

CcoOTBeTCTBYeT TouKa P (cM. puc. 4), Koropasa yzajeHa oT ToukH O Ha
paccToAHHe, paBHOe 4, U OTJIO)KeHa oT ToYKH O B OTpHIATENLHOM
HANPABJIEHWH, T. €. B HAIPABJIECHNH, IPOTHBOIIOJIOMKHOM 3aJaHHOMY.
Mo3xHO rOBOPUTE U 0 pelleHUH obpaTHO# sagaun. Hanpumep, To4-
ka K, ynanenHas ot Touku O Ha paccTosHEe 5,4 B IOJIOKUTEILHOM
(3amaHHOM) HANpaBJIEHHMH, COOTBETCTBYET 4YHclay 5,4, a Toura N,
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ynaneHHasa or Touku O Ha paccTosiHMe 2,1 B OTpHIATENHLHOM HA-
npaBJIeHMH, COOTBETCTBYeT Yuciay —2,1 (cM. puc. 4).

VKazaHHEIE YHCJIA HASEIBAIOT KOOPIMHATAMM COOTBETCTBYIOIIMX TOYEK.
Tak, Ha pucyHKe 4 Touka K umeer KoopauHaTty 5,4; Touxka P — Koop-
puHaTy —4; Touka M — KoopauHaTty 3,5; Touka N — KoopauHary —2,1;
Touka O — xoopauHaTty 0 (Hysn). OTCI0Ia B POHCXOAUT HA3BAHUE — «KO-
opAuHATHaA npamasn». O0pasHO BHIpaKasch, KOOPAWHATHAA NPAMAA —
9TO I'yCTO 3aceIeHHBIA 0M, KHUJILIEI 3TOr0 A0MA — TOYKH, & KOOPAUHA-
THI TOYEK — 3TO HOMepa KBAPTHD, B KOTOPHIX >KHBYT TOYKH-KHJIBIBI.

3ayeM Hy)XHA KOODAMHATHAA NpAMafa? 3a4eM XapaKTePH30BATh
TOYKY YHCJIOM, 8 4Yucyio — To4Koit? EcTe Ju B 3TOM
Kaxasa-nubo nmonbsa? la, ecTh.

IlycTrs, Hanpumep, HA KOOPAMHATHON NIpaAMOMH
JaHEI IBe TOYKHU: A — ¢ KOOpDAUHATOH a u B — ¢ Koop-
AuHAaTOU b (0GBIYHO B TAKHX CHYy4YaAX NMHUIIYT KOpode:
A(a), B(b)). Ilycrs Ham Hazo HalTH paccrosHMe d
Mexay TodkaMu A u B. OxkaseiBaeTcd, BMECTO TOrO 4YTOOBI IeNaTh reo-
MeTpHYeCKHe H3MEpPeHHs, NOCTATOYHO BOCIOJIbL30BATHCA IOTOBOH (op-
myJoit p (4, B) =|a — b| (p — «po» — GykBa rpedeckoro andasuTa;
BIIpo4YeM, BMecTO p (A, B) mo:xHO nucaTsk npocto AB).

Tak, Ha pHCyHKe 4 UMeeM:

KM=|5,4-38,5|=|1,9|=1,9;
PM =|-4-3,5|=|-7,5|=17,5;
PN =|-4-(-2,1)|=|-4+2,1|=|-1,9|=1,9.

CrpemMsAch K JJAKOHHYHOCTH PACCY:KAEHHI, MATEMATHKH JOrOBODH-
JIMCh BMECTO JJIMHHOH (pashl « TOYKa A KOODAWHATHON NpAMOM, UMelo-
masg KOOPAWHATY @», NCIOJB30BATE KOPOTKYIO (pasy: «TOYKA a», ¥ HA
YepTerKe pPacCMaTPUBAEMYI0 TOYKY 0003HauaTh ee KoopauHartoii. Taxk,
Ha pucyHKe 5 n3o6paskeHa KOOpDAMHATHASA NpAMAas, HA KOTOPOH OTMe-
yeHRl TOYKH —4; —-2,1; 0; 1; 3,5; 5,4.

KoopauraTHas NpaAMas AaeT HAM BO3MOXXHOCTEH CBOOOZHO nepexo-
AUTH ¢ anrefpaMyecKoro sA3blKa Ha reoMeTpHYecKHil ¥ obparHO.

PEEEE I

0 3,5 5,4

eonpoc

ormeaem

Puc. 5
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Ilycrs, Hanpumep, Yucio a MeHbmre uyucia b. Ha anre6panueckom A3kl-
Ke 3TO 3aIHCHIBAKOT TaK: @ < b; Ha reOMeTPUYECKOM A3LIKE 3TO 03HAYAET,
YTO TOYKA @ PaclojioXKeHa HA KOOPAMHATHOH NpsMOi Jleéee TOUKH b.
Bnpouem, nmopguepkHeM elle pas: U anredpandyecKHil, 1 reoMerpuye-
CKHI A3BIKM — 3TO pasfeibl OAHOrO U TOTO YKe MAaTeMAaTU4YeCKOro A3bI-
Ka, KOTOPHI# MBI C BAMH H3y4aeM.

HOSH&ICOMHMCH ele ¢ HeCKOJBKHMMH 3JleMeHTaMH MareMaTHde-
CKOr'0O A3BIKA, KOTOPEIE CBA3aHEI C KOOPAWHATHOM IPAMOIA.

1. ITycTs Ha KOODAMHATHOI IPAMOIi OTMeYeHa TOYKa a. PaccMoTpum
BCE TOYKH, KOTOPhIE JIE}KAT Ha MPAMOii MpaBee TOYKH @, ¥ OTMETHM COOT-
BETCTBYIOIIYIO YACTh KOOPAWHATHON NpAMO IITPUXOBKO# (puc. 6). 9to
MHOKECTBO TO4YeK (YMces) HA3LIBAIOT OTKPLITHIM JIy90M U 0003HAYAIOT
(a; + o0), Te 3HAK + 0 YUTAIOT TAK: «ILTIOC GECKOHEYHOCTh» ; OHO XapaKTe-
pu3yeTcs HepaBeHCTBOM X > g (IoJ X MOHUMAOT JIIOYIO TOUKY JIy4a).

Ob6paTuTe BHHUMaHHE: TOYKA @ OTKPHITOMY JIy4y He
OpUHAIIeKHT. Eciau e 3Ty TOYKY HAAO IPHCOeRH-
HHTH K OTKPHEITOMY JIy4y, TO MHIOYT X 2 a UiH [a; +o0)
(mepep a cTaBAT He KPYTIIYIO, & KBAAPATHYIO CKOOKY),
a Ha YepTelKe TAKyI0 TOYKY 00603HAYAIOT He CBETJIBIM,
Kak Ha pucyHKe 6, a saKpaieHHBIM KpyKKoM (puc. 7).
Ecnu npo MHOMKECTBO TOuYeK (a; +o0) roBOPAT, YTO 9TO — OTKPBITHIHA
ayd4, To and [a; +wo) ynorpebasor TepMuH ay4 (6e3 mpuiIaraTeJIbHOTO
«OTKPHITHI» ).

2. IlycTs HAa KOOPAMHATHOH IPAMOM OTMe4YeHa

a::::::::::::::::::::::::c::x Touka b. PaccMoTpUM Bce TOYKH, KOTOPEIE JIEXKAT
Puc. 6 HA NpAMOH JeBee TOYKH b, H OTMETHMM COOTBET-
CTBYIOIIYVIO 4YaCTh KOOPAMHATHOH NPAMOMH IITPH-
XOBKO# (puc. 8). 3To MHOXKeCTBO TOYeK (YHcel)

M TaK’Ke HashIBAIOT OMKPbLMbLM AYyLoM U 0003HA-
Puc. 7 yaoT (—oo; b), rIe 3HAK —o0 YHTAETCH: «MHHYC
6eckoHeuHOCTh». OHO XapaKTepHuayeTcs Hepa-
b x  BeHcTBOM X <b.

. — CHoga oGpalnaeM Balie BHUMaHHE HA TO, YTO TOY-
Puc. 8 Ka b oTKpEITOMY JIyYy He npuHaLIeKUT. Ecin xe
MEI 3TY TOUKY XOTHM IIPHUCOEAUHUATEL K OTKPHITOMY
b x ay4y, To Gyaem mucars X < b uau (—oo; b] 1 Ha
Wy  yepTerxe TOUKY b saxpammuBaTh (puc. 9); ana (—o; b]

Puc. 9 Tak:xe 6yeM ynorpebiATE TEPMUH AYY.
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3. IlycTh HA KOOpDAHMHATHOH IpAMO# OTMEYeHE!
TOYKH a U b, npudem a < b (T. e. TOYKA a pacnoygo-
JKeHa Ha mpaMoii jeBee ToukHu b). PaccmoTpum Bce
TOYKH, KOTOPHIE JIe}KAT MpaBee TOYKH 4, HO JieBee
TOYKH b; OTMETHM COOTBETCTBYIOIIYIO YACTh KOOP-
JHUHATHOH OpAMO# IITPpHX0BKO#H (pHc. 10). 3To MHO-
JKECTBO TOYeK (YMceJ) HA3KIBAIOT MHTEPBAJIOM H
oGosHayaoT (a; b). OHO XapaKTepusyeTcs CTPOrHM
JBOHHBIM HEPABEHCTBOM a < X < b (Imof, x MOHMMAaeTCA
mobas ToYKa MHTEpBaJIa).

OGpaTute BHUMaHue: uHTEpBa (a; b) ecTh nepe-
ceuerue (001IAA YACTE) ABYX OTKPHITHIX JIydei (—oo; b)
u (a; + o) — 3TO XOpOIIO BUAHO HA PHcYHKe 11.

Eciu k uHTepBany (a; b) mobGaBUTH ero KOHIEI,
T.e. TOYUKH a u b, To nmonyuyurcsa orpesok [a; b]
(puc. 12), koTopHil XapaKTepH3yeTCA HECTPOrHM
ABOHHBIM HepaBeHCTBOM a < x < b. OGparuTre BHH-
MaHHe: B 0003HAYEeHHUH OTpEe3Ka HMCHOJNb3YIT He
KpyrJikle CKOOKH, KaK 3T0 66110 B 0003HAYEHHH UH-
TepBajia, & KBaJpaTHEIEe; HA YEPTeXe TOYKH a U b
OTMeYeHbl TEMHBIMH KPYXXKaMH, & He CBeTJhIMH,
KaK 3To OBLJIO B clIyyae HHTepBaJa.

Otpesok [a; b] ecTs nepecedyenue (06Iman 4acTs)
ABYX syueii (—oo; b] 1 [a; + o0) — 3TO XOpOIIO BUAHO
Ha pucyHKe 13.

Puc. 14

a b x
RS 7777777777 ——

Puc. 15

A vT0 mosmyuwnTcd, eciii K uHTEpBany (a; b) nobasuTs

TOJIEKO OAWH KOHEL[ — TOJBKO TOYKY a (puc. 14) uum
TOJBKO TO4kyY b (puc. 15)? ITonyuuTcs mOJIyMHTEpBaJ,
KOTOpPHIi B mepBoM ciyuae obGosHauaioT [a; b), a BO
BTOpOM — (a; b] ¥ KOTOPHIl XapaKkTepusyeTcs ¢ IOMO-

MBLI0 ABOMHEIX HEpPaABeHCTB: a@ < x < b — B mepBom

g o ciy4ae, @ < x <b — B0 BTOpoM ciydae.

OTHPBITBIN Ny HTak, MBI BBeJIM IATH HOBBIX TEPMHHOB MATEeMAaTH-
niTepsan 9€CKOro A3BIKA: JyY, OTKPBITHIN JIy4, MHTEPBAJ, OTpe-
R 30K, mosyuHTepBa. EcTh ¥ 0Omuil TEPMUH: YHCIOBbIE

HPOMEKYTKH.

nonyukrepsan Cama KoOpAMHATHAS NpAMAadA TaKMXe CYHUTaeTcH
4HCNOBON YHCJIOBBIM IIPOMEIKYTKOM; IJIA Hee HCIOJIb3YIOT 06o-
NPOMENyTOK sHadeHUe (—o0; +o0).
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CeoaBas TabnMIa YHCJIOBBIX IMPOMEKYTKOB

Haszsanme AsanuTi-
l'eomeTpHuecKan OGoanavenne i e e
Mones IPOMEeRYTKA MoeIh
—QUULLULLLLLLLLL L L . 2

a x (a; +o) OTKDBITBI JIyd x>a
— QUL .

a ¥ [a; + o) nyg x>a
—Wg—; (—oo3 b) OTKPBITHIH JIy4 x<b
A =t (=03 b] ny4 x<b

b x

S, 1271277777 S a; b MHTEepBAaJ a<x<b
a b ot (a; b) P!

———lliliiy———> a; b OTPE3OK a<x<b
a b x [a; 8]

L [a; b) MOJIYHHTEPBAJ a<x<b
a b x

—Qly——» (a; b] OO YMHTEPBAaJ a<x<b
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2 JIMHEMHAS DYHKLMUSA

e —

§ 6. HoopauHaTtHas nnocKocTe

§ 7. JlunetiHoe ypaBHeHME C ABYMS NEepemMeHHbIMM
M ero rpagmx

§ 8. Jlunesinas pyHKUMSA 1 ee rpaghmK

§ 9. Jlunesinas pyHxums y = kx

§10. B3aumHoe pacnonoxeHme rpagMKoOB NMHEHHbIX
byHKUMH

§ 6. KOOPAMHATHAS NNOCKOCTH

Ha KooOpAMHATHON NPAMOIl «TPONHCAHBI» TOYKH —
«KHUIBOBI», ¥ KAXKJA0M TOYKH eCTh CBOM «HOMEp AoMa» — ee KOOpAH-
Hata. Ecim ke Touka Oepercss B IJIOCKOCTH, TO JIJISA €€ «IIPOIMCKHU»
HY’KHO YKas3bIBATH HE TOJBKO «HOMEp AOMA», HO H «HOMEp KBApTH-
pei». HamoMaNM, KakK 3TO JenaeTcH.

IIpoBeemM nBe B3aMMHO IEePHNEHAHKYJISPHEIE KO-
OpAHWHATHEIE MPAMEIe U OyZeM cYUTATL Ha4YaJaoM OT-
cueTa Ha 06eMX IPAMBIX TOYKY MX IepeceyeHHA —
Touky O. TeM caMbIM Ha IJIOCKOCTH 3aJlaHa NMPAMO-
yroasHada cucreMa xoopauHaT (puc. 16), xoropas
fpamoyronswas ~ TPEBPAINAeT OOBIYHYIO IJIOCKOCTE B KOOPAHHATHYIO.
CiETiis Touxry O Ha3EIBAIOT HAYAJIOM KOOPAMHAT, KOODAWHAT-
KOOPAMHAT Hble IpAMEIe (OCh X ¥ OCh i) HA3KIBAIOT OCAMH KOOPIH-
HAT, & IPAMEIe yIibl, 00pasoBaHHBIE OCAMH KOODAH-

HOOpAMHATHAR

nAocKoCTS HAT, HA3HIBAIOT KOOpAHHATHBIMM yriamu. Koopausart-
HEIE YTJIl HyMEPYIOT TAK, KAK IOKA3aHO Ha PHCYHKe 16,

Havano koopgHHar A Temeps 0GpATHMCH K PUCYHKY 17, rae nsobpa-

KOOP AHHaTHbIE JKeHa NPAMOYroJbHAS CHCTeMa KOOPDAMHAT M OTMedYe-
yraes Ha Touka M. ITposenem uepes Touky M npaMyIo, mapasi-
NensHyIo ocH y. IlpaMas mepeceKaeT OCh X B HEKOTOPOIA
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abcuymcca
opawHara

TOYKe, Y 9TOM TOYKM eCTh KOODAHWHATA Ha ocH X (Aisa
TOYKH, H300paKkeHHOM Ha pUCYHKe 17, aTa KoopauHa-
Ta pasHa —1,5), ee HasmBawT aGcumccoit ToukH M.
Janee mpoBeeM depe3 TOYKY M npAMYyI0, Iapajlieib-
Hy10 ocH x. IIpamasa mepecexkaeT ochk y B HEKOTOpPOMH
TOYKe, ¥ 9TOH TOYKH eCTh KOOPAWHATA Ha OCH Y (1A TOY-
KHu M, nzobpasxeHHO# HA pucyHKe 17, ara KoopauHa-
Ta paBHa 2), ee HA3HBAIOT opauMHATOM Toukn M. Ko-
POTKO nmuIyT Tak: M(x; y) (ana Touku Ha pucyHKe 20

umeem M(—1,5; 2)). AGcnuccy 3anMCHBAIOT HA IEPBOM MECTE, OPAH-
HaTy — Ha BTopoM. Ucnonn3yioT, ecii B 3TOM eCTh HeoGX0AUMOCTb, B
apyryo ¢dopmy sanucu: x =-1,5; y = 2.

30
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X M 1Y o M'yixz
| (S : 1 1
=B
ol [ 1 1%l 5] 10| [ 1 2 | Fi5] [o] | 1 %]
| I IV
Puc. 16 Puc. 17 Puc. 18

3ameydaHne 1. Ha npakruke ans OTbICKaHUA KOOPAMHAT TOU-
KM M OBbIMHO BMECTO NpsiMbIX, NapannensHbix OCSM KOOPAM-
HaT M NPOXOAALMX Yepes3 TOUYKY M, CTPOAT OTPE3KHK 3THX Nps-
MbIX OT TOYKHM M g0 oceii koopguHar (puc. 18).

3ameyarme 2. B npepsipyliem naparpace mbl BBENW pas-
Hble 0603HaueHns ANs YMCNoBbIX NPOMEXYTKoB. B yacTHoCTH,
Kak Mbl ycnosunucb, 3anuck (3; 5) osHavaer, 4To Ha Koopgu-
HaTHOM NPAMON PacCMaTPHBAETCA MHTEPBAN C KOHLLAMH B TOMY-
Kax 3 u 5. B HacToswem e naparpace napy uucen mbi pac-
CMaTtpMBaEM KaK KOOPAMHAaTBI TOUKH; Hanpumep, (3; 5) — ato
TOYKa Ha KOOPAMHATHOM nnockocT ¢ abcumccoin 3 u opanHa-
Toi 5. Kak e npasvnbHO MO cMMBONMYECKOH 3anMch onpepe-
NMTb, O Yem MAET peyb: 06 uHTepBane unu o0 KoopaMHaTax Tou-
Kn? O6biuHO 310 BbIBaET ACHO M3 KOHTEKCTA.
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YuuTeiBasg BBefleHHBIE TePMUHBI ¥ 0003HaYeHUs,
TOPHU30HTAJBHYI0O KOOPAMHATHYIO NPAMYIO HA3BLIBAIOT
ocpI0 afcumucee UM OCBIO X, & BEPTUKAJBHYIO KOODIH-
HATHYIO IPAMYIO — OChIO OpAMHAT UM oceio Y. 06o-
3HAYEHHHA X, J UCIONAb3YIOT OGHIYHO NPH 3aJlaHUH Ha
ock abeynce IJIOCKOCTH NPAMOYTOJbHOM CHCTEMBI KOOPAHHAT
(cM. puc. 16) 1 yacTO rOBOPAT TAK: JaHA CHCTEMA KOOD-
auHar xOy. BopoueMm, BecTpedaroTess U gpyrue o603Ha-
4YeHHA: HANIpUMep, Ha pHcYHKe 19 zanaHa cHcTema
koopauHAaT t0s.

OCb OpAHHAT

2 b
ANroputmM OTHICKAHUSA KOOPAMHAT TOYKM M,

3aJaHHOM B cHCTeMe KoopauHaT xOYy

1. Ilposectn yepes Touky M npaMy:o, napajie]bHYIO OCH Y, X Hali-
TH KOOPAHHATY TOYKH ITIEpeceYeHH A ITOM NPAMOI C OCBI0 X — 3TO
Oymer abciucca Touku M.

2. TlpoBecT: uepes Touky M npaMyIo, TapaijelbHYIO OCH X, X Haii-
TH KOODAMHATY TOYKH IlepecedeHNis ITOH MPAMOH € OCHIO § — 3TO

5 Oymer opauHAaTa TOYKH M.

B

HmenHO Tak MBI U AefiCTBOBAJIN, HAXOAA KOODAHHATH TOYKH M
Ha pucyHKe 17.

Ecsu Touka M, (x; y) OpUHAAIEXUT IePBOMY KOODAUHATHOMY YIJIY,
To x > 0, y > 0; ecu Toura M,(x; y) NPUHAJNIEIKUT BTOPOMY KOOPAMHAT-
HOMY yri1y, To X < 0, y > 0; ecyt Touka My(x; y) IDUHALTIEIKUT TPETHEMY
KOODAWHATHOMY yTay, To X < 0, y < 0; eciu Touka M (x; y) npusagie-
JHUT YeTBEPTOMY KOOPAMHATHOMY yTJIy, To X > 0, y < 0 (puc. 20).

A yT0 Gyaer, ec/i TOYKA, KOOPAMHATEI KOTOPOM HAZIO HATH, JIEXKUAT HA
opnHOoi u3 oceii koopAauHAT? ITycTh TOUKA A JIE3KHUT HA OCH X, & TOYKa B —
Ha ocH y (puc. 21). IIpoBoauTek Yepes TOUKY A NpAMYIO, NAPAJLIETIEHYIO
OCH Y, ¥ HAXOAUTh TOYKY NepecedyeHus 3TOi IPAMOii C OCBI0 X He UMeeT
CMEICJIA, IIOCKOJIBKY TAKaA TOYKA IepecedeHns YIKe eCTh — 3TO TOUKa A,
ee xoopauHara (abcucca) paBHa 3. TouHO Tak JKe He HY’KHO IPOBOAHUTH
4Yepes TOYKY A NPAMYIO, NapaJUIEIBHYIO OCH X: CAMA OCh X IIEPeceKaeT och Y
B Toure O ¢ KoopAuHATOH (opauHAaTOi) 0. B MTOre A TOUKH A IOJTydaemM
A(3; 0). AranoruuHo AiA Touky B momygaem B(0; —1,5). A nna touku O
umeem O (0; 0).
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[

i 1L
SA 7 =
(x<0, L T
1 y>0) (x>0,
& Maq4—+¥70) 1
g 1 | A‘;
[3) 1 t o] 1 % x O 1 | 38«
(xf.O, My +1,5 ¢ B
y<0) (x>0,
ry [a”r_! y< 0)
|
Puc. 19 Puc. 20 Puc. 21

Boobme, m06as Touka Ha ocu X uMeeT KoopauHaTh! (x; 0), a mio-
6as ToyKa Ha ocH ¥y — KoopauHATH (0; y).

HWTak, KaK HaXOAUTH KOOPAWHATHI TOYKHM B KOODAHMHATHOH ILJIO-
CKOCTH, MBI oGcyamiau. A Kak pemats o6paTHYIO 3axady, T. €. Kak,
38/18B KOOPAMHATEI, NOCTPOUTE COOTBETCTBYIOIIYIO TOYKY? YUTOGEI BEI-
paboTaTh aIropuTM, IPOBEJEM ABA BCIIOMOraTeJILHBIX, HO B TO JKe Bpe-
M$ B&YKHBIX PACCYXIACHHUSA.

7k ITepeoe paccyncdenue. IlycTs B cHCTEME KOODAH-
HaT xOy npoBefieHa NpaMad |, napajielbHas OCH
& M, Y ¥ mepeceKaomas ock X B TOYKe C KOOPAMHATOMH

(abcuumccoii) 4 (puc. 22). JIobasa Touka, Jexaman
Ha 3Toif mpaMoii, umeer abGcuucey 4. Tak, Aasa
Q M, Touexk M,, M,, M; umeem M,(4; 3), M,(4; 6),
My(4; —2). Uanimu croBamu, abcnucca 060
Touku M npsimoii [ yroBieTBOpsieT YCIOBHIO X = 4.

-

4*). Ecnu e B3ATH TOYKY, He JIeKAIYIO HA 3TOH mpA-
o] [1 x moii, To ee abcuucca Gyger orinuna or 4. I'oso-
=2 Ms PAT, 4TO X = 4 — ypaseHeHue npamoii [ unu aro
L npamas |l (1 ToNbKO OHa) ydoenemeopsem ypas-

Puc. 22 HeHnuw x = 4.

Ha pucyske 23 usobparkeHsl IPAMEIE, VAOBIETBOPAIOIME YPaBHE-
HuaM x = —4 (upsamas l,), x = -1 (upamas l,), x = 3,5 (upamas lj).
A Kakas npamas yaosnersopsier ypasHeHuto x = 0? oraganucs? Ocs y.

Bmopoe paccysicdenue. Ilycts B cucTeme xoopaunar xOy
npoBejleHa NpAMasf [, napaineabHas OCH X H IepeceKalo-
masA och Yy B TOYKEe C KOOpAMHATOH (opAmMHATOM) 3
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(puc. 24). Jliobas TouKa, JeXKAAA Ha STOM IPAMO, UMEET
opaunaty 3. Tak, ans Touek M,, M,, M, umeem: M,(0; 3),
M,(4; 3), My (—2; 3). UneIMH cloBaMu, opAuHATA JI060H
TouKH M npsimoii | yaosiersopser ycaosuio y = 3. Ecin
e B3ATh TOYKY, He JIeXKAINYI0O Ha 9TOH NpAMOM, TO ee
opaunara Gyzer orauuna or 3. I'oBopar, uro y = 3 —
ypaeHnerue npamoit | unu 4ro npamas I (¥ TonbKO OHA)
ydosaemeopsaem ypasHeruio y = 3.

Ha pucynke 25 uzofpaykeHE! IpAMEIe, YAOBIETBOPSIONINE YpaBHE-
Huam y = —4 (upamas l,), y = —1 (upamas ly), y = 3,5 (npamas ;).
A xakas npsaMasd yAoBJeTBopseT ypasHeHHIO § = 0? Horagamuce? Ocs x.

3aMeTHM, YTO MATEMATUKH, CTPEMACH K KPATKOCTH
pedd, TOBOPAT «NPAMAA X = 4», a He «NpAMasnA, yIOBJe-
TBOPAIOINAA YPABHEHMIO X = 4», AHAJIOTMYHO OHH I'OBO-
g ot PAT «IpAMan y = 3», a He «NpsAMad, YAOBIETBOPAIOIIAA
ypaBHeHHIO § = 3». MuI GyieM NoCTyIaTh TOYHO TaK Ke.

BepHemcsa Tenephb K pucyHKY 17. OGpaTHTe BHUMaHHEe, UYTO TOYKA
M (-1,5; 2), xoropas Tam usobparkeHa, ecTh TOYKA NepeceYeHns Ips-
mo#i x = —1,5 u npamoii y = 2. Teneps, BUAUMO, GyAET MOHATEH AJITO-
PHUTM MOCTPOEHHUSA TOYKH I10 3aJJaHHBIM €€ KOODAHUHATAM.

-

AnroputM nocrpoesnsn touku M(a; b)
B NPAMOYTOJBHOMH cucTeMe KoopauHaTt x0Oy

1. IlocTpouTs OpAMYIO X = d.

2. ITocTpouTs npamMy0 y = b.

3. HaiiTu TOYKY mepece4eHHUs MOCTPOEHHBIX NPAMBIX — 3TO H
_ Oyzmet Touka M(a; b).

]

r yA vl e \ i
1 M5 RE] 2 y=3,0"

u : : o 1] =

4 H1jol 1 [3.5]]x -2 (o] 1| |4 & 1| y==1[1,

ARNEARER

L | r4ly=1411

Puc. 23 Puc. 24 Puc. 25
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II p u M e p. B cucreme xoopaunar xOy NOCTPOUTHL TOYKH:
A(1; 3), B(—2; 1), C(4; 0), D(0; —-3).

Pemenue. Touka A ecTh TOYKA NepeceyeHUs] NPSAMBIX
x=1uy=3(puc. 26).

Touka B ecTh TOYKA mepecedyeHHsA NPAMEIX ¥ = -2 u y = 1
(puc. 26). Touxka C npuHAANIEXKHUT OCH X, & Touka D — ocu y
(cm. puc. 26).

i
Ll

A k=1 Bnepsrle IpAMOYTOJBEHYIO CHCTEMY

Il 1A KOOPAMHAT HA MJIOCKOCTH CTAJI AKTUB-

i 3 yTr3 HO HCIIOJIb30BATh (DPaHIY3CKUil dHuio-
y-1 1B cod Pene Mexapr (1596—1650) mis

C I PellleHHA TeOMETPHYECKHX 3ajga4d aj-
refpanyecKMMH MeTOAaMH H, oGpaTHoO,
JJIA 3aMeHHI ajnredpandyecKHux Mojeseit

-3¢ reomerpudeckumu. IloaTomy mHOrZA
TOBOPAT: «JeKapTOBa CUCTeMAa KOOpAH-
HAT», «JIeKapTOBHI KOOPAWHATHI» .
Puc. 26

§ 7. NMHEMHOE YPABHEHME C [IBYMS
NEPEMEHHBIMMU U ETO TPADMK

B rnase 1 MBI BHAENH, YTO MATEMATHYECKOH MOJEIBIO pe-
aJILHOM CUTYamUU MOXKET CIYKUTh JIHHEIHOe ypaBHeHHe C OGHOH Ie-
PEeMeHHOH HJIM YpaBHeHHEe, KOTOpPOe Iocjie mpeoOpasoBaHmii CBOAUTCA
K JIMHEHHOMY. A Teneph PACCMOTPHUM TAKYIO PEAJIEHYIO CHTYAILHIO.

W3z ropozos A 1 B, paccTosHre Mexay KoTopeimi 500 KM, HascTpedy
APYT APyry BHIIJIK ABA II0€3718, KaMKALIHA CO CBOeH IOCTOAHHON CKOPO-
cThi0. M3BecTHO, YTO mepBLIA MMOe3Z BhIIIEJ Ha 2 4 paHbIlle BTOPOro.
Yepes 3 4 mocJie BEIXOAA BTOPOTO 1I0€37]a OHH BCTPETH/INCE. UeMy paBHEI
CKOPOCTH I0€3/10B7

CocTaBum MaTeMaTHYECKYIO MOAeNb 3axa4u. IlyeTs x KM/4 — CcKoO-
POCTE IIEPBOIO NOE3Aa, ¥ KM/4 — CKOPOCTh BTOporo moesfa. Ilepsriii
OBl B IYTH 5 4 H, 3HAYMUT, Opoules nyTs 5x KM. Bropoi noess GuL1 B
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nyT4 3 4, T. e. mpomen nyTe 3y km. Ux 5x 3y
A C B

peTpeda nmpousonia B myHKTe C. Ha pu- T~
cyHKe 27 IpeAcTaBiieHa reoMeTpude- T
ckas Mofensb curyanuu. Ha anrebpan- 500 kM
YyeCKOM S3HIKE e€ MOXKHO OIMCATH TaK: Puc. 27

5% + 3y = 500
Han

5x + 8y — 500 = 0.

Taxyio MaTeMaTHYeCKYIO MOAeNb Ha3bIBAIOT JNUHEHEIM ypaBHEHHUEM C
ABYMSHA NepeMeHHbBIMH X, I.

Boob6me,

ax+by+c=0,

rme a, b, ¢ — uucaa (KoadpunpeHTH) — JIMHEHHOE YPABHEHHE ¢ ABYMSA
mepeMeHHbIMH X M ¥ (MM ¢ ABYMA HEHM3BECTHBIMH X H V).

nukHelHoe
ypasHeHme

C AByMA
nepemeHHbIMM

Bepuemcsa k ypasHeHHI0 5x + 3y = 500. 3ameuaem,
uT0 ecou x = 40, y = 100, T0 5 -40 + 3 - 100 = 500 —
BEpHOE PABEHCTBO. 3HAYUT, OTBET HA BOIIPOC 3aJa4M
MOKeT OBITh TAKHMM: CKOPOCTH IepBoro moesza 40 km/4,
ckopocThs BToporo moesga 100 km/4u. Ilapy umcen
x = 40, y = 100 BHasLIBAIOT peuweHueM YPABHEHUSA
5x + 3y = 500. 'oBopAT TakKke, 4TO napa sHAYEHU
(40; 100) ydoenemeopsem ypasuernuw 5x + 3y = 500.

HaiigerHoe pellleHHe He eAUHCTBEHHO. B caMoM Jesie, BO3MOXKeH
¥ Tako# BapuaHT: X = 64, y = 60; geiicTBuTeNBHO, 564 + 3 - 60 =
= 500 — Bepuoe parencTeo. U takoii: x = 70, y = 50 (mockonskry 5+ 70 +
+ 3 - 50 = 500 — BepHOe paBeHCTBO).

Pelienne
ypasHeHus
ax+by+c=0

A BoT, cKaxkeM, napa uuces x = 80, y = 60 peruenn-
€M ypaBHEHUS He SBJIAETCH, IOCKOJbKY IIPH STHUX 3Ha-
YeHHAX BEPHOro paBeHCTBa He nojydaercsa: 5 - 80 +
+ 360 = 500.

Boo6ime, pemenuem ypaBHeHMd ax + by + ¢ =0
HAsEIBAIOT BCAKYIO mapy 4ucen (X; y), KOTOpas ynoB-
JIeTBOpAET STOMY YPaBHEHMIO, T.e. ofpalaerT paBeH-
cTBO ¢ mepemMeHHEIMH ax + by + ¢ = 0 B BepHOe YucIO0-
BOE PaBeHCTBO.
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3ameuyaHme. BepHemcs ewe pas K ypasHeHWo 5x +
+ 3y = 500, nonyuyeHHOMY B pacCMOTPEHHOM BbilLe 3aaa-
ye. Cpeay BeckoHeYHOro MHOMECTBA E€ro PELUEHHH HMe-
toTca, Hanpumep, u Takne: x = 100, y = 0 (8 camom gene,
5-100 + 3 : 0 = 500 — BepHOE YMCNOBOE PaBEHCTBO);
x=118, y = —-30 (tak kak 5- 118 + 3 - (—30) = 500 —
BepHoe uucnosoe pasexncteo). OfHako, senssce pelueHus-
MW YPaBHEHMs, 3TM Napbl HE MOTYT CNY)XUTb PELLEHUAMM
AAHHOM 3apauM, Beflk CKOPOCTb noe3aa He moet BbiTh
paBHoOM Hynto (Torga oH He efeT, a CTOMT Ha MecTe); Tem
6onee cKOpOCTL NOE3AAa HE MOXKET BbiTh OTPULATENBHON.

IIpumep 1. H306pasuTe pelneHus JIMHEHHOIO ypPaBHEHUHA C
OBYMSA NepeMeHHBIMH X + § — 3 = () TOYKaMHi B KOOPAUHATHOM ILJIOCKO-

ctu x0y.
Pemenn

e. IloaGepeM HECKOJILKO pellleHHi 3aJaHHOr0 ypaBHe-

HHHA, T.e€. HECKOJIBKO IIap 4YHCeJl, KOTOphlie YAOBJIETBOPHAIOT ypaBHe-

HHIO: (3; 0), (2;

1), (15 2) (0; 3), (- 2; 5).

ITocTpoum B KoOpAMHATHO# ILTocKocTH X0y Touku A (3; 0), B (2; 1),
C(1; 2), D(0; 3), E (— 2; 5) (puc. 28). O6paTuTe BHUMAaHUE: BCE 3TH IATH
TO4YeK JIeXKaT Ha OfHOM NpaMoii [, mpoBezieM ee.

Ty |
=

Y.

[®) - By SO
S
(=2}
An )

-

Puc. 28

TosopsaT, uTo npsaMas | ABNseTCs gpagurom ypasuenua x +y—3 =0,
HJIY 9TO npamas | — zeomempuyeckas modens ypasaeaua x +y—3=0

(umu x +y=3).
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Hrak, ecau mapa 4ucex (Xx; y) yAOBIeTBOpsSieT ypaBHEHHUIO
x+y— 3=0, To Touka M(x; y) IDHHAAIEIKUT IPAMOi [; eclIH TOUKA
M(x; y) NpUHANIEXKUT TPAMOi [, To mapa (x; y) — pemeHue ypasBHe-
und ¥ + y — 8 = 0. Hanpumep, Touka P(6; —3) npunagnesxur npamoi [
(puc. 28) u napa (6; —3) — pewenue ypaBHeEna x +y — 3 = 0.

IToasenem UTOrH:

Canosecnan Anrebpanveckas l'eomerprueckan
MoIenb MoJelIb MoOaensb
CyMMa IBYX 4HCe x+y=38 Ipsamasn | Ha pucyske 32
paBHa 3 (mHEeiiHOEe ypaB- (rpadux auHeltHOTO
HeHHUe C JByMA YPaBHeHUS ¢ JByMS
nepeMeHHBIMH ) nepeMeHHBIMH)

(m

A kak BooOme BEIMIAAUT rpaduK JHHeHHOro ypaBHeHns ax + by +
+ ¢ = 0?7 PaccMOTPHM KOHKPETHBIE CIIy4au.

1) Ilycte a =0, b =0, ¢ = 0. Torga ypaBHeHNe TPUHHUMAET BHJ
0-x+0-y+0=0, 7. e. 0 =0 opu mobGLHX 3HAYEHUAX X, Y. ITO
3HAYHUT, 4TO JobGada mapa 4ducen (x; y) ABIAETCA PellleHHEM ypaBHe-
HHA, a rpaduK ypaBHeHUA — BCA KOOPAWHATHAA ILJIOCKOCTh.

2) Ilyctea =0, b =0, ¢ # 0. Torna ypaBHeEHe NPHHUMAET BUJ
0-x+0-y+c¢=0,r.e.c=0. 370 He BHOONHAETCA HH NPH KAKHX
3HAa4YEHUHAX X, Y, T. €. yPABHEHHE He HUMeeT PeleHMit.

3) Ilyers a = 0, b # 0. Torpa ypasHenue npuaumaet Bug 0 - x +

+by+c=0,T.e.y= —% . I'pacduxom coryxuT npAMas, napaiierbHas
ocu x, 06 3ToM MEI roBOpHIIH B § 6.
4) Ilyets a 20, b= 0. Torga ypasaenue npuauMaer sugax +0-y +

+te=0,m1. e.x=—§.l‘pa¢nmucannpmaﬂ,napannmaaaocny,

06 3TOM MEI TaKsKe roBopuIH B § 6.

5) Ilyere a # 0, b# 0. B aTroM ciryuae rpa¢dHKOM ABIAETCA IPAMAad,
He mapasjieJbHAA HY OAHOH U3 oceil KoopAMHAT (KaK 3T0 ObLJI0 B npu-
Mepe 1).

Boo6me, cnpasennuBea ciefyioman TeopemMa.
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Ecnu xoms 6v. 0dun u3 xo3gppuyuenmos a, b nunei-
Teopema 1. | Hozo ypasHnenun ax + by + ¢ = 0 omauven om HYynA,
mo zpapurom YypasHEeHUR CAYNUM NPAMAR AUHUSR.

Il pu me p 2. Iloctpouts rpaduk ypasaeruns 3x — 2y + 6 = 0.

v PemeHnue. Ilogbepem HeCKOJBKO peleHH
g‘ J{% 3aJaHHOI'O yPaBHEHHUA:
{ / 1) (0; 3); B camom zexne, ecau x =0, y = 3, To
{T;" 3:0-2-3+ 6 =0 — BepHOE pPaBeHCTBO (B ypas-
4

Henue 3x — 2y + 6 = 0 MBI HOACTaBUIN 3HAYEHHUA
x=0,y=3);
2) (—2; 0); neiicTBRTENBHO, ec X = — 2, y =0, TO
3:(—2)-2-0+ 6 = 0 — BepHOe PABEHCTBO;
3)(2;6);eciux=2,y=6,1703-2-2-6+6=
= ( — BepHOe PaBEHCTBO;
4)(4;9);ecmux=4,y=9,703:-4-2-9+
+ 6 = 0 — BepHOe paBEeHCTBO.
P Iocrpoum Touku (0; 3), (— 2; 0), (2; 6), (4; 9) Ha
uc. 29 v
KoopAauHAaTHOH miockocT xOy. OHU JexxaT HA Of-
HOH mpsAMoii, npoeefemM ee (puc. 29). 9ta npsmMas U ecTk rpaduk ypas-
HeHua 3x— 2y +6=0. (m

¥,

574

TN P
© \\k

Y R

IIpumep 2 perueH BepHO, HO, IPU3HAEMCH, 0YeHb HEPAITHOHAIBHO.
ITouemy? [laBaiiTe paccyxAaTh.
1. Mu1 3HaeM, 4To rpahMKOM JIMHEHHOIO ypaBHEHHUA
3x — 2y + 6 = 0 aBnserca npamasda (dTO yTBEPKAAeTCA B
Teopeme 1). UTo6E IpPOBECTH HNPAMYIO, AOCTATOYHO
ctxnane yKasaTh ABe ee TOYKH. Yepes Be TOYKH MOXKHO IIpOBe-
CTH IPAMYIO ¥ IPUTOM TOJILKO OHY — 3TOMY HAC YYHUT
reomerpus. IlosToMy mocTpoeHHEIE BhIIIE YETHIPE TOY-
KH — 3TO ABHEI mepeGop. [locTarouHo G6BLIO mOCTPO-
uth ToukH (0; 3) u (—2; 0) ¥ ¢c moMoINbIO MUHEHKH PO~
BECTH Yepe3 HUX IPAMYIO.

2. Pemmenns JaHHOIO YPaBHEHHA MEI IOAOHDAJH, T. e. YraAbIBAJIH.
¥Yragars yro-1u60 Beerpia TpyAHee, 4eM AeiiCcTBOBATEH IO OIpeeIeHHO-
my npasuwiry. Hens3s iu G610 U 37lech He yTaJblBaTh, a AedCTBOBATE
no Kkaxkomy-ro npasmiry? Moxuo. Hanpumep, Tak. lagum nmepemeH-
HOH X KOHKpeTHOe 3HadYeHHe, Hanpumep X = 0 (0o6m4YHO muUmyT
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x, = 0). Iloacrasus aTo 3HaYeHHE B ypasHeHHUe 3x — 2y + 6 = 0, moxay-
qum: 3-0—- 2y + 6 =0, 1. e. —2y + 6 = 0. 13 aT0r0 ypaBHeHus Haxo-
muM: y = 3 (o6eryHO MUmyT Y, = 3). 3HaYUT, ecau x =0, To y = 3; napa
(0; 3) — pemeHMe JaHHOI'O YpaBHEHHH.

Janum nepeMeHHOI! X ellle OAHO KOHKPeTHOe 3HAYeHHe, HATIpUMep
x = — 2 (00brug0 MUmyT X, = — 2). IToacTaBUB 9TO 3HAYEHUE B YpPABHEHUE
3x— 2y + 6 =0, momyunm: 3-(-2) -2y + 6 = 0, T. e. —2y = 0. U3 3T0TO
ypaBHeHu# Haxoaum Y = 0 (o6bruHo muuryT y, = 0). 3HaunT, eciu x = -2,
to y = 0; napa (—2; 0) — pelreHue JaHHOrO ypaBHEHHA.

BoT Tenepps MEI B COCTOSHHH CHOPMYJIMPOBATEL AJNTOPHUTM IOCTPOE-
HUA rpadUKa JIMHeHHOro ypasHeHud ax + by + ¢ = 0 (rge, HaOMHEUM,
a, b, c — nwbuie yncaa, HO a # 0, b # 0).

i N
AnroputM nocrpoesnn rpaduka ypapHeHHA

ax+by+c=0,rmea#0,b0

1. IlpupaTe NepeMeHHOR X KOHKPETHOE 3HAYEHHe X = X,; HAliTH u3
ypaBHeHHA ax, + by + ¢ = 0 cooTBeTcTBYIOIIlee 3HAYEHUE [ = Y/,.
IIprpaTe nepeMeHHOMN X IPYyroe 3HAYEHUE X = X,; HANTH U3 ypas-
HeHHd ax, + by + ¢ = 0 cooTBeTCTRYyIOI|eEe 3HAUEHHUE Y = ,.
ITocTpouTh Ha KOOPAMHATHON muockoctH xOy TOYKH (x5 Y,)
1 (X5 Ys)-

ITpoBecTr yepes aTH ABe TOYKH IPAMYIO — OHA M OyAeT rpadrKoM
ypaBHeHM# ax + by + ¢ = 0.

w

=~

b,

3ameHaHme. Yawe scero Ha nepeom Luare anroputma GepyT
3HaveHne x = 0. Bropoii Wwar uHoraa HEeMHOrO H3MEHSAIOT: nona-
ratot y = 0 1 HaxoAAT COOTBETCTBYIOLLEE 3HAYEHHE X.

IIpumep 3. Ilocrpours rpaduk ypaBHEeHUSA
4dx+3y—12=0.

P e w1 e u u e. Byzem pmeiicTBoBaTh Mo anropuTMy (C y4eTom same-
YaHuA).

1) Honoxum x = 0, NOACTABAM 3TO 3HAUeHUe B ypaBHeHUe 4x +
+3y-12=0, nonyuum: 4-0+3y—-12=0, 3y—-12=0, y=4.

2) Ionoskum y = 0, moAiCTABMM STO 3HAYEHHE B ypaBHeHUe 4x + 3y —
~12=0, nonryuum: 4-x+3:0-12=0, 4x—12=0,x=3.
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yA 3) IocTpoum HA KOOPAMHATHOI IIocKocTH xOy
ase Touku: (0; 4) — oHa HalijleHa Ha IepBOM Imare
\ anropurma H (3; 0) — oHa HaiigeHa Ha BTOPOM IIare.
& 4) ITpoeenem uepes Touxu (0; 4) u (3; 0) ops-
‘o MYI0. 9TO M eCTh MCKOMEI rpaduk (puc. 30).
\e B

IIpumep 4. Hparor u IlerpoB mocagunu
HA CBOMX C4/I0BHIX yYacTKax sbioHu, npudem Iler-
[9) 3 "’; pos nocagui A6Jo0HL B 2,5 pasa Gonsmie, yem Hsa-
HOB. Ha ciepyromuii roi OHH YBeJIUYHJIH YHCJO
A6s0Hp (mOACAAMIN HOBHIE CAXKEHIIhI), IpHYeM
y UBanosa crtayo s610HE B 3 pasa Gosable, yeMm
Or1310, a y IleTpoBa B 2 pasa Goasbiue, 4eM On1y10. B
UTOre ¥y HUX BMecTe cTajo 16 abionb. CKoaIbKO
A6noHs nocaguyu Fsanos u IleTpos B nepsBhIit rog?

/’

n

o\
ﬁﬁqj
Q

Puc. 30

PemeHnmue.

Ilepsslit aTan. Cocmasnenue mamemamuyeckoii modesu.

IlycTs x — 4uceno A0JI0HL, NOCAXKEHHBIX B NepBhIi rog MBaHOBEIM,
a y — 4ucio AbJ0Hb, MOoCAYKeHHBIX B epBhlii rof IlerpoekiM. Ilo yeiro-
BHIO 3aja4H y = 2,5x. 31ech Heyiecoo0pasHo YMHOKHTE 00e YacTH ypas-
HEeHHUA Ha 2, moyuum: 2y = 5x. ITO ypaBHeHHe IepPenuIlieM B BUJie:

5x—2y=0. 1)

Ha BTopoii rog HBaHOB YBEJIHYHII YHCJIO CAMKEHIIEB HA CBOEM YYaCT-

Ke B 3 pasa, ¥, 3HAYMUT, ¥ Hero crayio 3x a6noHe. IleTpor yBemmumin
YHCJIO CayKeHIeB HA CBOEM y4yacTKe B 2 pasa, T. €. y Hero craio 2y

a6nous. Ilo yenosuio y o6oux B cymme crano 16 s6noHs, T.e. 3x + 2y =
= 16. Ilepenuirem 310 ypaBHeHUe B BuJe:

3x+2y—-16=0. (2)

MaremaTudecKas Mojenhb 3aJa44 roTOBA, OHA COCTOUT U3 ABYX JIH-
HeHHEIX YypaBHEHHH C AByMsA NIePEMEHHELIMH X U If — M3 ypasHeHmuix (1)
# (2). O6GrIYHO B TAaKHMX CJy4YadaX YPaBHEHHA 3AIHUCHEIBAIOT OAHO IIOK
APYTHM H HCIOJIbL3YIOT CIEHAJIBLHEIN CUMBOJI — QUTYPHYIO CKOOKY —
M CHenuaibHEIA TEDMHUH — CUCTMEeMA YPa6HeHUil:

bx-2y=0,
3x+2y—16=0. C)
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Bropoii aran. Pa6oma ¢ cocmasnenHoil Modenvio.

HHTepecyromas Hac napa yuces (x; y) A0~ ] - -
Ha YAOBJETBOPATEL U ypasBHeHHIO (1), u ypasHe- )78
auio (2), T. e. HETEpecyIOaA HAC TOYKA (X; i) BOIK- /
Ha JIeXKaTh Kaxk Ha npamoi (1), Tak ¥ Ha npamoii \«Iﬁ"’
(2). Yro menars? OTBeT OYEBHAEH: HAJAO MOCTPO-
ATE npamyo (1), satem npamyro (2) u, HaKoHeI, % il
HAWTH TOYKY NepecedeHUs TUX IPAMBIX. 7T NE ]

1) Crpoum rpaduk ypasHeHHsA 5x — 2y = 0. /

Eciu x =0, Toy =0; ecnt x = 2, oy = 5.
IIposemem uyepes Touku (0; 0) u (2; 5) npamyio 1,
(puc. 31). (0]

2) Crpoum rpaduk ypasaenus 3x + 2y — 16 = ;
0. Ecmu x =0, Toy = 8; ect x = 2, 70 y = 5.
IIposesem uepes Touku (0; 8) m (2; 5) npamyio [,
(puc. 31).

3) Ilpamete I, u I, nepecekarorcs B Touke (2; 5), T.e. x =2, y=5.

Tpetuii aran. Omeem na eonpoc 3adauu.

CnpammnBaeTrcs, CKOJIBKO A6JI0Hb IOCAANIN B IePBHI rox UBanos
u Iletpos, T. e. yemy paBHH x U y? OTBeT HA 5TOT BONPOC YiKe IOJY-
yeH: x =2,y =05.

O T B e T: B nepsuiii roxg Usanos nocagun 2 a6nonu, a Ilerpos —
O A0I0HE.

Kaxk BuguTe, He 3psi MBI C BAMH YYHJHCh CTPOUTD MPabUKH JIMHEH-
HBIX YPaBHEHHH ¢ ABYMSA IepeMeHHBIMH. JTO IO3BOJIMIO HAM OT Of-
HOII MaTeMaTHYecKOH Momenu (anrebpandyeckoil mozenu (3)) nepeiiTu
K ApPYrofl MaTeMaTH4YeCKOH MOJe/NH — reoMeTpHUYeCKOoH (ABe mpaMble
Ha KOOPAWHATHOM IIJIOCKOCTH HA PHCYHKe 31), 4TO M JaJio BO3MOMK-
HOCTE JOBECTH PellieHHe 00 KOHIIA.

A MoxHO qu paboTaTh HEIOCPEeACTBEHHO ¢ Moje-

op

an

1Y A oY

Do

Puc. 31

abi0 (3), He mepexoAd K reoMeTpUYecKoidl mogenu?
MoxxHO, HO 06 3TOM peun Brepexnu, B riase 3. Tam,
J't::u' HMCIOJBL3ys HOBHIE 3HAHUA, MBI CHOBA BEPHEMCH K MO-
nmeiu (3).
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§ 8. NMHEMHAS DYHKUMS M EE TPAGMK

AnropuTMm mocrpoesus rpaduka ypaBHeHHs ax + by +
+ ¢ = 0, xoTOpHEIH MBI chopMyIpoBanu B § 7, IpH Beceil ero 4eTKOCTH U
onpefesICHHOCTH MaTEeMATHKAM He 04YeHb HpaBuTcs. OOBIYHO OHH BHI-
ABHUraloT IPeTeH3UH K MEePBBLIM JBYM IIAraM aJI'OPUTMA. 3a4eM, TOBO-
PAT OHH, ABAXKJHI PelllaTh ypaBHEeHHUe OTHOCUTENLHO NepeMeHHOlH J: CHa-
yana ax; + by + ¢ = 0, satem ax, + by + ¢ = 0?7 He nyume nu cpasy
BEIPasHTh Y U3 ypaBHeHus ax + by + ¢ = 0, Torpa nerqye Gyaer nposo-
AUTH BRIYUCJIeHu (4, riaasHoe, 6uicTpee)? [laBaiiTe mposepuM.
PaccmoTpum cHauyana ypasHeHue 3x — 2y + 6 = 0 (cM. npumep 2
us3§ 7), r.e. 2y=3x+6.
1

1
VYMHOXKUB 00€ YaCTH yPaBHEeHHA HA 3 » Hoyumm: > - 2y=

5 (3x +6),

(S

3
T.e.Yy=35% + 3 . BopodemMm, TOT 3Ke Pe3yJILTAT MBI OJYyYHIH Obl, eciu

661 006e YacTH MCXOZHOIO YpaBHEHHA MOYJEHHO pasfelu]H Ha 2.
O6BIYHO NPEeANOYHUTAIOT B NOAOGHKIX CAYYaAX MOBOPHTE He 06 YMHO-
JKEHHH, 8 0 IOUJICHHOM JieleHUH 006eHx JacTell ypaBHEHUA HA OJHO H
TO K€ YUCJIO.

3
Hrak, y= §x+ 3.

Ilpuaasas x KOHKpETHBIE 3HAYEHHS, JIEIKO BEIYHCIHUTH COOTBET-
cTByIomue 3HaveHus y. Hanpumep, npu x = 0 mosyuaem y = 3; npu
x =-2umeem y = 0; npu x = 2 umeem y = 6; npu x = 4 mosygaem y = 9.
BuauTe, Kak Jerko u 6eicTpo HaiimeHs ToukH (0; 3), (—-2; 0), (2; 6) u
(4; 9), KoTophle OLLIH BEIIEJIEHE! B npuMepe 2 u3 § 7.

TouHo TaK e ypasHernue 5x — 2y = 0 (cm. npumep 4 us § 7) mosxHO
6bs10 mpeoGpasoBaThk K BHAY 2y = 5x u gasee y = 2,5x; HeTPyAHO
Haitt ToukH (0; 0) u (2; 5), yHoBIeTBOpPAIOINUE STOMY YPaBHEHHIO.
Haxonen, ypasaerue 3x + 2y — 16 = 0 us Toro »xe npumepa MOXKHO

3
6bLT0 npeobpazoBaTs K BUAY 2y = 16 — 3x 1 nanee y = 8 — 2% Hs

aToro ypasHeHHs MoXHO Haiftu Toukm (0; 8) u (2; 5), xoropuie emy
VIOBJIETBOPAIOT.
PaccmoTpuM Teneps ykasaHHbIe TpeobpasoBaHus B 06IieM BHe.
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2. NUHEMHAS ®YHKUMS

Ciyuau, Koraa B ypasHeHuu ax + by + ¢ = 0 o6a xoshdunuenta a,
b paBHEI HYJIIO, MBI paccmoTpenu B § 7. Tam e MBI orMeTHIIH, YTO B
cny4ae, korza a # 0, b = 0, rpadpukoM ypaBHEeHHA ABJIAETCHA NpAMad,
napajjieIbHaA OCH Y.

Paccmorpum ciyuqaii, koraa b # 0.

Hmeem:
ax+by+c=0; 1)
by =-ax—c;
. B ¢
y——bx— E.

a
Beegsa obosHaueHHUA — 5= k, —-% = m, noJy4aem:

y=kx+m.

Taxkum obpasom, auHeilnoe ypasrenue (1) ¢ dey-
MA nepeMeHHbIMU X U Y 6 cayuae, kozda b # 0, moxcHo
: npeobpasoeame Kk eudy
BHUMAHUE y= kx + m, (2)

20e k, m — yucaa (koagpgpuyuenmot ).
9TO YACTHBIH BUJ JHHEHHOTrO ypaBHeHHUs. 3HAA,
4YyeMy paBeH X, II0 NpPaBuiy y = kx + m Bceraa MOXXHO HaiiTH, 4eMy
paBeH y. Bymem HasuBaTh ypasHeHHe (2) auEeiinoM pyHKIMeH.

C nomomeio ypasHeHH (2) JIeTKO, yKa3aB KOHKPETHOE 3HAYEeHUE X,
BBIYMCJIIUTE COOTBETCTBYIOIlee 3HadyeHue y. IlycTs, Hanpumep, y =
=2x + 3. Tornpa:

ecmx=0,Toy=3;
ecmx=1,Toy=>5;
ecmmx=-1,Toy=1;
ecmux=3, Toy=9uT. 1O.
O6EIYHO 3TH pe3yJabTaTH 0hOPMIAIOT B BHAE TaOIHUIEI:

x| o] 1 ]-1]3
yI3|5|1|9

SHAYEHHA Y U3 BTOPOU CTPOKM TAGIHILI HASKIBAIOT SHAYEHUAMU
Auneiinoil pynryuu y = 2x + 3 coorsercTBeHHO 8 moukax x =0, x =1,
x=-1,x=3.
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B ypaBHenuwu (1) nepeMeHHLIE X X  PABHONPABHEI,
a B ypaBHeHHUH (2) — HeT: KOHKPeTHble 3HAYEHUS MBI
npujaeM ofHOH M3 HUX — IEepeMeHHOH X, TorjJa Kak
3Ha4YeHHe NepeMeHHOH J 3aBHCHT OT BHIOpaHHOIO 3Ha-
YeHUA nepemeHHOH X. IToaTomMy 0OBIYHO NOBOPAT, YTO
X — He3aBHCHMMAA NepeMeHHas (UJIM aprymMeHT), y —

He3aBHCHMAaR

nepemeHHas
Eiise) 3aBHCHMas IepeMeHHad.
YacTHEIM ciyuyaeM TeopeMsl 1 u3 § 7 apnaeTcs cie-
3aBHCHMan Ayomas TeopeMa
nepemexHas )
NMHeHHaR Teopema 2. I'pagukom nunelnou pynryuu
yHKUHS y=kx +m aenaemca npamas.
rpagmk
TMHEFHOH II p 1 m e p 1. IlocTpouTs rpaduk auHeiHON QyHK-
yHHUMM nuu y = 2x + 3.
P e n1 e H 1 e. CocTasuM Tabauny:
x | 0 | 1
v| 3]s

ITocTpoum Ha KoopauHaTHOM mIockoeTH xOy Toukn (0; 3) u (1; 5)
¥ IIPOBEZieM Yepe3 HUX NPAMYI0. 3TO H ecTh rpaduK JuHEeHHON QyHK-
ouu y = 2x + 3 (puc. 32). (m

MHuorue peajibHEIE CHTYAIMHM ONMCHIBAIOTCA MATEMATHYECKHAMU MO~
JeJNAMH, IPeACTABIAIIMUMH coboif JuHeiiEble dyHEKOuH. IIlpuBenem

IpUMEpEI.
YA ITepéas cumyayus. Ha cknage 6b110 500 T
/ yria. ExxenHeBHO craym nmoABosuTh mo 30T yras.
/ Crxonbko yrasa Oyaer Ha cKiage dyepes 2, 4, 10 grei?

Ecom mpoiifer x gHei, TO KOMUYECTBO Y YA
Ha cKJaafle (B TOHHAX) BHpasuTcA GopmMymnoi

o

%3 y = 500 + 30x. Takum obpasom, MUHEHHASA DYHK-
% muA y = 30x + 500 ecTs MaTeMaTHYecKadA MOJENHb
gt CHTyamuH.
{ 7 Tol 1 ‘:; Tenepb HETPYAHO YCTAHOBUTD, YTO:
7 npu x = 2 umeeM y = 560 (B ypasuenue y = 30x +
+ 500 moacTasunu x = 2 1 noayuuiu y = 560);
npu x = 4 umeem y = 620;
Puc. 32 npu x = 10 umeem y = 800.
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Bmopas cumyayus. Ha cknaje 6u1510 500 T yras. ExxensesHo cTa-
nu yBo3utk 10 30 T yraa. CKonbKo yrua Gyaer Ha ckiaage yepes 2, 4,
10 pueii?

3.[[301: MaTeMaTHYecKoH MOJEeJIbI0 CHTYAIIHH ABJAeTCA JHMHeHHad
dyarnua y = 500 — 30x. C momompbIo 3T0i MOAes I HeTPYAHO OTBETUTH
HAa BOIPOC 3aa4H:

ecau x = 2, To y = 440 (B ypasHeHHe y = 500 — 30x moxcTaBuIH
x = 2 1 nosyuunu y = 440);

ecan x = 4, o y = 380;

ecau x = 10, To y = 200.

Tpemwva cumyayusn. Typuct npoexan Ha aBTo6yce 15 kM oT MyHK-
Ta A 1o nyHKTa B, a 3aTeM MPOJOJIKHUJI ABHKEeHHE U3 NYHKTa B B TOM
JKe HalpaBJIeHHH, HO y>Ke IelNIKOM, CO CKOPOocThIo 4 KM/u. Ha Kakom
pPaccTOAHHUHM OT NYHKTa A Oyaer TypUcT depes 2 4, Yepes 4 4, yepe3 5 4
Xonb66I?

MaTeMaTHYeCKON MOAENBIO CUTYalluy SBJIAETCS JINHeHHaA QYHKITUA
y =15 + 4x, rge x — Bpemda xoAs0k! (B yacax), y — paccTosHHe oT A
(B xkunomerpax). C moMOIIEI0 3TOM MOZIeIV OTBEYaeM Ha BOIIPOC 3a1a9H:

ecnu x = 2, To y = 23 (B ypaBHeHHe y = 15 + 4x nmogcraBunu x = 2
u nosy4uan y = 23);

ecmu x =4, 10y = 31;

ecsm x = 6, To y = 39.

Hrak, B KaXA0i U3 PACCMOTPEHHEIX CUTYaNUii Ma-
TEeMaTHYECKOH MOJAENEI0 CIYXXHUT JIMHEeHHAA QYHKIMA.
Ho (BHEHManHMel), cTPOro roBops, Bce TPH COCTABJIEH-
obpamurme HBIe MOJieJIH He COBCEM TOUYHBI, OHH HE YYUTHIBAIOT TE€X
e orpaHMYeHMi HA MepeMeHHYIO, KOTOPhIE BRITEKAIOT U3

CcMEICJIa 3a7laud. BeAw siCHO, YTO B IEPBOH cCHTyanmuu
He3aBHCHMas IepeMeHHAA X MOKeT NIPHMHMMATH TOJLKO 3HaYeHud 1,
2, 8, ..., MOCKOJNBKY X — 4ucyo AHeit. CrenoBaTelbHO, YTOYHEHHAA
MaTeMaTHYeCKAas MOJeJIb epBOi CUTYALH BRITJIALUT TAK:

y = 500 + 30x, rae x — HaTypaJbHOE YHCJIO.

Bropyio curyanuio Heobxoaumo yTouHMTH yciaosueMm y = 0. 9ro
3HAYMUT, YTO HE3ABUCHMAS IIepeMeHHas X, 0003HAaYamIas, KaKk U B
NepBOi CUTyalM¥, YMCJIO JHEeH, MOXKeT NPHHUMATD TOJIBKO 3HAYEHHA
1, 2, 8, ..., 16. [leiicTBuTeNBHO, eciu x = 16, To MO dopmyne y = 500-
- 30x maxoaum: y = 500 — 30 - 16 = 20. 3nauuT, yxe Ha 17-i feHs
BEIBe3TH co ckaaja 30 T yris He yAacTcd, IOCKOJBKY Ha CKJIaje K
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2- JMHEAHAS ®YHKUMA

3TOMY AHIO ocTaHeTcd Bcero 20 T M mpoliecc BHIBO3a YIJIA IPUAETCH
npekpatuTh. ClemoBaTeslbHO, YTOYHEHHAS MaTeMATHYECKas MOAENh
BTOPO# CHTYAIIMH BEITJIAAUT TAK:
y=500-30x, y = 0 mim
y=500-30x,rnex=1, 2,3, ..., 16.

B Tperbeil cUTyanum He3aBUCHMAaSA NEePEMEHHAA X TEOPEeTHYECKH
MO’KeT IPHHATH JII000e HeoTpuIaTeabHOe 3HaveHne (x =0, x =2, x=3,5
M T.1.), HO OPAKTHYECKH TYPUCT He MOJKeT IIaraTh ¢ NOCTOAHHOH
CKOpOCTEIO §e3 CHA M OTABIXA CKOJBKO YTOJHO BPpeMeHH., 3HAYHUT, HAM
HYKHO GBLIO cZiesiaTh pasyMHbIe OTpaHUYeHNA HA X, ckaxeM, 0 <x <6
(T. e. TypHucT uaer He 6osee 6 4).

HanomMHHUM, 4TO reOMeTPHYEecKOH MOJeNbio

—esusuie—»  gecrpororo ABoitHOTO HepaseneTsa 0 < x <6 cary-

4 6 suT orpesoK [0; 6] xoopauraTHOH nNpaAMOil

Puc. 33 (puc. 33). 3HaYUT, YTOYHEHHAS MOJIEJb TPEeThel

CHTyaldH BRIMIAMHT Tak: y = 15 + 4x, rfle X IPHHALIEKUT OTPE3-
Ky [0; 6].

YcnoBuMca BMecTO (Gpashl «X NPHHAMJIEXKHT MHOMXKecTBY X»
mucaTh X € X (4UTAIOT: «3JIEMEHT X NPHHAMJIEXKUT MHOXecTBY X»,
€ — 3Hak npuxradnexcrocmu). Kak Buaure, Hae 3HaKOMCTBO C MaTe-
MaTHYEeCKHM A3BIKOM IOCTOSHHO IPOJOJIXKaeTcA. MHOXeCTBO HATY-
PAJILHBIX YMCes 00BI9HO 0003HaYaloT OykBoil N. 3HAYHMT, BMECTO (passl
«X — HATYPAJIBLHOE YHUCJIO» MBI MOYKEM HCIIOIb30BATH COOTHOIIEHME X € N.

Ecnu nuneiiEy0 GyHKOUIO y = kx + m Hajo paccMaTpuBaTh He
IpH BCeX 3HAYEHUAX X, & JIUIUb AJIA 3HAYEHUH X U3 HEKOTOPOro 4Hc-
JIOBOTO MHOKecTBa X, TO IMUIIYT:

y=kx+m,xeX.

A Teneph s3anumem Gojiee TOYHBEIE MATEMATHYECKHE MOAENH IJA
PACCMOTPEHHBIX BHIIIE TPEX CUTYALHIA.

Ilepeas curyanusa: y = 500 + 3x, x eN.

Bropas curyanusa: y = 500 — 3x, x€{1, 2, 3, ..., 16}.

Tperwba curyanusa: y = 15 + 4x, x €[0; 6].

IIpumep 2. IocTpouts rpaduK NUHEHHOH QYHKIIHUH:
a)y=-2x+1, xe[-3;2]; 6)y=—-2x+1, xe (-3; 2).
Pemenue. a) Cocrapum Tabauny Ags JUHeHHOH (QyHKIUH
=-2x+1:
MEIR

y|7|+3
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[ y v
L\‘} —A T ]' J[' A T
W
\ | \\
2 ! \
AT i ",
TN
e _._1-1-1 = 1 J 1
\ 1 2 > N1 g I \ 12
ERECAREE =3 [o 4 | -3 | |0 X
—:3 -3 3 -3
[ 3° . o | |
Puc. 34 Puc. 35 Puc. 36
-3 0 2 «x
Puc. 37

IMoctpoum Ha koopauHaTHOH miockoctu xOy Touku (—3; 7) u
(2; —3) 1 mpoBeieM Yepe3 HUX NPAMYI0 JHHHIO. ITO — rpadHK ypas-
HeHus y = —2x + 1. [lanee, BLIIEITUM OTPE30K, COEAHUHAIOMMI ITOCTPO-
€HHBIe TOYKH (puc. 34). 3TOT OTPE30K U eCTh rpadMK JIUHEHHOH QYHK-
man y=—2x + 1, rge x € [-3; 2].

OBEIYHO rOBOPAT TaK: MBI IIOCTPOMJIH rpadHK NHHEHHON QYyHKIHH

= - 2x + 1 Ha orpeske [-3; 2].

6) Yem orimuaercs 3TOoT npumep oT npeaniayimero? JIuneiinas
dyHKIMA Ta ke (y = —2x + 1), 3HAYUT, U ee rpadUKOM CIIYKHT Ta e
npsamas. Ho — GyApTe BEEMaTenbHB! — HA 3TOT pas X € (—3; 2), T. e.
SHaYeHUsA x = —3 ¥ X = 2 He PACCMATPHUBAIOTCH, OHHM He IPUHAJIEHKAT
uHTepBany (—3; 2). Kakx Mul oTMeuan KOHIEI HHTePBajia Ha KOOPAH-
HaTHOI mpsAmMoi? CeeTibIMM Kpyoukamu (puc. 37), 06 3TOM MHI ro-
Bopunu B § 5. Touno Tak ke u Touku (—3; 7) u (2; —3) mpugerca
OTMETHTL Ha YepTeke CBETJIBIMU Kpy)Koukamu. ITo OyjeT Hamomu-
HaTe HaM o ToM, 4TO GepyTca JNMINEL Te TOYKH mpAMOH y = —2x + 1,
KoTophle nexar MexJy TOYKAMH, OTMEYeHHBIMH KPYKOYKaMu
(puc. 35). Bnpouem, uHOrAa B TAKMX COy4yasX HCIOJB3YIOT HE CBeT-
JIble KPYXOouKH, a cTpenky (puc. 36). 9To HeNPUHIMINAILHO: IJaB-
HOe — nonumars, 0 yem uer peys. (]
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NUHEMHAS PYHKUWSA

llpumMep 3. HauTH HauOoOJbIllee y

-1
-

HaMMeHbIlIee 3HAYECHHUA JHUHEHHOH QYHKINY

y= %x+4ﬂa orpeske [0; 6].

Pem e H ue. CocraBum Tabauny ang

[

1
JMHeNHOH QYHKIHNU | = 3% +4:

Tk

6 x|0|6
y| 4] 7

Puc. 38

ITocTpouM Ha KOODAWHATHOM ILJIOCKOCTH

x0Oy Touku (0; 4) u (6; 7) ¥ npoBefieM Yepe3 HUX NMPAMY0 — rpadux

JMUHEeHHONR QYHKIMUN | = % x + 4 (puc. 38).

Hanbonbwee
3HaYEHHE
NHHeHHOH
PyHKLpH

Ha8HMeHbLUee
3HaYeHHe
NHHERHOH
PyHKLMH

Ham Hy»XHO paccMOTpeTh 3Ty JHHeHHYI0 QyHKIHI0
He IEJUKOM, a Ha orpeske [0; 6], T.e. ana x € [0; 6].
CooTBeTcTBYIOIIHI 0OTPe30K rpaduKa BhIZIeJIEH Ha Yep-
Texe. 3amedyaeM, 4TO camas GosbIIAA OPAMHATA Y TO-
4YeK, NIPUHALJIEKAINUX BLIIeJICHHON YacTH, paBHa 7 —
3TO U eCTh Haulboabllee 3HAYeHUe THHEeNHON QyHKINH

1
= Ex + 4 ua orpeske [0; 6]. OGBYHO HCIONB3YIOT

TAKYIO 3aIUCH: Y6 = 7-

3amedaeM, YTO camas MajieHbKasd OPAUHATA § TO-
4eK, MIPUHALJICHKAIUX BbIAeJeHHOM Ha pHCcYHKe 38 4a-
CTH IIPAMOIi, paBHA 4 — 5TO H eCTh HAUMEHblULee 3HAYE

1

Hue TUHeHHOH QYHKIuY i = 3% + 4 ua orpeske [0; 6]
OGEIYHO MCIIONB3YIOT TAKYIO 3AIUCH: Y .. = 4.

OTBEeT Ypprs. = V> Ynawn. — 4-

INIpumep 4. Halitt y,,.6 ¥ Y,y AIA JTHHeHHOH QyHKIUM
y=-1,6x+ 3,5:

a) Ha otpeske [1; 5];

6) Ha uaTepBane (1; 5);

B) Ha nonyunTepsae [1; 5);

r) Ha ay4e [0; + 0);

z) Ha jyde (—oo; 3].
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p——
T A L 4
IREER R %—\f\
= L Y SN
N ¢
1 lo] 1 5 x o 1 5] x
EEEEEEA X
| =4 =4 -\ﬂ
] y=—1,5k 435 y=—1,5x135
Puc. 39 Puc. 40

Peme H 1 e. CoctaBumM Tabaunmy aina JuHeiHON QyHKIHH
y=-1,5x +3,5:
x| 1|5
y| 2 |-4
TocTpouMm Ha KoopAuHATHOM muiockocTd XOy Touku (1; 2) u (5; —4)
U IPOBeJieM Yepe3 HUX npaMyio (puc. 39—43). Beizenum Ha OCTPOEH-
HO¥ NPAMOIT YaCTh, COOTBETCTBYIOLIYIO 3HAYEHHUAM X M3 oTpeska [1; 5]
(puc. 39), us unTepsBana (1; 5) (puc. 40), us nonyuntepsana [1; 5)
(puc. 41), ua nyua [0; + ) (puc. 42), u3 syua (—o; 3] (puc. 43).

:_ y L \
1] \\
oy 3,59
S PN AN
- 1
— \\ \\ &%
| o] 1 51 | |x o 1 ¥ x
N
1 | ] -&{
ol | \\ N
1 gl g
T y=—15x+35
Puc. 41 Puec. 42
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2. || JUHEMHAS DYHKUKMS

a) C momoIipio pUCYyHKa 39 HETPYAHO CHEJNATH BBIBOJ, UTO Y,..c = 2
(aroro sHaueHus JUHeHHAsA QyHKUUA JOoCTUrAeT IpH X = 1), a Y. = —4
(aroro sHaueHHA NUHeliHAA PYHKIUA JOCTUTAET IPH X = 5).

6) B oTnMude oT npeALIAYIIErO CIy4Yad, 06a KOHIA OTpe3Ka, B KOTO-
PHIX KK pa3 H JOCTHIaJHCh nan&ommee H HaHMMeEHbIIIee 3HAYEeHHA, 13
paccMoTpeHUs HCeKIroYeHH! (puc. 40). Cpeau ocTaabHEIX TOYeK rpadrKa
HeT HY TOYKH C HAMMeHbIIed OpAUHATOMN, HH TOYKHU ¢ HaubGoabIel op-
AuHATON. 3HAYMT, HY HauGONbINEero, HYM HAMMEHBIIEro 3HAYEHMIH HA
3aJaHHOM MHTEpBaJle y JaHHOH JIMHeNHON (DYHKIIUH HeT.

B) C nmomombio pucynka 41 sakiodaeM, YTO Y,.... = 2 (KaK U B
IepBOM CIIyuae), a HaMeHbIIIero 3HaUYeHH A Y JINHeHHOH (QYHKIIUHN HeT
(Kax ¥ BO BTOPOM cJy4ae).

I) Yous. = 3,5 (9TOr0 3HaYeHUA NHUHEHHAA QYHKIMA JOCTUraeT IPH
x=0), 8 Y, HE CymecTByeT (pHc. 42).

Z) Yuume. = —1 (3TOTO 3HAUEHNA NTHMHeHiHAA QYHKOMUA JOCTUraeT IPH
x = 3), & Yu.,s. HE CYIIECTBYET (PHC. 43). &

IMIpumep 5. IlocTtpoure rpadur IUHEHAHOH q)ymm..ln
y = 2x — 6. C nomo1pio rpaduKa OTBETUTE Ha CIeAYIOIHe BOIIPOCHI:

a) npu KaxKom 3HadeHuu x 6yger y = 0;

6) npu KaKkux sHadYeHnAx x 6yzer y > 0;

B) OIpH KAKHX 3HaYeHuAX x Oyger y < 07

P e 11 e H ¥ e. CoctaBuM TabymaIty A JuHeRHOH GyHKnmu iy = 2x — 6:

x| o | s
=g | 0
i1 y [ ]
R Y ©
/!
\ Ty
3.& 1 f
S/
1 AN O 1 1/3 X
1 on YF X /
Y
y=-1,bx+ 3,5
~6,
|
Puc. 43 Puc. 44

50



2. JMHEMHAS ®YHKUMS

Yepes Touku (0; — 6) u (3; 0) npoBegem npsamMyio — rpaduk TuHeiH-
goit pyrKONH y = 2x — 6 (puc. 44).

a) y = 0 npu x = 3. I'paduk nepecekaer ock X B TOUKe X = 3, 3TO M
eCTh TOYKA ¢ opauHaroii y = 0.

6) y > 0 opu x > 3. B camom zene, ecau X > 3, TO COOTBETCTBYIOLIAA
YJacThk HpﬂMOﬁ pPacnoJsioyKeHa B bl III € OCH X, 3HAYHUT, OPAHHATEI COOT-
BETCTBYIOINHUX TOYEK IPAMOl MHOJOX HUTe b H B

B) y <0 opu x < 3. B camom aere, eciu x < 3, TO COOTBETCTBYIOIIAA
4yacTh NPAMOI PACIOJIOKEHA H U MK € OCH X, 3HAYUT, OPAHHATHI COOT-

BEeTCTBYIOIMX TOUEK IPAMOH OTpH I aTeJbHHL. -
.

Of6paruTe BHUMaHHE, YTO B 3TOM NPHUMEPE MH C
noMombI0 rpadiKka perrnim:
a) ypaBHeHue 2x — 6 = 0 (monyuunu x = 3);
obpamume 6) HepaBeHCTBO 2x — 6 > 0 (moyunnu x > 3);
GHUMANE
B) HepaBeHCTBO 2x — 6 < 0 (mosyuniu x < 3).

3ameyaHue. B pycckom si3bike HacTO OfMH 1 TOT e obbexT
Ha3bIBAIOT MO-Pa3sHOMY, HaNpHMMEP: «QOM», «3[aHHE», «CO-
OpYyIeHue», «KOTTemM», «ocobHak», «Bapak», «xubapa»,
«n3bylukan. B maremartnueckom a3bike CHTyaLun NPMMEPHO Ta
we. Ckaxxem, PaBeHCTBO C ABYMSA NEPEeMEHHbIMK ¥ = kx + m,
roe k, m — KOHKpPETHbIE 4YWMCNA, MOXHO Ha3BaTb NMHEMHOMW
hYHKUMEH, MOMHO HA3BaTb NMHEWHLIM YPaBHEHMEM C [BYMS
NEPEMEHHBIMKM X M ¥ (MNK C ABYMSA HEM3BECTHBIMMU X M ), MOX-
HO Ha3BaTb (POPMYNIOH, MOXHO Ha3BaTb COOTHOLUEHHEM, CBA-
3bIBAIOLUMM X U ¥, MOJKHO, HAaKOHEL, Ha3BaTb 33BMCMMOCTLIO
MEXAY X U ¥. ITO HEBAXKHO, MMABHOE, NOHMMAaTBL, YTO BO BCEX
Cnyuasx peyb MAET O MaTeMaTHHECKOH mopenn y = kx + m.

PaccmoTpuMm rpaduk nuHeiHONH GyHKIHH, n306pa-
JKeHHBI Ha pucyHKe 45, a. Eciu ABHraThcd 10 3TOMY
rpadHKy cJieBa HAIPABO, TO OPAHHATE! TO4YeK rpadpuxa
BCE BpeMs YBEeJIMYHUBAIOTCH, MBI KAK OBl «IOAHUMaeMcHa
B rOpKy». B TaKuX ciriy4asax MaTeMaTHKH YIOTPeGIAOT
TEepMUH 803paACMaHue ¥ roBOpPAT Tak: ecau k > 0, mo
Aunelinan pynkyun y = kx + m eospacmaem.

Paccmorpum rpaduk JuHeHHON GyHKIMH, H300pa’keHHBIN Ha pU-
cyHke 45, 6. Ecnu gsurathea mo aTomy rpaHKy cjesa Hanpaso, TO
OPAMHATH TOYeK rpadMKa Bce BpeMs YMEHLIIAIOTCH, MBI Kak Obl

BO3pacranHe
yBbisaume
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Puc. 45, a Puec. 45, 6

«CIIYCKAEMCH C TOPKH». B TAKHX CJIyYafgXx MATEMaTHKH yIoTpebasaioT
TepMHUH Yy0bléaHUe B TOBOPAT Tak: ecau k < 0, mo nuneinan pynk-
yus y = kx + m y6vieaem.

§ 9. NMHEMHAS ®YHKUMS y = kx

IIpu paccMoTpeHUH NUHEAHBIX QYHKIU ¥ = kx + m 0co6o
BHIZIEJIAIOT cayd4aii, korga m = 0; Torga MuHeiiHaA QYHKIUA TPUHH-
MaeT BUA Y = kx.

I'pagurom nuneinod ¢pynxyuu y = kx aensemca

Teopema 3.
npamaf, npoxodau,an wepe3 HAvano Koopdurnam.

HDoxasaTenscTso. OcymecTBuM ero B IBa sTana.

1. y = kx — dacTHBIH ciTydail TMHEeHHOH QyHKIMM, a rpadUKOM JH-
HeiiHO# QyHKUMM ABIseTCA MpAMasn (o Teopeme 2); 0003HAYUM ee Yepes L.

2. ITapa x = 0, y = 0 ygoBneTBOpAET YpPaBHEHHIO Yy = kx,
a moromy Touka (0; 0) nmpumaamexur rpadury ypaBHeHUHA
y =kx, T. e. npamoii L.

CnepoBaTenbHO, mpsaMas | NpoxoguT dYepe3 HAYAJIO KOOPAWHAT.
Teopema gokaszaHa.

Hazo ymerbs nepexofdTh He TOJBKO OT AHAJMTHYECKOH MoOAenH
Y = kX K reoMeTpHYeCKO#, HO U OT reOMETPHYECKON MO/ K aHAJIHN-
Tudeckoil. PaccmoTpum, Hannpumep, OpAMYIO HA KOOPAWHATHOM ILIOC-
kxoctu xOy, usobpakennyio Ha pucysake 46. OHa sBisierca rpadukom,
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2. || NMHEAHAS DYHKUMS

JuHEeAHON QyHKIMH y = kX, HYXKHO JUIIbL HANTH 3HAYeHHEe KO3(HU-
puenTa k. Tak kak k = % » TO IOCTATOYHO B3ATH J106YI0 TOUKY Ha IpA-

MO ¥ HaliT¥ OTHOIIeHMe OPJIMHATHI 3TOM TOYKH K ee abcuucce. [Ipamas

NMPOXOAUT Yepes Touky P(3; 6), a nia aTOi TOYKH MMeeM: g- = 2. 3Ha-

yur, k = 2, a noTomy 3alaHHasA NpAMAaA JUHUA CIYKHUT rpaduxom
NUHeHHON QYHKUHUH y = 2X.

I'padpux nuneiinoit pyEknun y = kx oOBIYHO CTPOAT Tak: GepyTr
To4Ky (1; k) (ecsim x = 1, To u3 paBeHcTBa § = EX HAXOAUM, 4TO iy = k)
¥ IIPOBOAAT IPAMYIO Yepes 3Ty TOYKY U HaYasio KOOpAMHAT. Bropouem,
B cliyuae HeoGxoaumocTH TOUKY (1; k) MOKHO 3aMeHUTH APYro# Tod-
Koi1, 6osee ynob6Hoii. Ha pucyske 47 uzoGpaskeHbl rpapMKH JIHHEeAHBIX

dyaroui y = x (upamada L), y = 2x (npamas 1),y = %x (upamas lj;

3fiech He O04YeHb YA00HO GpaTh TOUKY (1; %) » MBI B3AJIM TOYKY (3; 1)),

y=—-2x (upamas l,).

OGpaTuTe BHUMAaHKE: OT K03 dunueHTa k 3aBUCHT YIoJI, KOTOPHIHA
TMOCTPOEHHAas NpAMas o0pasyeT C MOJIOMKHUTENBHEIM HaIpaBJIeHWEM
OCH X; 3aMEeTHM, YTO 3TOT YroJl OTCYUTHIBAIOT OT OCH X B HANIPABJIEHUU
OpOTHB uacoBo#l crpenku. Ecau kB > 0, To aTor yron ocmpuiii (Tak
obcrout geno Ha puc. 47 ¢ npameimu [y, I, 15); ecnu k < 0, To 3TOT
yron mynoii (trax o6cToMT Aesio Ha puc. 47 ¢ npamoii 1,). lanee, ecom

k > 0, To yem Gosbire k, TeM Gosbiie yroa. Tax, Ha pucyHke 47 nns

[ YA yl YA
y=2x| |.
6 y= —2x 6 I
\ 1 ::, . N
' o il
14

L - P / y=gzx | |7 AR
—1 1 2l [ 1 Q] 1 ¢ Vs

t o '9) '/ s 3 R i
L o113 I« [,] = | 3 |'A /3 0] 1/27x
- | 3 \ ;
- L7 f2 P
] | 1,/ \VA L

Puc. 46 Puc. 47 Puc. 48
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opsamoii ; umeem k= %, JJs IpAMoii [, umeem k=1, nias
opsamoii [, umeem k = 2; npu yBenudeHun KoahdunueH-
Ta k yBeJIMYUBaETCHA M YroJ MeXAy IPAMOIl U ITOJIOMXH-
TeJNbHBIM HanpagpieHHeM ocd abecnucc. ITosromy koad-
yrnosoi ¢unuenT k B 3anucH y = kx HashIBAIOT YIIOBBIM K03gh-
Koaghhuyment dbumenTOM.

Ha pucynke 48 usobpaxennl rpaduky JUHeHHEX QYHKIHH
y=2x -4, y=2x + 6. O6a ol napaieJbHH rpaduKy JUHEHHOH
dyaxuuu y = 2x, Tonsko nepeas npamasn (y = 2x — 4) nonydaercs us
npAMoOi y = 2x cABMroM B H M 3 Ha 4 eguHHOE MaciuTaba, a BTopas
npamad (y = 2x + 6) nonyyaercsa us OpaAMoit y = 2x CABUIOM BB e D X
Ha 6 eguENn MacmTaba.

Copasepgius cieayomuit o6muil peaysbTaT, KOTOPHIH MEL odop-
MHM B BHJIE TEOPEMEL.

IIpamasn, cnyrcawan zpadpuxom nuneinold pynryuu
Teopema 4. | Y = kx + m, napannenvria npamoil, cnyxawei zpa-
duxom nuneiinoil pynxyuu y = kx.

BeneneTBHe 3TOr0 KoaHUIHUEeHT k B 3anMcH JUHeHHOH GyHKIUH
y = kx + m TaxKe HA3LIBAOT Y2a08biM Ko3pPuyuenmom. Ecau k > 0,
mo npaman y = kx + m obpasyem c nonoxumensvHbM HANPASLEHUEM
ocu x ocmpuili yzon (puc. 45, a), a ecau k < 0, — mynou yzon
(puc. 45, 0).

§ 10. B3AMMHOE PACNONOEHME
FPA®MKOB NIMHEMHbBIX YHKLLMA

BepreMcs eme pas K rpaduKaM JHHeHHBIX GyHRImH iy = 2x—
-4 uy=2x + 6, npeacraBNeHHBIM Ha pUCYHKe 48. MuI y>ke oTMeyau
(8 § 9), uTo aTH ABe NpAMEIe MApaJUTeNbHEI OPAMOHR y = 2x, a 3HAYMT,
napajnensHbl Apyr Apyry. lIpusHakoM ODApaeILHOCTH CIYMKHT
PaBeHCTBO YIJIOBHIX KoadhduuuenTos (B = 2 Ana Bcex TpeX NPAMEIX:
npnay=2x,upgna y = 2x — 4, u gua y = 2x + 6). Ecnu ke yrnossie
Koo(HUIMEeHTHl PA3IMYHBEI, KAK, HAIPHUMED, V JHHEHHBEIX (QYHKIWIA
y=2xu y=3x + 1, To npamble, CayKalue UX rpaQUKaMu, He Hapaj-
JIeIbHEBI, U TeM OoJiee He coBnagaloT. CirejoBaTeIbHO, YKA3aHHEIE IIPs-
MEle HepeceKkaroTcda. Boobime, cmpaBeiuBa CleAyIOIIasa TeopeMa.
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ITycmv danv 0ée nuneinvie pynkyuu y = k,x + m,

Uy = kox + my. Ilpamvie, caymawue zpaduramu
300aHHBLX NTUHEUNBLX QYHKYWIL:
Teopema 5.
1) napannenvuwvt, ecnu ky = kg, m;# my;
2) coenadarom, ecnu ky = ky, m,;=my;

3) nepecexaiomces, ecau k, # k.

IIpumep 1. HaiiTu TOYKy nepecedeHHA IPAMBIX:
a)y=2x-3ny=2- %;
6)y=—-3x+1uy=-3x+5.

Pem e H 1 e. a) [l nuHeliHON QyHKOHK J = 2x — 3 UMeeM:

x|0|2

y|-3|1

IIpamasn [, cry:xamas rpaduxkom IuHeHHOH
dyHKOIUK Yy = 2x — 3, MpOBefieHa HA PHUCYH-
Ke 49 yepes Touku (0; —3) u (2; 1).

1T
il

— 2= v
2 7.
1 ] %\x S| A
Insa nuaeiinoi GyEKIUKR §y = 2 — Ex MMeeM: T %-._ O
x | 0 | 2 5 RN _E.
2 1
y | | l—" /i/
Ilpamas [,, cry»xamasn rpaduKom JHHEH-
Puc. 49

1
HOM QyHKIuu y = 2 — 2% npoBeieHa Ha PH-
cyuke 49 gepes Touku (0; 2) u (2; 1).
Ilpsimuie [, u [, nepecekaiorcs B Touke (2; 1).
6) JIuneiinnie pyaknuu y = —3x + 1 u y = —8x + 5 umeror oguH u

TOT ke yryoBoi KoaddunuenT (k = — 3), sHa4HUT, IpAMEe y = —3x + 1
H Yy = —3x + b mapajjenbHbl, T. €. TOYKH IepeceYeHNud y HUX HeT. (m

INHIpumep 2. HaiiTn TOuKky NepecedeHHs NPAMBIX y = 4x + 7
Hy=-2x+17.
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2. :u JMHEMHASA DYHKUMS

Peme = ue. 30eck MoxxHO oboiiTiuch Ge3 ueprexa. Byzem pac-
cyxaaTh Tak. Bo-nepBrIX, yriaossie K03GOUIUEHTH IPAMBIX Pa3IHAY-
HEI (B, =4, ky = —2), 3HAYHT, IpAMEIE IEPECEKAIOTCA B OHOMH TOUYKe.

Bo-BTOpHIX, KaK OfIHA, TAK M APYrad NpAMas NPOXOAAT Yepes To4-
Ky (0; 7) (86l ofpaTHiIu BHUMAHHME, YTO M, = M, = T?).

CnepoBaTelbHO, (0; 7) 1 ecTh HCKOMAs TOYKA IepecedyeHu. (m]

Boobme, npamvie y = k,x + mu y = kyx + m, 20e k, # k,, nepe-
cexaiomcs 8 moure (0; m).

3asepias riasy 2, ofpaTiM BHHUMaHHe Ha XapaKTepHYIO ocobeH-
HOCTh MATEMATHYECKOr'0 HA3HIKA:! BO MHOTHX ()pasax, KaK Bhl, HABEP-
HOe, 3aMeTHJIM, OAHOBPEMEHHO BCTPEYAIOTCA BJEeMEHTH! ajarebpaude-
CKOI'0 ¥ reOMETPHUYECKOro A3LIKOB — COCTABHBIX YACTeH efNHOI0 Mare-
MATHYEeCKOro fA3blKa. TakK, MBI rOBOPHM: TOYKAa 3, mpAMaa x = 2,
npamasd y = —5, npaman y = 2x + 3, orpesok [3; 7], ayu [—2; +eo] 11 T. 1.
A B § 10 MBI monyuniu, noxanyii, Hanbosiee spKue o6pasusl cBoboa-
HOTO OIlepHpOBaHuA anrebfpanyecKUM M reOMETPUYECKHUM A3LIKAMH B
OJlHOM CYXXJ€HMH — OHH IPeACTaBJIeHEl B IPHBeIeHHOM Tabaumne.

Jiuneiinsie Anre6panueckoe I'eomerpHaeckHit
byaxHH yclioBHe BBIBOJY

1) ky = ky, my ¥ my 1) IIpamere y =k, x + m, u
y=kx+m, y = kyx + m, mapannenbHbL
y=kyx +m, 2)ky=ky,my=m, | 2)IIlpamerey=Fkx+m u
y = kyx + m, coBnagaior

3) ky#ky 3)IIpamele y =k, x+m, u
y = kyx + m, mepecexaiorca

OCHOBHbBIE PE3YJIbTATbI

Mu1 DONOJHHJIM HAI CJIOBAPHEIN 3amIac MaTeMaTU4eCKOro
A3LIKA CJIEAYIOIMMH TEDMUHAM:

NpAMOYTOJLHAA CHCTeMa KOOpPAHMHAT HA ILIOCKOCTH (Je-
KapToBa CUCTEMa KOODIHHAT);

KOOpAWHATHAA NJIOCKOCTh, KOODAHUHATHLIE YIJIbI, HAYAJO
KOODAHWHAT;
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JIMHEMHAS ®YHKLUMS

abcuucca, opauHaTa, ock abCIuce, OCh OPAUHAT;
JIMHEHHOe ypaBHeHHe C JBYMs IepeMeHHBIMU

(ax + by +c =0);

pellleHMe JINHEHAHOro ypaBHEHHA C ABYyMHA IIepeMeHHBIMH;
He3aBUCHMasA nepeMeHHas (ApryMeHT);

3aBHCHMAA NepeMeHHAaA;

IuHelHaA QyHKuuA (y = kx + m);

YrJI0BOH KoaddunuenT (Ana suHeiiHOH GyHKIUH

y =kx + m).

Msl BBesu caegyiomue 0603HaYeHNA:

x0y (ana NpAMOYyronbHOM CHCTEMBI KOODAMHAT Ha ILJIO-
CKOCTH);

M(x; y) (ana obosHayeHUA KOOPAMHAT TOYKM M Ha KOOp-
AUHATHOH IIJIOCKOCTH);

Yuaus.r Ynaune, (A1 HauOoOJNBIIEro U HaMMeEHBIIETO 3HAYE-
HUH JuHeHHOR QYHKIMH HA 3aJlaHHOM YHCJIOBOM IIpOMe-
HYTKE).

Brl M03HAKOMHJIHCH C TpeMHA HOBBIMH MATEMATHYECKHMH
MOJeJNsAMU:

y = kx;

y=kx+m;

ax+by+c=0.

Bu y3Hanu, 4ro:

rpad®MKoOM ypaBHEHHMS X = @ SBJfeTCH NpaMas, napaj-
JIeJIbHAA OCH OPAHHAT M IPOXOAAINAs Yepes3 TOYKY 4 Ha
ocu abcuucce; B 4aCTHOCTH, X = () — ypaBHeHHe OCH OpAH-
HAaT;

rpaduKom ypasBHeHHMs y = b sBiaseTcAa npaAMas, napai-
JleJIbHaA ocu abcruce ¥ MPOXoAAIan yepes TOUKY b Ha ocu
OPAUHAT; B 4ACTHOCTH, y = 0 — ypaBHeHUe ocH abcmucc;
rpadpuKoM NTUHeHHONH QyHKuuY y = kX ABIsETCH IpAMasd,
IpoxondAinasa depe3 Ha4Yajo KOOpI[HH&T;

rpaduxom tuHeHHOH pyHKINHU Yy = kX + M ABIAETCA npa-
Mad,
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JIMHEMHAS ®YHKUWSA

2

rpaduKoM JNHHeiHOro ypaBHeHHNd ax + by + ¢ = 0 B cay-
yae, KOrja Xot#d 6u ofuH U3 Kod3ddHuIeHTOB a, b oTiINYeH
OT HYJdA, ABJAETCA IpAMA.

MBI H3YUHIIH CJleAyIOIHe AJIPODHUTMEL:

AJrOPHTM OTHICKAHUA KOODAUHAT TOYuKH M, 3afaHHOM B
npAMOYroJAbHOH cucTeMe KoopauHaT x0Oy;

aJI'OPHATM NOCTpoeHus TOYKH M(a; b) B npamMoyroJabHOM
cHucreMe kKoopauHaT x0Y;

AJITOPUTM IIOCTPOEHMA rpadMKa JHHEHHOro ypapHeHHus
ax +by+c=0.



TNABA
3 CUCTEMbI ABYX NMHEMHbLIX YPABHEHWH
C ABYMS NEPEMEHHbIMM

§ 11. OcHoBHble NOHATHSA

§ 12. Mero4 nogcraHoBKH

§ 13. Merog anre6panyecKoro cnoxenus

§ 14. Cucrems! gByx nMHEliHBIX Yy PaBHEHHH
C ABYMS NMEpemMeHHbIMM KaK Maremarmyeckme
mogenH peanbHbiX CHTyaumH

§ 11. OCHOBHBbIE NOHATHS

B § 7 MBI BBeJM MOHATHE JIMHEHHOTO YPABHEHUSA C JBYMA
IepeMeHHEIMH — TAK HASLIBAIOT paBeHcTBOo ax +by +¢ =0, rae a, b, ¢ —
KOHKDeTHEIe YHCJIa, 4 X, iy — IepeMeHHbIe (HeU3BeCTHHIE).

IIpumepn! IMHEHHBIX YpaBHEHHUI ¢ ABYM#A NepeMeHHBIMH:

2x-3y+1=0;
x+y—3=0;
s=5t+4=0

(3mecs mepeMeHHBIe 0603HAYEHEI IIO-APYTOMY: S, {, — HO 2TO POJH He
urpaer).

B Tom ke § 7 MBI BBeJIM NIOHATHE PEIlleHHA JHHEHHOro ypaBHeHHA
C ABYMs IEPEeMEHHBIMH — TAK HA3hLIBAIOT BCAKYIO mapy dmcen (x; ),
KOTOpAas y0OBJIETBOPAET YPaBHEHUIO, T. €. o6paliaeT paBeHCTBO C Ilepe-
MeHHBIMU ax + by + ¢ = 0 B BepHOe uucyoBoe paBeHcTBo. Ha mepsom
MecTe BCerzia IUIIYT 3HaYeHHe IepeMEeHHOoM X, HA BTOPOM — 3HaYeHHe
nepeMeHHOMH Y.

IlpuBeseM npuMephI:

1. (2; 8) — pemenue ypasaerus 5x + 3y — 19 = 0. B camom gee,
5:-2+ 3+3 - 19 =0 — BepHOe YUCJIOBOE PABEHCTBO.



3. CUCTEMbI BYX JIMHEMHbIX YPABHEHMIM C OBYMS MEPEMEHHBIMM

2. (—4; 2) — pemienue ypasaenus 3x — y + 14 = 0. [leficTBuTeNBHO,
3 (—4) — 2 + 14 = 0 — BepHOe YKCJIOBOE PABEHCTEO,

3. [0; —%] — pemteHue ypasHeRus —0,4x + 3y + 7 = 0. Hmeem:

-0,4-0+3- [—%)+ 7 = 0 — BepHOEe YHUCJIOBOE PABEHCTEO.

4. (1; 2) He ABNAETCH perieHueM ypasHeHHA 2x — 3y + 1 = 0. B camom
nene, 21 -3+ 2+ 1 =0 — HeBepHOE YHUCJIOBOE PABEHCTBO (II0JIyYaeT-
ca, uto —3 =0).

B § 8 Mu ormMeyanu, 4TO MATEMATHYECKYI0 Mozens ax + by +
+ ¢ = 0 Bceraa MOXXHO 3aMeHUTHL Gonee npocroit: y = kx + m. Hanpu-
mep, ypaBHeHHe 3x — 4y + 12 = 0 mo)xHO 1peoGpasoBaTh K BUAY

3
y=zx+3.

I'padmkom nuHeliHOrO ypaBHeHus ax + by + ¢ = 0, ecnu xoTa OB
OAUH U3 K03 PHUIIUEeHTOB a, b oTidyeH ot Hy A (cayuaita =0, b = 0 Mu
B 5TOM IlaBe pacCMaTpHBAaTE He GyaeM), aBnAeTca npaMasn (cm. § 7).
KoopausaThl 11060# TOYKH 3TOil MpAMOii YAOBIETBOPAIOT YPABHEHUIO
ax + by + ¢ = 0, T. e. ABNAIOTCA peileHHeM ypaBHeHHA. CKONBKO Ke
peieHnii umeer ypasHeHHe ax + by + ¢ = 0? Cronbko e, CKOJBKO
TOYEK PACHOJIOMKEHO Ha NMPAMOI, cayKameil rpa@uKoM ypaBHEHHSA
ax + by +c =0, T. e. GeCKOHEYHO MHOTO.

MHorue peajibHBIE CUTYAI[UH IPH IIePEBOfie Ha MATEMATHYIECKHA A3BIK
0(OpPMIIAIOTCH B BHJIe MATEMATHYECKOH MOJIEJIH, COCTOAIIEH U3 IBYX JIU-
HellHBIX ypaBHEHHI ¢ AByMA nepeMeHHBIMH. C TakKo# cHTyamuei MBI
BeTpeTriiick B § 7 B sagaue npo AByx cagoeonos Ueanosa u Ilerposa.
MaremaTridecKasda MOJeJIb COCTOSJIA U3 ABYX ypaBHeHWii: bx — 2y = 0
u 3x + 2y — 16 = 0, npuyeM Hac UHTEpPECOBAJIA TAKASA Napa 3HaYeHUH
(x; y), koTOpas 00HO8PeMEHHO YAOBIETBOPANA U TOMY, H APYIOMY ypaB-
HeHHIO. B Takux ciyyadax oOBIYHO He rOBOPAT, YTO MaTeMaTHYecKas
MoJe/ib COCTOUT U3 IBYX YDABHEHHUI1, 4 FOBOPAT, YTO MAMEMAMULECKAA
Modenwv npedcmasnsem coboil cucmemy ypasreHuil.

Boobme, eci faHB! ABa JJHHEHHBIX YpaBHEHHA C IBYMSA IEepeMeH-
HBIMH X U y: a,X + by +¢; =0wmayx + by + ¢, = 0, — u nocrasnena
3ajaya HAWTHM TaKWe Naphl 3HAYEHHH (X; y), KOTOphle OAHOBPEMEHHO
VAOBJIETBOPAIOT M TOMY, ¥ IPYTOMY YDaBHEHHIO, TO 'OBOPAT, YTO 3a4aH-
Hble YDaBHEeHUA 00pasyloT CHCTEMY ypaBHeHHMi. YpaBHEHUA CHUCTEMEI



3 . CUCTEMbI ABYX NIMHEAHBIX YPABHEHWIM C OBYMSA MEPEMEHHBIMM

3amMCHIBAIOT ApPYT IOA APYroM U OOBEAUHAIOT CIeLu-
aJILHBIM CHMBOJIOM — (DHI'YpDHO# CKODKOI:

ax+by+c,=0,
ax+by+c,=0. 1)

cHCTEMA w
Ilapy srauennii (x; y), KOTOpas OJHOBPEMEHHO AB-

YPaBHeHH# 0
JfAEeTCHA penleHueM H IIepBOro, 1 BTOPOI'O YpaBHEHHH

pewenye CHCTEeMEI, Ha3HBAIOT PelIeHNneM CHCTEeMBl.

CHETEMBI PemuTe cucTeMy — 3TO 3HAYHT HAWTH Bce ee pe-

YpaBHEeHHH IIeHHA UJIH YCTAHOBUTD, UTO HX HeT.

Tenepr MBI MOXXKEM CKa3aTh, YTO BCTPEYaJHCh C
CHCTEMOI JIHHEeHHBIX YPaBHEHUH — MaTeMaTH4YecKas
MoJieJIb yiKe YIOMAHYTOH 3aa4y IIpo caoBojioB U3 § 7
BBHITVIAZIE)IA TaK:

5x—-2y=0,
3x+2y—-16=0 (rme xeN,yeN). (2)

Ee pemrenuem 66112 napa (2; 5), r.e. x =2, y = 5.
PaccMOTPHUM HOBBIE IPHMEDEI.

IIpumep 1. PemurscucreMy ypaBHeHHI

x+2y—-5=0,
2x+4y+3=0. @)

P e m e H u e. I'paduxom ypaBaerus x + 2y — 5 = 0 apaAerca npa-
mas. Haiinem aBe nmaphl 3HaYeHUI MepEeMEHHBIX X, U, YAOBJIETBOPAIO-
muUX 3ToMy ypaBHeHu0. Ecom y = 0, To us ypaBHeHusa x + 2y — 5 =0
Haxopum: x = 5. Ecau x = 0, To us ypasHeHMA x + 2y — 5 = 0 Haxoaum:
y = 2,5. Hrak, samru aBe Touku: (5; 0) u (0; 2,5). IToctpoum Ha
KOOPAMHATHOM ILIocKocTH XOy NpsaMyIo, OPOXOAAIIYIO YePe3 BTH ABe
TOYKH, — npamasd [, Ha pucyHke 50.

I'padpuxom ypasHeHHA 2x + 4y + 3 = 0 TakiKe ABIAETCH NpAMAasd.
Haiizem e napel 3HaYeHHI IEPEMEHHBIX X, ¥, YAOBJIETBOPSAIOIIHX 3TO-
My ypaBHenmo. Eciu y = 0, To U3 ypasaenus 2x + 4y + 3 = 0 Haxogum:
x =-1,5. Ecm x = 2,5, To u3 ypaBHenns 2x + 4y + 3 = 0 Haxomum:
5 + 4y + 3 = 0, u, cneposaresbHO, Yy = —2. WTak, HANLINA ABE TOYKH:
(-1,5; 0) u (2,5; —2). IlocTpouM Ha KOOPAWHATHOH mnockocTy xOy ups-
MyI0, IIPOXOAANIYIO Yepes 3TH JiBe TOYKU, — npamasn [, Ha pucynke 50.
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3_ || CUCTEMbI ABYX NMHEMHbIX YPABHEHWMIA C OBYMS$ NEPEMEHHBIMM

Ilpameie I, u I, napanensas. UTo 03HaYaET aTOT reoMeTPUYECKH
daxT Ana aHHOH cUcTeMBl ypasHeHuit? To, 4TO OHA He HMeeT pelIeHuH
(IOCKONBEKY HET TOYEeK, YAOBJIETBOPAIONINX OJHOBPEMEHHO U TOMY, H
ApyromMy ypasHEHHUIO, T. €. IpHHALJIEIKAIUX OAHOBPEMEHHO U TOH, H
JApyroii U3 MOCTPOEHHKIX NpaMuIX [, 1 [y).

OTBeT: CHCTEMa He HMeeT PeIIeHH .

Ilpumep 2. HaiiTu aBa yKcia, eCIM U3BECTHO, YTO UX CyMMa
pasHa 39, a pasHoCTh paBHa 11.

Pemerue. Ecnu x, y — ucKoMHEle uyHciaa, To x +y = 39
1 x —y =11, npuyeM 3TH paBEHCTBA JOJIKHEI BHIIOJHATLCH OHOBPE-
MEeHHO:

x + y=39, (4)
x—y=11.

Ilonyunam cucTeMy ABYX JIMHEHHBIX YPaBHEHHMH ¢ AByMH Iepe-
MeHHEBIMH.

MoskHO yragars, 4eMy paBHH X 1 i: x = 25, y = 14. Ho, Bo-nepBhIX,
«MEeTOJ YragbhlBaHUA» AAJIEKO He Beeraa NpUMeHNM Ha NpakTHuKe. A Bo-
BTOPHIX, T'/le TAPAHTHA, YTO HHOTO PellleHUA HeT, MOXeT 6BITh, MBI IPO-
CTO JI0 HETO He JOAYMAJUCH, He «I0yTrafaiu»?

Moz HO HoCTPOUTS rpadMKy ypaBHeHHi x + y =39 x —y =11, ato
NpAMEIE, IPpUYeM HellapajjielbHEIE (B OTJIHYME OT TEX, YTO B MIPHMe-
pe 1), oHHM nepeceKalOTCA B OHOH TOYKe. ITY TOYKY MBI yiKe 3HAEM:
(25; 14); s3HaYuT, 5TO €AMHCTBEHHAS [IAPA YHCeJl, KOTOpasa HAC YCTPAaH-

BaeT, eIHHCTBEHHOE PelleHye CHCTEMEI.
OrBeT: 25 u 14.

U
T
_ N2P
Ea, ) |8 e
™. o N .
1,300 2.3 4 5 x
FRSUEE R
| ™
| ‘\n.. 12
Puec. 50
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3. CMCTEMbI ABYX JIMHEMHBIX YPABHEHWMM C NBYMS NEPEMEHHBIMM

B npumepax 1 u 2 MBI NIpUMEHHIN rpaduaeckuii
% MeTOJi PellleHHsi CUCTEMEl JIMHEHHEIX ypaBHEHHI. ITHM
K€ METOZIOM MBI MOJIL30BAJIMCH B § 7 IpH peleHHH 3aa-
4Y 0 YrcIe AGIOHB Y ABYX CAJI0BOZOB (cucTeMa (2) pere-
Ha B § 7 rpaduuecKuM METOAOM).

e K cosxxanenuio, rpadudecKuit mi'ron, KaK M «MeTOoJ,
pewenns yraablBaHUsA», He CAMBIHA Halle:KHEIM: HAIpUMeED, IpA-
e MbIe MOTYT Ilepece4YbCd B TOYKE, KOOPAHHATH KOTOPOMH
ypaBHeHHH II0 4epTexXy He O4eHb JIE'KO OIIpeNeJIuTh.

oINS

rpaguyecKui

IIpumep 3.PemurscucTeMy ypaBHEHMI:

3x-y-5=0,
2x +y—T=0. (5)

Pem e H u e. IlocTpoum rpadukm ypasHe- y A
HUI1 cUCTeMEI. 3[Ieck €CTh CMEICH TpeobpasoBaTh
o6a ypaBHEeHHUA K BUAY JIMHeitHOH dyHKknuu. U3
[IepBOro ypapHeHHA mojiydaeM y = 3x — 5, a U3 \
Broporo y = 7 — 2x.

IlocTpouM B OAHO#H cHCTeMe KOODPAMHAT
rpaduKH IHHEHHHX QyHKIMH y = 3x — 5 (npa-
mas [, Ha puc. 51) u y = 7 — 2x (upamas [, Ha
puc. 51). OHE nepecekalTcH B TOYKe A, KOOp- 13)
OUHATH KOTOPOH — €QUHCTBEHHOE pelleHHe
3aJlaHHON CHCTeMEI. A BOT 4eMy KOHKPETHO /
PaBHEI abcoucca M OpAHMHATA TOYKH A, MBI IO /
PHCYHKY 51 TOYHO OIpefeJIUTh HEe CMOXKeM |
(Tourka A Kak GBI «BHCHT» BHYTDH OIIpefieJeH-
Hoi#t KyeTouku). Ilpunerca Ham mo3snHee Bep- Puc. 51
HYTBCHA K 9TOMY IIPHMeEpY. (m

Ho Bce-Taku rpadudecKHii MeTOJ pelleHHS
CHCTeMBI IMHeHHBIX ypaBHeHu uMeer Gosbiuoe 3Hauenne. C ero momo-
LIBI0 MOYXHO CHEJIATH CJEAYIOLIHe BaXKHEIE 8b.800bL:

rpadukamMu 060MX ypaBHEHHNH cucTeMl (1) ABAAIOTCA IPAMEIE;

9TH MPAMEIE MOTYT IIePECEKATLCH, IPMYEM TOMLKO B OHOH ToUKe, —
3TO 3HAYMT, UTO cucTeMa (1) UMeeT efUHCTBEHHOE pellleHue (Tak GhLIo
B PacCMOTpeHHBIX B 3TOM naparpacde cucremax (2), (4), (5);

b1
N~

Sy
T

[~

AN

5

2" o
b
P A

=~

%
i

b

63



3_ CUCTEMbI OBYX JNIMHEMHbIX YPABHEHMM C IBYMSA NMEPEMEHHbIMM

STH OpAMEIe MOTyT OBITH NapajlelEHEl — 3TO 3HA-
YHUT, YTO CHCTEeMA He MMeeT PellleHHii (roBOpAT TAKKe,
YTO CHCTEMa HeCOBMECTHA — TaKoi 6piya cucrema (3));

BTH IpPsAMbIe MOTYT COBIIACTL — 3TO 3HAYHUT, YTO CH-
cTeMa HMMeeT GeCKOHEYHO MHOIO pellleHHi (TOBOPAT TaK-
HecosmecTHas JKe, YTO CHCTeMA HBOIIPEJI&TIGEH&].

Zoncthoic Hrax, MBI IO3HAKOMMIJIMCHL C HOBOI MaTeMaTHye-
HeonpegenexHas CKOIl MOJENbIo (1) — CHCTEMOH IBYX JIMHEMHBIX ypasB-
cucTema HeHHil ¢ ABymMa nepeMeHHbIMH. Hama sajgadya — Ha-

VUHTBCSH €e pemiaTh. « MeTon yrafbiBaHUA» HEHANEIKEH,
rpapuyecKHil METOJ, TaKKe BHIpYYaeT He Bcerfia. 3HAYMT, HAM HYXKHO
pacnoyarath HaJeXHEIMH ajre0payecKUMH METOJAMM DellleHUA CHCTe-
MBI ABYX JIMHENHEIX YPaBHEHHH ¢ IByMs nmepeMeHHEBIME. 06 3TOM | TIO#i-
JieT pedb B CJIEAVIOMUX naparpadax.

§ 12. METOA NOACTAHOBKM

BepHeMmca eme pas K cucreme (2) us § 11:

bx -2y =0,
3x + 2y —16 = 0.

Mz! ee perumi rpaguueckuM MetTofioM B § 7 1 3HaeM, 4To X =2, y=5—
€ITMHCTBEHHOE peIlieH’e 9TOH CHCTEMBI. A Telephb PEIINM TY K€ CHCTEMY
Apyrum crocobom.

Ilepeoe ypasHeHue npeobpasyem K Bumy 2y = 5x, T.e. y = 2,5x.
Bropoe ypaBHeHHe mpeoOpasyeMm K Buay 2y = 16 — 3x u ganee y =
= 8 — 1,5x (Bce koadpunueHTH ypaBHeHus 2y = 16 — 3x pasgenunu
Ha 2). Teneps cUCTEMY MOXHO IIepEeIUCATh TAK:

y = 2,bx,
y=8-15x.

HcHo, YTO HAC HHTEpeCyeT TaKoe 3HAYEHUe X, IPH KOTOPOM
2,5x =8 — 1,5x. 3 3TOr0 YypaBHeHHA HAXOOUM:
2,5x+1,5x =8;
4x =8;
x=2.
Ecmm x = 2, To us ypaBHeHHA Y = 2,5x nonyuum y = 5. Uraxk, (2; 5) —
pelleHye CHCTEMBI (UT0, HAIOMHUM, HaM y3ke ObLJIO H3BECTHO).
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3_ CUCTEMbI ABYX NMHEMHBIX YPABHEHWIA C OBYMS MEPEMEHHLIMM

Yem 3TH paccyKAeHUSA OTIHYAIOTCA OT TeX, YTO MBI
npumensanu B § 7?7 Tem, yTo BUKaKUX rpaduKOB CTPO-
HTH He NPHIIIOCh, BCA paboTa ma Ha anre6pandecKom
aseike. Kaxk »xe MuI paccysxaann?

Mu! BRIpasuiy Y Yepes X M3 NepBOro ypaBHEHHSA H
METOJ noryyuid y = 2,5x. 3aTeM NOACTABUIN BHIpAXKeHue 2,5x
MOACTaHOBKM BMECTO Yy BO BTOpO€ YpaBHEeHHe M IIOJYYHMJIH

2,5x = 8 — 1,5x. Jlasiee pelIIA 5TO ypaRHEHHUE OTHOCH-
TeJLHO X M monyumnu x = 2. Haxoren, no dopmyne y = 2,5x Hanum
COOTBETCTBYIOIIee 3HaYeHUe y. M1 BOT YTO BaXXHO: BO BTOPOM yPaBHEHHH
coBceM He 00A3aTesILHO GBIJIO BEIPAKATE I Yepe3 X, MOKHO OBLIO MoficTa-
BUTB 2,5Xx BMeCTO y B 3aiaHHOe ypasHeHue 3x + 2y — 16 = 0. Cmorpure:

3x+2+2,6x—16=0;

3x + bx = 16;
8x = 16;
x=2.

IlomoOHEIH MeTOA pacCy:XAeHHN HAa3LIBAIOT 0OBIYHO METONOM IIOJ-
cramoBkH. OH npepacraBiseT coGoil ompefesieHHYI0 IMOCHENOBATENb-
HOCTH LIAT'0B, T. €. HEKOTOPLIA AJIFOPUTM.

-

ANropuTM pemeHHd CHCTEMBI IBYX YpaBHEHMI
C OByMs# epeMeHHBIMHM METOIOM IOACTAHOBKH

1. BeipasuTh y Yepes X U3 NEepPBOro YPaBHEHMA CUCTEMEL.

2. ITogcTaBUTE MOJYYEHHOE HA IIEPBOM IIare BhIpAKeHHMEe BMECTO Y
BO BTOpPOE YpPaBHEHHE CHCTEMEI.

3. PemuTh monyyeHHOE HA BTOPOM IIIATE YPABHEHHE OTHOCHTEJILHO X.

4. IloacraBHTH HalIeHHOE HA TPETHEM IlIare 3HaYeHHe X B Bhipaxke-
HUeE [ Yepes X, MOJyYeHHOe Ha IePBOM Iare.

5. 3anucaThs OTBET B BHJe Napel 3HaueHMi (x; y), KoTopsie OBIIN
k HalIeHbl COOTBETCTBEHHO HA TPETHEM M YeTBEPTOM Iarax.

W

IIpumep 1.Pemurs cucTeMy ypaBHEHHIA:
3x-y-5=0,
2x+y-T7T=0.
Pemeunne. 1) s nepeoro ypaBHeHHs CHCTEMEl IOJIydYaem:
y=3x-5.
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2) IlopcTapum HaliIeHHOE BRIpaXKeHHe BMECTO Y BO
BTOpPO€ YPaBHEHHE CHUCTEMBI:
2x+Bx-5)—-T7=0.
3) Pemum nosy4eHHOE YPaBHEHUE:
2x+3x-56-T7=0;

bx—-12=0;
5x=12;
_12
x=7.

4) IToacraBum HaiineHHOE 3HAaYeHHe X B hopmysry y = 3x — 5:

12 36 36 — 25 1
y=335 8=35 5="% =%
11 .
5) Ilapa x = 5 » Y = 5 — EAUHCTBEHHOE pelleHHe 3a/aHHOM

CHCTEMBI.

OTrBerT: (152- 151)

Bul ysHanmu aty cuctemy? MEI ¢ Hell BCTPETHJIMCH B NPeALIAYIIEM
naparpade (cucrema (5)), mpoGoBany pemuTh ee rpadUYeCKUM MeTO-
IOM, ¥ Y Hac HHUYEro He IOJYYHJIOCh. 3ATO METOJ NOACTAHOBKH HAaC
BeIpy4Yms. OH aKTHBHO IpHMeHAETCA 1 B Gosiee CII0KHBIX CHCTEMAX ypaBs-
HEHHi1, He 00A3aTeILHO JIMHEHHBIX; 0 TAKUX CHCTEMAX pedYb BIepefud —
B CTApIIHX KJIACCaX. JTOT MEeTOH, OBITH MOXKeT, He Bcerga sddeKTUBeH
(T. e. He Becerga OLICTPO IPUBOAUT K L€M), HO AOCTATOYHO HAZIEKeH.

BepHeMcA K paCCMOTDEHHOMY AJITOPHTMY M3 IATH LIAroB, B KOTO-
pOM OIMCaH MeTOJ NOACTAHOBKH. ¥ BAC He BO3HHMK BOIIPOC, IOYEMY Y
BEIPyKAIOT MMEHHO M3 IIePBOI'0 YpasHEHHMs U NOJICTABJIAIOT BO BTOpOe,
ro4yemy He BHIPA3HTH I M3 BTOPOIO YPaBHEHHUSA U MOACTABUTE B IepBoe?
H Bo06me, moueMy BEIDAXKAIH I Yepe3 X, a He X Jyepes Y, HoYeMy TaKoe
HepaBHonpaeue? OTBeT: HUKAKOH NPUYKHE HeT. BuipaxkaiiTe UTO XO-
THTe, HO MINUTe HanboJee MPOCThHIe BADHAHTHI.

NDpumep 2.PemuTsCHCTEMY YDABHEHMIA:
5x -3y +8=0,
x + 12y =11,
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He=—

Pemenue. 1) BelpasuMm x 4yepes y U3 BTOPOro
YDPaBHEHMA:

10P4

®a
“8’

x=11-12y.
2) INopcraBuM HalIeHHOE BHIPayKeHHE BMECTO X B
NepBoe ypaBHEeHHE CUCTEMBI:
5(11-12y)-3y+8=0.

3) Penium nosryueHHOE ypaBHEHHE:

55—-60y — 3y +8=0;

63 - 63y =0;
63y = 63;
y=1.
4) IloacraBum HaliileHHOE 3HaYeHHKe Yy B hopmysy x =11 — 12y:
x=11-12-1=-1.

5)IIapa x =—1, y = 1 — eAMHCTBEHHOE PeLUCHNE 38 JaHHOM CUCTEMEI.
OrBeT:(-1;1).

|
|

§ 13. METOZ, ANIEEPAMYECKOrO
CNOXEHMS

M=e1 OBOJILHO YaCcTO BO3BpAIAEMCH K TOMY, 4YTO yiKe obcy-
JUNH paHee, HAIPHUMEP, AJISA TOrO, YTOOK PACCMOTPETh CHTYALMIO IIOZ,
APYTHMM yIJIOM 3peHHA. BoT u Temeps AaBaiiTe BepHeMcH K mpuMepy 1
u3 § 12, rae peus 11118 O PeIIeHNH CHCTEMEI YPaBHEHUH

3x-y-5=0, .
2x+y-T7=0.

Kax mMul perasiu aTy cucTeMy? MEI BRIPa3UJIH i U3 IEPBOTO YPaBHe-
HHA U IMOACTABHJIM PE3YJIBTAT BO BTOPOE, YTO IIPHBEJIO K YPABHEHHIO C
OJHOH NEepeMeHHOi X, T. e. (PAKTHYECKH K BpeMEHHOMY HCKIIOYEHHIO U3
paccMoOTpeHMA nepeMeHHO# y. Ho HCKIIOYHTE Y U3 pac-
CMOTPEHUA MOXKHO GBIJIO BHAYUTENBHO MPOIE — AOCTA-
TOYHO CJIOXKHUTH 008 ypaBHEHHUS CHCTEMBI (CIOKHUTH
YPaBHEHHA — 3TO SHAYHUT IO OTAEJBHOCTH COCTABMTH
CyMMy JIeBBIX YacTell, CyMMY NPaBBIX YacTell ypaBHe-
HUil ¥ HOJy4eHHBIe CyMMbI TPUPABHATE):

SHUMANUE
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—y—5=0,
+{3x Yy

2x+y-T7=0.
Bx-y-5)+2x+y-7=0+0
5x—-12=0;
_12
x=7.

3aTeM MOXXHO OBLIO HalifleHHOE 3HAUYEHHE X MOACTABHMTE B JI000e
ypaBHeHHe CHCTeMbl, HAIpYMeP B IepBoe, U HAMTH Y:
12

35 —y-5=0;
36
5 5w
11
¥~

IlonpoGyemM mpHMMeHHUTHL aHAJOTWYHEIE PACCYXKJEHHS ele AJd He-
CKOJIbKHX CHCTEM JWHEHHBIX YPaBHEHHUI ¢ ABYMA TepEMEeHHBIMH.

Ilpumep 1.Pemurs cucTeMy YpaBHeHHIA:

{2:: +3y=1,

bx +3y="1.
P e m e H 1 e. 1) BeluTeM BTOpoe ypaBHEeHUEe U3 IIEPBOrO:
- 2x+3y =1,

os\" p”@* ﬁ{&x +3y=".

2x+3y)-5x+3y)=1-7
2x+3y—5x—3y=-6;
~8x=-6;
x=2.
2) IlogcTaBuM HaiileHHOEe 3HAYEHHe X = 2 B MepBoe ypaBHeHHE 3a-
JaHHOH CHCTEMEH, T. €. B ypaBHeHue 2x + 3y = 1:
2:2+3y=1;
3y=1-4;
3y=-3;
y=-1.
3) Ilapa x = 2, y = — 1 — pelnIeHUe 3aJaHHO CHCTEMEI.
OTrBeT: (2;-1).
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IIpumep 2. Pemurs cucreMy ypaBHeHHIH

3x -4y =5,
2x +3y="1.

Pem e H ue. 3necs cpasy MCKIIOYUTHL MEPEMEHHYIO X MJIH mepe-
MEHHYIO Y U3 000MX ypaBHeHUI ¢ IOMOIIBIO CJIOYKEHUA WK BHIYUTAHUA
ypaBHeHUil He yfacTca. HyxeH moaroroBUTeNbHEN aran. CHadana yM-
HOYKHMM BCe 4JIEHBI IIEPBOr0 YPaBHEHHA CHCTEMEI Ha 3, a Bce YIEeHBI BTO-
poro ypaBHeHHA — Ha 4. [Tonyumum:

9x — 12y = 15,
8x + 12y = 28.
Teneps MOMXHO CJIONXUTH YPABHEHHS, YTO NMPUBERET K HCKIIOYe-
43
HHUIO nepemeHHOM y. Umeem: 17x =43, T.e. x = T

IlogcTaBuM HalifleHHOE 3HAYEHHE X BO BTOpOEe YPaBHEHHME HCXOX-
HOI1 CHCTEMEI, T. €. B ypaBHeHuUe 2x + 3y =T:

43 86 _ 119-86

33 11
2-17 +3y="7; 3y=7—17; 3y 7

By=1=5 ¥=17-

OrBerT: (%,%)

KpaTRﬂ.R 3AaNHCH ONPHBENEHHOI'O PEIIeHHA.
J3x-4y-53

2x+3y="7 4.

3(3x —4y) + 4(2x + 3y) = 5-3 + T-4.

43
Hanee naxogum: 17x =43, x= 17 4 T-A

3xech cupaBa OT BEPTHKAJBHON 4YepThl 3AIMHCAHEI
JONOJIHUTEJNIBHBIE MHOMHUTEJNIH, ¢ NMOMOIINBI KOTOPBIX
YAAJIOCH YPaBHATH abconmoTHEIE BeJIMYUHE Ko dumu-
€HTOB IIpHM IepeMeHHOH y B 000HX ypaBHEHMAX CHCTe-
MBI.

MeTon, KoTophliit MEl OGCYAMIIM B 3TOM naparpade,
Ha3BIBAIOT METOAOM aJre6paHyecKoro cJIoMKeHHsd.

Merog
anrebpauyecKoro
CnoMmeHus
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§ 14. CUCTEMBI ABYX NUHEMHBIX

YPABHEHMMA C [AIBYMSA NEPEMEHHbIMM

KAK MATEMATHMYECKME MOJENH

PEAJIbHbIX CHTYAU,HI:I

CobGcTBeHHO roBopsi, HUYEero oco6eHHO HOBOTO BhI B 3TOM IIa-

parpade He y3HaeTe. Bear. BaM y»Ke H3BECTHO, YTO PeaIbHAA CHTYAIUSA
MOXeT GBITH ONHMCAHA HA MATEMATUYECKOM SA3BLIKE B
BHle MATeMaTHUYeCKOH MoJesN M, MpeAcCTABIAOMEH co-

r'_ —
0oii cucTeMy OBYX JIMHEHHBIX ypaBHEHHH ¢ AByMA Ie-

pemMeHHEEIMH. Tak ObLI0 B § 7 B cUTyanuu ¢ caJoBOAAMM
HsanoeeiM u IlerpoBeiM. Tak 66110 M B mpumepe 2 U3
§ 11. ITosToMy TeopeTHYECKHI pasroBOp, COOTBETCTBYIO-
muii HA3BAHUIO maparpada, MOMKHO CYMTATH 3aKOHYEHHHIM. A BOT C
NPaKTHYEeCKOH TOYKH 3peHHA 00Cy)KJeHHe HOBBIX CHTyallMH IIOJIE3HO.
9THUM M 3aiimeMcH.

II p 1 M e p. B ceasMoM Kilacce B NOHEIEIbHUK He IMIPHIILTH B IIIKOJTY
OflHA [IEBOYKA M NATH MAJLYHUKOB. IIpH 3TOM 4YmMCIIO eBOUYEK B KJIACCE
OKAa3aJI0Ch B 2 pasa 6oJbile Yucia MAILYMKOB. Bo BTODHUK He IMpHIILIK
OfMH MaJbYHK U AeBATH AeBodeK. IIpy 3TOM 4MCIIO MaJIbYMKOB OKa3a-
Jnock B 1,5 pasa Goneine yucia geBoueK. B cpefy Ha YpOKH IIPUIILIM BCe
yueHMKH. CKOJIBKO MKOJHHUKOB MPUCYTCTBOBAJIO HA YPOKaX B cpeny B
cemsLMOM KJacce?

Pemenune.
Ilepsriii sTan. Cocmasnenue mamemamuieckoii modenu.
IlyeTh X — 4YHCJIO JIeBOYEK, y — YHCJIO MAJLYMKOB B CEILMOM
KJiacce.
B nosepensHuK 66130 (x — 1) peBouek, (y — 5) manpuuros. Ilpu
3TOM OKAa3aJI0Ch, YTO AEBOYEK BABoe Gosbime, T. €.
x—1=2(y-5).
Bo sropHuK GbLIO (X — 9) AeBouek, (y — 1) mansuukos. Ilpu sTom
OKas3aJioch, YTO MAJLYUKOB B 1,5 pasa Gosbine, T. €.
y—-1=1,5(x—-9).
MaTemaTHuecKasa MOZEJb CUTYAIlHMH COCTABJIEHA:
{x—1=2(y-5),
y-1=15(x-9).

70



3_ ” CHCTEMbI IBYX NIMHEMHBIX YPABHEHWI C OABYMS MEPEMEHHLIMM

Bropoii atan. Pa6oma ¢ cocmaenierHoil modenvio.
CHauaJjia yIpoCTHM KajkJjoe ypaBHeHUe CHCTEMBI.
Il mepBOro YpaBHeHHHA HMeeM:

x—1=2(y—95);
x—1=2y-10;
x—-2y+9=0.

JJ18 BTOPOTO YpaBHEHUSA UMEeM:
y—-1=1,5(x—9);
2(y—-1)=3(x-9)
(0o6e yacTH ypaBHEHHS YMHOXKHUJIM Ha 2); Jajee,
2y—-2=3x-27;
3x—-2y-25=0.
HTak, DONYyYHIIH CHEAYIOIMYI0 CHCTEeMY ABYX JIMHEHHBLIX ypaBHe-
HHIi ¢ JBYM#A NepeMeHHBIMH:
x-2y+9=0,
3x-2y-25=0
(CKOpPEeKTHPOBAHHAA MATEMATHYECKAA MOJENb pacCMaTpuBaeMoil cu-
Tyanuu).
B uyncTo yueOHEIX NeNAX PelllnM 3Ty CHCTEMY ABYMA criocobaMu.

Ieperiii cioco6. Ilpumennm mMeton moacranoBku. W3 mepBoro ypas-
HeHHA cHUcTeMB! Haxopum: X = 2y — 9. IloxcTaBHuM 3TOT pe3yJILTAT BMECTO
X BO BTOpOE€ YpaBHeHHe cucTeMbl. ITomyunm:

3(2y-9)-2y-25=0;
4y = 52;
y=13.

Takkak x=2y—-9,T0x=2:-13-9=17.

HUrak, x = 17, y = 13 — pemeHue CUCTEMEI.

Bropoii cmoco6. IlppMerrM MeTon anreSpanyecKoro CJIOMeHHA:

x-2y+9=0
_{3x—2y—25=0
(x—2y+9)—(8x—2y-25)=0-0;
x-2y+9-3x+2y+25=0;
—2x+34=0;
x=1T1.
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IMopcrasum HaliilecHHOE 3HAYEHHE X B IIEPBOE YpaBHEHHE CHUCTEMEI,

T. €. B ypaBHeHMe X — 2y + 9 = 0:
17-2y+9=0;
y=13.

Hrak, x = 17, y = 13 — pemreHune CUCTEMEI.

Bropoii aTan MEI 3aBepiuuiay (PEIIniIy IOIYYEeHHYIO CUCTEeMY, IpH-
YyeM Aake ABYMs criocobamu).

Tperuit aran. Omeem na éonpoc 3adavu.

CopamuBaercs, CKOJBLKO INKOJBHUKOB OBIJIO B ceAbMOM KJacce
Ha YPOKax B Cpefy, Korja npuiuiy Bce yueHHKH. Ilockonsky x = 17,
y = 13, T.e. B Knacce 6u110 17 geBouex m 13 mManbyuKOB, fesaeM
BBIBOJ: Bcero B Kiacce 17 + 13 = 30 yueHukoB.

OTBeT: 30 yueHHKOB.

3amedaHue. Bel, KOHEHHO, NMOHHMAETE, YTO ONA peLueHHs
KOHKPETHOW CMCTEMbI YpaBHeHWH Hapo Beibupate TOT cno-
cob, KOTOpbIi NPEeRCTaBNAETCS ANA AaHHOro crydas Haubo-
eHUManTIE nee yMecCTHbIM, MNM TOT, KOTOpbiM Bam Gonblie HpasMTcs

(7. e. Bbl MOXETE MCMONbL30BaTL rPatPUHECKMII METOR, METOR,
MOACTAHOBKM MMM MeTop, anrebpaMuecKoro Cro)KeHMs — 3TO Balle Aerno).
CocTasneHHylo B PaCCMOTPEHHOMN 33[,a4e CMCTEMY Mbl PELUMIM ABYMSA CNOCo-
6amu, uTobbl NOBTOPHTL METOMbI NOACTAHOBKM M anrebpanyecKoro CnoXxeHus
M CONOCTaBWTL 3TH METOABI APYT C APYTOM.

OCHOBHbBIE PE3YIJIbTATHI

B sT0if riaBe BEl NMO3HAKOMMJIUCHE C HOBHIMM MaTeMaTH4de-
CKMMH NOHATHAMM:

CHCTEMA JIBYX JIMHEHHBIX YPABHEHUH C JIByMS NepeMEHHbIMMU;
pelleHUe CHCTEMbI YPAaBHEHMIT;

HECOBMEeCTHafd CHCTEMa, HeOolpefieleHHads CHCTEMa ypas-
HeHHIA.

BBl MOBHAKOMMJIMCE C HOBOil MATEMATHYECKOH MOAENbI0 —
CHCTEMOH ABYX JHHEHHBIX YPaBHEHHI ¢ ABYMsA IIepeMeH-
HBIMH:

ax+by+c¢ =0,
a,x + by +c, =0.

Mul ¢ BamMu oOCcyaum TDH MeTOJa PeIIeHHA CHCTEM
JUHeNHBX ypaBHeHHH: rpadpHYecKHH MeTOJ, METOJ
MOJCTAHOBKH, METOJ aire6pandyecKoro CJIOXeHHuA.
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FMABA

4 CTENMEHb C HATYPAJIbHbIM
NOKA3ATEJIEM UM EE CBOMCTBA

§ 15. Yro TraKoe cTeneHb ¢ HaTypansHeim NOKa3arenem

§ 16. Tabnuua ocHoBHbIX cTeneHes

§ 17. CeorsicTBa cTeneHM ¢ HaTyPanbHbIMM MOKA3aTenamm

§ 18. YmHOMEHHE 1 feneHne cTeneHel ¢ o4MHaKOoBbIMM
noKazarenamm

§ 19. CreneHb ¢ HyneBbim Nnokasarenem

§15. 4TO TAKOE CTENEHDL
C HATYPANbHbIM MOKA3ATENEM

Onnua u3 ocobeHHOCTEH MATEMATHYECKOrO A3LIKA, KOTOPHIM
MEI ¢ BAMH JOJIXHBI HAYYHUTLHCHA II0JIb30BATHCH, COCTOMUT B CTPEMJIEHHH
MPUMEHATE KaK MOXXHO GoJiee KOpoTKHe sanucu. MatemaTuk He 6yzner
nHcaTh a + a + a + a + a, oH HanureT 5a; He Oyger nucatb a +a +a +
+a+a+a+a+a+a+a(3gecs 10 cnaraemuix), a ganumer 10a; e

6yner mucarp 2+ @ .- + @ 3 panmmer na.
N CRAMSeMED

TouHO Tak xe MaTemaTuk He Gyxer nucatp 2-2-2-2-2, a Boc-
IOJIB3YeTCs CHeNMaIbHO NMPUAYMAHHON KOPOTKOM 3amuckio 2°. Ana-
JIOTHYHO BMECTO INPOHM3BEeIeHHA CeMH OJHHAKOBBEIX MHOXKHTeJiel
3:3:3-3-3-3-3 on sanumer 3". Koneuno, B ciyuae HeoGXoauMOCTH
OH GyfieT ABUraThCcsa B 0OOPATHOM HAIPaBJIEHHU, HATIPUMED, S3AMEHHT
KOopoTkyo sanuck 2° Gosnee anunHOH 2+2-2-2-2-2.

Ecnu nosienaerca HoBoe 0003HaYeHHe, TO BOBHUKAIOT H HOBEIE Tep-
muHEL. U Bee 310 (M 0603HAYEHN S, 1 TEPMHUHEI) OXBATHIBAETCSA HOBBIM
onpegeneEneM. OnpenenesnemM oOBIYHO HA3BIBAIOT IIPEAJIOMKeHUeE,
PasBpACHAIONEe CYTh HOBOIO TepMUHA, HOBOr'O CJIOBAa, HOBOro o6osHa-
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vyeHus. IIpocTo Tak ONpelesleHUs He NPUAYMBIBAIOTCS, OHU NOABJIA-
JOTCSL TOJIBKO TOTAa, KOrJla B 3TOM BOSHHKAET He0GXOUMOCTb.

Onpegenenme 1.Mox a", raen=2, 3,4, 5, ...,
NMOHHMAKT NPOH3BEOeHHEe 1N OJHHAKOBEIX MHOMHTE-
.neﬁ, Ka¥xablM H3 KOTOPHIX ABJAETCHA YHCJIO a. BHD&'
XKeHHe a" Ha3LIBAIOT CTelne’Hp0, 4YUCJI0 @ — OCHOBA-
HHEM CTelleHH, YHCJIO N1 — MOKa3aTelleM CTelleHH.

crenens IloguepkHeM eme pas, YTO MOKA3ATENb CTEEHH —

ocHoBsahue HaTypaJbHOE YHCJIO (B CTAPIIMX KJaccaX MbI CHHMEM
crenaHy aTO orpaHuYeHue); oOBIUHO T'OBOPAT KOpode: Hamy-
nokasaresns panbrbtii noxazameas. OTCIONa ¥ TPOUCXOZHUT HA3BAa-
cTenenk HHe KaK Bceif IJiaBel, TAK H 9TOro naparpacga.
Hrak,
/~ n N
ara*a'...ma=a";
L—V—J
n MHEOXHTETeR
a" — cTeneHb ¢ HATYPAJLHLIM
TIOKA3aTeNeM;
a — OCHOBaHHe CTelleHH,
n — IOKa3aTelb CTEIIeHH.
\. b

Banuck @" YHTAXOT TaK: «@ B n-# cTeneHn». VcKioueHHe cocTaB-
JAIOT 3aIUCh @2, KOTOPYIO YHTAIOT: «a4 B KBaJpaTe» (XOTA MOXKHO UH-
TaTh U «@ BO BTODPOii CTeNeHU»), U 3aNKCh a°, KOTOPYIO YUTAIOT: «d B
Ky0Oe» (XOTA MOXKHO YHUTATH H «ad B TPETHEH CTEIIEHU» ).

IIpumep 1. 3Banucars B BHAE CTeNeHH IIPOU3BeAeHHUE
5:5-5-5-5+5 4 HCIONB30BATE COOTBETCTBYIOIMME TEPMUHEI.

Peme H 1 e. [IocKOMBKY JAHO NMpPOHM3BEJleHHE IIECTH OTUHAKO-
BEIX MHOJKHTEJ e, KaX AL U3 KOTOPEIX paBeH 5, HMeeM:

5:5:5-5-5-5=55

5% — cTenens;

5 — ocHOBaHHE CTEIleHH;

6 — mokasaTesb CTeNeHH. (=
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Ipumep 2. Boruucaurs (—2)*.
Pemenue. (—2)'=(-2)-(-2)(-2)-(-2)=16.
OTserT: 16.

sonp

Kax BB fymaeTe, IIOJTHOCTBIO JIM COOTBETCTBYET Ha-
3BaHMI0 naparpacda onpepenesue 1? Ilaparpag Haswh-
BaeTcs «YTO TaKoe cTeleHb ¢ HATYPAJIbHBIM IOKA3aTe-
Jiem», T. €. HMeeTCH B BUAY, YTO B KA4YeCTBe NOKAa3a-
TeJId MOXKeT GUrypupoBaTh 11060e HaTypajisHOE YHC-
Jo. A mo6Goe JH HaTypaJbHOE YHCJIO QUTIYypHpPYeT B
KavecTBe mokasaTelis B onpefienennu 1? Kak BH oT-
BETHTE Ha 3TOT BOIpoc?

OTBeTHM Ha 3TOT BOIPOC BMECTE: MBI T'OBOPHJIH O

crenesy a”, rge n = 2, 3, 4, ..., a BOT cjy4aii, korga n = 1, moxka
VOYCTHJIHA U3 BHAY («MOTEPAJIH» ONHO HATYPAJbHOE YHCJIO). ITO yIy-
IIeHHWe UCIIPABHUM C IIOMOINBI0 HOBOT'O ONIpEfeIeHH .

Onpeagenexne 2. Crenensio 4ucia @ ¢ NokasaTeneM 1 Hasbl-
BAIOT CAMO 3TO YHUCJIO:

IIpumep 4. HajiTn 3HaYeHHe cTeneHH a" MpH 3aJaHHLIX 3HAYEHH-

AXaunun:
a) a=2,5, n=2; I a=-1, n=>5;
6) a= 3 n=4; e) a=0, n=1;
B) a=-5, n=1; ®) a=0, n=12;
r)a=-1, n=4; 3) a=1, n=1T7.

PemeHnue.a)a"=2,52=2,5-2,5=6,25;
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B) a" = (- 5)" = 5;
r)a"=(-1)'=(C-1)-¢-1)-C-D-(-1)=1;
pa=-1)=-1)C)CD D) ED)=-1
e)a"=0'=0;

J'!C)' an=012= 0:-0-...-0 _0;

12 muoxarrenedt

3) a"=11= Y-Toierd g
17 mmosarreneit

(]

Onepanmio OTHICKAHUSA CTeNeHHU 4" HA3LIBAIOT BO3-
BelleHMeM B cTelleBb. B npumepe 4 MBI paccMOTpeIH
BOCEMb CJIy4aeB BO3BEEHUS B CTENEHb.

Hpumep 5. Beruucaurs 7* - 32 - (—-2)3.
Pemenue. 1)7'=7;

BO3BEefeHHE 2)32=3-3=09;

B CTEneHs 3)(-2)*=(-2)-(-2)- (-2)=-8;
4)7-9-(—8)=-504.
OTBeT: —504.

B paccMOTpeHHBIX IPHMEPaxX MBI HECKOJIBKO Pa3 BO3BOJHJIH B CTe-
IIeHb OTPHIATEJIbHEIE YHCJIIA. 3aMeTHJIH JIHU BhI 38KOHOMEPDHOCTB: eCJIH
OTPHUIIATEJIEHOE YHCJIO BOSBOAUTCA B HeMHYI0 CTENIEHb,
TO NOJIYy4YaeTCHd nosoxMumenbHoe 4YHCJI0, eCJIH e OTPH-
IaTeJbHOE YHCJIO BO3BOAUTCA B HEYemHYyi0 CTeNeHb, TO
nonydaercsa ompuyamenvroe yuciao? IlonpobyiiTe
00'BbACHUTE, IOYEMY 3TO TAK.

§ 16. TABNMUA OCHOBHBIX CTENEHEM

Bui 3HaeTe TabJIUNy YMHOMKEHHS, B Hee BKJIIOYEHE! IIPOU3-
BeJleHHA JIOOLIX ABYX OAHO3HAYHKIX yHces (3-5, 4:7 u T.71.), aTOi
Tabauneil BB MOCTOAHHO NOJIL3YeTeCh IPH BHYHCIeHHAX. Ha npakTH-
Ke moJie3Ha ¥ Tabuua cTerneHed NPOCTHIX OAHO3HAYHBIX YHCe (B IIpe-
Henax teica4u). CocraBumM ee.
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2'=2 3'=3 5'=5 =7
22=4 32=9 52=25 72=49
23=8 3% =27 52 =125 7% =343
2¢=16 3¢=81 54=625

25=32 35 =243

26 =64 3%=1729

27=128

28 =256

29=1512

21° = 1024

C nomomko 3T0il TaGIUIEI MOXXHO HAXOAUTH M CTEIIEHH COCTaB-
HBIX 4YHceJ (I03TOMY TaKHe cTeneHH B TAOaMIy OGBIYHO He BKJIIOYA-
10T). Hanpumep:

9=90-9-9=(3-3)(3-3)(3-3)=38-3-3-3:-3-3=3°=1729.

Ipumep 1. UssecTHo, uto 2" = 128, 3* = 243. Yro Gonbiue: n wiu k?

Pemenue. ITo Tabrune Haxogum, uro 128 = 27, gmauur, n = 7.
Ilo Tabnune Taxkxe Haxoxum, uro 243 = 3%, sHauur, k = 5. Tak Kak
7>5,Tron> k.

OTrBeT: n>k.

Hmerorcs €le TPH YHCJIa, OJIA KOTOPHEIX JIETKO COCTABHTHE Tﬂ.ﬁJIHl],y
BTEIIEHeﬁ, ocobeHHO VYHUTBIBAA, YTO HAYErO BHIYHCIAATL HEe HYIKHO H
pesyasTar (haKTHUYECKH M3BEeCTeH 3apaHee. 3To unucna 1, 0, — 1, a Ta6-
JHIA CTeneHel IJIA 3TUX OCHOBAHMIA BEITJVIAAUT CAeAYIOIUM obpasom:

1" =1 gnsa aoboro n;
0" = 0 gnsa groboro n;
ecyu n — 4JeTHoe uucno (n= 2, 4, 6, 8,...),

To(-1)"=1;
ecJim n — HeyerHoe yucio (n=1, 3, 5, 7,...),
To (—1)*=-1.

KeraTi, ucnonkaysa GopMysy deTHoOro yucia n = 2k u dopmysy
HeueTHOro uMcya n = 2k — 1, MoxXem sanucaThb, 4TO

[ (_ 1)2!2:1; (_ 1)2.#—1=___1- J
A Teneps BrIGepeM B KauecTBe OCHOBAHUA CTeNeHH yucio 10:
10'=10, 10°=100, 10%=1000.
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O6paTuTe BHHMAHHE: KAKOB IIOKA3aTeNb, CTOJIBLKO
HyJIei Hago sanmucaTh nocje mudpsr 1.
Boobie,
obpamume
EHUMAHuE 10!! = 1000 - 0
e —
nEyneft
Hamnpumep, 10% = 1 000 000; sanpotus, 100 000 = 10°.

IIpumep 2. HaiiTn 3HAYeHNEe BHIPaXKeHUSA
a"+b%+ " (100)
B bre T (@+3)!
npua=-1,b=0,c=1.

Pemenmue.

a"+8%+¢®  (D+0%+1°  -1+0+1

0
b a®-b"+d DP-0+1 1-0+1 =g 0

(100 _ (0-1* 10 _ 10000
@+3)* (143 2¢ 16
3)0 + 625 = 625.

OTBerT: 625.

2)

= 625;

B 3akaioueHHMe gJaHHOrO nmaparpada eme pas OTMETHM, YTO MaTe-
MAaTHKH BCErja CTPEeMATCS K KPATKOCTH 3amucell, YeTKOCTH Paccyix-
penuii. IloaToMy, BBefi HOBOEe MOHATHE, OHH HAYHHAIOT H3YYaTh €TI0
cnoﬁc'rna, a 3aTeM NPpHMeHAKT 3TH CBOMCTBA HA OpaKTHEKe. 0 Pa3HHX
CBOMCTBAX CTEIEHH ¢ HATYPAJBHEIM IIOKA3aTeJIeM IIONOBODHM B CJIeNy-
jomeM naparpade, a moka, 3aberas Brepej, 3aMeTHM, 4TO ecJIH OBl
OfIHO M3 TAKHX CBOMCTB MBI yiKe 3HAJM, TO He BHIYHCJIANIU OH Tak
noxro 9%, kak 310 6b6LI0 cAenaHo Bhie. Ml GBI 3anUCaNy TAK:

9? = (3%)% = 3% = 729.

Bupaure, 3allchk B Ba pasa Kopode. A IodyeMy aTo
{43

ﬂd':um TaxK, y3HaeM B § 17.
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§17. cBOMCTBA CTENEHM
C HATYPAJIbHbIMM MOKA3ATENSAMM

Bonpmas yacTh MaTeMaTHYECKHX YTBED:KAEHHH IPOXOMAUT
B CBOEM CTAHOBJIEHUM TPH 3Tarna.

Ha nepsom aTane 4esioBeK B pAJie KOHKPETHEIX CIIY-
4YaeB ImofiMedyaeT OAHY U TY ¥Ke 3aKOHOMEPHOCTE.

Ha BTOpOM 3Tame OH HeITaeTcd CHOpMyJIHPOBATH
NOAMEYEHHYI0 3aKOHOMEPHOCThH B ofmiem Buze, T. e.
sHumanue [IPeAIoJIaraeT, YTo 3Ta 3AaKOHOMEPHOCTE JeHCTBYyeT He

TOJILKO B PACCMOTPEHHEBIX CJIy4adAX, HO H BO BCEX APY-
TUX aHAJOTMYHKIX CHYYaax.

Ha TperbeM 3Tame OH NHITAETCH AOKA3aTh, UTO 3aKOHOMEPHOCTS,
chopMyIHpOBaHHAA (IHIIOTETHYECKH) B OOIlleM BHIE, HA CAMOM JeJe
BepHA.

HoxasaTe KaKkoe-1M00 YyTEEPKAeHHe — 3TO0 3HAYUT OOBACHUTS, 110~
YyeMy OHO BepPHO (0GBACHUTEL yOeAUTEebHO, 8 He TAK: «3TO BEPHO IIOTO-
My, YTO 3TO BepHO»). IIpu KOKa3aTeNLCTEE MOXKHO CCHIJIATHECH TOJLKO
HAa yie U3BeCcTHhIe (DaKTHI.

JlaBaiiTe monbITaeMCs BMECTEe IIPOMTH BCe TPHM 3Tama, monpobyem
CAMOCTOATENLHO OMKpbimb, CHopmyuposams U doKazamb cBOKCTBA
BTG]IEHEﬁ, XO0po1Io H3BeCTHEIE B MATEMATHKeE.

Omxpwimue nepéoe
ODpumep 1. Buuucauts: a) 23-2% 6) 3! 34,
PemeHue. a) Ameem: _
28.25=(2-2-2)-(2-2-2-2-2)=
= 2_?_’2 - 2-2-2-2-2= 3-2-2-2;2-2-2-2,.

3 MBOITTRNA 5 muosraTeneit 8 muosTenel

Bcero nmeeTcs 8 ofMHAKOBBHIX MHOMKHTENIEH, KasKAblil U3 KOTOPRIX
paBeH 2, T. e. 28, uto no Tabnune (cm. § 16) gaer 256.

6) HmeemMm:
3-3=3-(8:-3-3-3)= 3_' . 3:3-3-3 =35=243,

1 4

OTserT: a) 256; 6) 243.
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B nponecce pemeHHsA IpUMepa Mbl 3aMETHIIH, YTO
23 " 25: 28’ T. e. 23, 25=23+5;
31-31=35 1.e.3'-31=31"4,

Ha6mogaeTcsa 3aKOHOMEPHOCTL: OCHOBAHMA IePEeMHOKAEMEIX CTe-
neHell OAMHAKOBEI, IPK ATOM IOKA3ATENH CKJIAALIBAlOTCH. IlepBhIi
aTan 3aBepIIeH.

Ha BTOpOM 3Tanme ocMeNHMCS NPEANOJIOMXKHTH, YTO MBI OTKPBLIH

(nns cebs) 06wyro 3aKonomeprocmy: a" - a* = a"* k.

Ana n1060z0 wucna a u 1106bLx HAMYPANLLHBLY HUCER
Teopema 1. | nukcnpacednueo pasencmeo
a"- ak =a* +k'
O6riyHO TeopeMy (QOPMYJIHDPYIOT TaK: ecad ... (yciosue),
TO ... (3aKmoueHue). Hanpumep, Teopemy 1 M0OXXHO (1, YeCTHO roBOp4,
TakK ObLI0 6B aKKypaTHee) chOpPMYJIUPOBAThH CIeAYIOMmUM 06pasoMm:

Ecnu a — moboe wucno u n, k — namypanvrvie yuc-

aa, mo cnpaseanuso paeéencmeo

au_ak=an+k'

Ha TpeTheM 3Tanle HANO AOKA3aTh, YTO HaIlle NMPEAIIONIOMKeHHe Bep-
HO, T.€. JoKasaTh Teopemy 1. CzaenaeM 3TO H MBI — JOKa3aTeIbCTBO
npusefeHo Hxke. IlpounTaiite ero. Eciu ywyBcTByeTe B cebe cHibl, TO
nonuiTafiTeck pasobpaTeca B HeM (OHO COCTOUT B TOM, YTO MBI TPHIKIBI
KCIOJIBL3YeM OIpejesieHue CTeleHH C HATYpPaJbHBIM IOKAasaTeseM);
€CJI¥ JKe HET — OTrPaHUYbTeCh NPOYTEHHEM.

HJokxasaTeabCTBO.

a*=a-a-...-a;

n MEoxcTened

=a4-a-...ra-@-Q-...-Q2 =@a-4-...-°2-Q-4-...-Q= nt+k
[T —— k MBosaTTeneit R LR el

TeopeMa JoKa3aHAa.
HTak, nepsoe oTKpEITHE Y HAC COCTOANOCH. Mnem manbie.
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Omxkpu.mue émopoe

IMpumep 2.Bruucaurs: a) 25: 2%; 6)3%: 3°.
PemeHHe. a) 3anunieM 4acTHOE B Bie Apo6H B COKPATHM €e:

2 (2:2-2:2)-2:2

2¢ (2222

s.q5_ (33333333
6)3°:3 (3-3-3:3-3)

OrBeT:a)4; 6)27.

B npouecce pemeHns npuMepa MBI 3aMETHIIH, YTO

2i2t=2° w6 2Vt =20

3%8.35=3% 1.e.3%:35=3%"5,

HabnronaeTca 3aKOHOMEPHOCTh: OCHOBAHHSA JEJIHMOIO U JeJHTe IS
OJVHAKOBBI, IOKA3ATENb AeJIUMOro 6osblle, 4eM IIOKA3aTe b AeJIuTe-
Jifi, TP 3TOM K3 IOKA3aTeJIA AeJIMMOro BHIYHTAETCH IOKA3ATE b eH-
Tens. IlepBriit aTan 3aBepIiIeH.

Ha BTOpOM 5Tane IpeANoJIOMKUM, YTO MBI OTKPBLIM OGINYIO 3aKO-
HOMEpHOCTE: a" : a* = a" %, ecxu n > k.

26:2¢= =2-2=22=4,

=3-3-3=3%=27.

Anra nobozo wucna a # 0 u M06bLX HAMYPARLHBLX “HU-
Teopema 2. § cennuk, maxux,wmo n > k, cnpaéednueo pasencmeo
a":a*=g""k,

MoszxeTe M BEI CHOPMYJIMPOBATE TEOPEMY 2 MHAaYe, HCIOJIb3yH rpaM-
MaTHYeCKOe IOCTPOEHHE «€ECJH ..., TO ...»7 BHOuTe JI1 BEI, I'ie B 3TOM
TeopeMe yCJIOBHE, a rae sakmodenue? OreeTwsTe AJs ce6A HAa 3TH BOIIPOCKT
(a Haw orBeT GyieT NpHBE/ieH NOCJIE AOKA3aTEIBCTBA TEOPEMEI).

ODokasaTenscTBo. PaccMorpum npoussenenue a" " - a*. Mu
3HaeM, YTO IPH YMHOXKEHHMH CTeleHeH ¢ OJMHAKOBHIMM OCHOBAHMAMM
NoKagaTeny cKIagsBaiorTca (06 arom muna peus B Teopeme 1). Croxus
nokasatesu n— ku k, nonyunm (n — k) + k=n.

Hrakx, a"* - a* = a", a aT0 Kak pas u O3HAYaeT, 4TO
a": a* = a"*. Teopema foxazana.

A Tenepsb uHaYe chopMyIHPYEM TeopeMy 2:

Ecau a #0 u n, kK — Hamypanvrbie wucra, maxue,

umo n > k, mo cnpaéednu6o pageHcrmeo

a":a*=a"""*
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Yenosue TeopeMel: a # 0; n, k — HaTypaJbHBIe Yucna, 1> k.
BaxioueHye TeopeMmsl: a” : a* =a" ",

Bropoe OTKPEITHE Yy HAC cocToANock. Maem pansmie.

Omrpeimue mpemove

Ipumep 3. Boruncants: a) (2°)%; 6) (3%)°%.

Pem e H ue. a) Hmeem:

(2%)% = 25- 25 = 25%5 = 210=1024 (cm. § 16).

6) Hmeem:

(8%)*=3%-8%- 8% =3%"*"?= 3% =729 (cm. § 16).

OTBerT: a) 1024; 6) 729.

B nponecce pemeHus nprMepa Mbl 3aMETHIH, YTO

(252 =210, 1. e. (252 = 252
(3% =35, 1. e. (3%)° = 3%°2.

Habmopaercss 3aKOHOMEPHOCTE: B O0OMX CIyyasix IPH BO3BEleHUH
CTEIEHH B CTEIEHE NIOKA3aTeH IepeMHOKaroTes. IlepBEIii aTan 3aBepiieH.

Ha BTOpOM 3Tane NpeAoJoMHUM, YTO MEl OTKPBIIH OOIIYIO 3aKO-
HoMepHOCTH: (a”)* = a™.

Ana nwo6ozo wucna a u n106bvlx HAMYPANLHBLY YUCEN
Teopema 3. | nukcnpaseednuso pasencmeo
(an )k = an.k.

JloKa3aTenLCTBO TeOpeMbl (TpeTHil 3Tan) Mbl IPUBOAUM B CAMOM
KOHIe nmaparpada (IIoKa orpaHHYHMCA J0KA3aTeILCTBAMH TeopeM 1 u 2).
Ecu ecTh JKeJlaHHe, NONKTANTeCh JOKA3ATh €€ CAMOCTOATENLHO (MK
C TMIOMOIIBIO YYHUTEIA).

Mz! COBEPIUMJIM C BAMM TPH OTKDPLITHS, KOTOpPble IPUBEJH HAC K

TpeM cepbe3HBIM TeopeMaM. ITH TeOpeMBl Ha NpaKTUKe yaobuee dop-
MYJIAPOBATH B BUJIE TPeX IPAaBUJI, KOTOPLIE II0JIE3HO 3aIOMHHUTD.

(TIpasuio 1. ITpu ymHoxeHuu cmeneneii ¢ 00UHAKO- )
6bLMU OCHOBQHUAMU NOKA3QAMenlU CKAadbL8amcs.
IIpaenno 2. ITpu denenuu cmeneneil ¢ 00UHAKOBLLMU
OCHOBAHUAMU U3 NOKA3amens 0elumoz0 6bluumanm
noxasamens deiumens.

IIpaeuno 3. IIpu eo36ederuu cmenexHu 6 cmeneHb
knmcasame.nu nepemMHONCaAOMCA.

S
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CpaBHHTe 3T TpU npasujia ¢ ¢GopMyJIHpOBKaMu Teopem 1, 2, 3.
ITouyscTBOBaNM pasHuUNy? B TeopemMax BCe YeTKO, Bce OTOBOPEHO, Bce
npeAyCcMOTPEHO, a B MpaBUJIaX OMyINaeTcHd KaKasa-TO HeIIOJHOTA, Jer-
HKOCTb MBICJIH, IIO3TOMY OHH Jierde 3alIOMHHAKTCA H BOCIPDHHHMAIOT-
csl; MpaBUJIa NOX0KH Ha adopu3Mbl. ITO TOXe OflHA U3 0cOGEHHOCTEH
MaTeMaTHYeCKOTO A3bIKa: HAPAAY C CEPHE3HEIMU OTTOYEHHRIMH Gop-
MYJHMPOBKAMH MCIOJL3YIOTCA M KpaTKHe aopUcTUYHEIE NpaBUIIA.

@-2'y

Dpumep 4. Baruucaurs Wr)—é- .

Pemernue. 1)2%-2=23*4 =27 (mpasuo 1);

2) (27 = 27" = 2% (mpasuo 3);

3)2- 28 =2'*8 = 29 (gpasuio 1);

4) (2°)% = 2°°3 = 227 (mpasmio 3);

5) 235 ; 227 = 235-27 = 28 (papuio 2);

6) 28 = 256 (cm. § 16).

OrBerT: 256.

OnmITHEIHA OPaTop, BEICTYNHE C JJIMHHOM ¥ TPYAHOMR AJIs CayLuaTe-
nei pedrio, 06sA3aTeNILHO B KOHIE HOKJALA eIe Pa3 BLIJEJIHUT caMoe
IJIaBHOE, CAMOE BasKHoe. ¥ Hac ¢ BaMH OhLIA OYeHb TPYAHAA U HAUDSH-
J’KeHHas paboTa, gaBaiiTe Xe M MBI BBEIIEJIMM CAMOE I'JIaBHOE.

Camoe riaBHOEe — TpH (POPMYJIBI:

an.ak=an+k;
a":a*=a""*rpen>k,a+0;

' (an)k — ank_

HMx M0HO NPUMEHATEL KaK CIpaBa HaJieBO, TAK W CJIeBA HAIIPAaBo.
Hampumep,

23.25=28; 28=24+4=24_24; 22+u=22.2n=4,2n;
37:31536; 36:310—4=__ 3n—4=_=_.
(53)4 5 512; 512 — (56)2 == (52)6 e (54)3 e (53)4.
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3ameuaHme. Mol roBOpUnM TONLKO 06 yMHOMEHUM M fie-

NEHMU CTENEHEN C OJMHAKOBBIMH OCHOBaHMAMM. A BOT 06 mx

CINOYEHUH M BbIUMTaHHHM HUHETO HEM3BECTHO, TaK YTO HE CO-

uMHANTE HOBbIX Npaevn. Hene3s, Hanpumep, 3ameHaTs cym-

my 2* + 2% Ha 27; 8 camom pene, nocuutante: 24 = 16;

et 2> =8; 16 + 8 = 24, wo 310 He ects 2, nockonsky 2 = 128.
Hene3s samensts passocts 3° — 3% na 3'; pencreurensto,
nocumraiite: 3° = 243; 3° = 81; 243 — 81 = 162, Ho 310 He
ects 3', Tak kak 3' = 3. ByapTe BHMMaTENbHBI!

B zakmouenue, Kak 6pLI0 ofelaHo BHIIE, NOKAaXXeM TeopeMy 3.
Hmeem:
@y=a-a-..-a =
—V—'

=(a-a-...-a]-(a-a-...k-a)-...-(a°a°...-a)

k rpynn no n MrokHTeNeH B KAMO0N

=Q- QG .. Q-Q@- Q" ee.-Q-Q-Q+...-Q=a™,

nkmm;uﬂemn

§ 18. YMHOMEHME M QENEHME CTENEHEA
C OAMHAKOBBIMM NMOKA3SATENSMM

B npegpigymem naparpage MBI pacCMATPHBAIM YMHOMXKEHHE
H JeJiIeHHe CTeleHel ¢ OUHAKOBBIMH OCHOBAHHAMH. OKAa3bIBAETCH, MOXM(-
HO YMHOMKATD H JIeJINTh CTENeHH H C PA3HbLMU OCHOBAHUAMH, €CJIM TOJIBKO
TOKA3aTeJH Y 9THX CTelleHeil ONMHAKOBEI.

Hpumep 1. Buruncaurs 2 - 5.

P e m e H u e. KoreuHo, MoxxHO 1o Tabaune u3 § 16 ycranosuts,
uto 2% = 16, 5! = 625, a saTem ymHOxUTH 16 Ha 625. OgHAKO dhdeK-
THBHEe CJeAyIoIee PacCyXAeHHe:

24-5‘=(2°2'2'2)'(5'5'5'5)=

=(2-5)-(2-5)-(2-5)-(2-5)=(2-5)*=10*= 10 000. C]
B nporecce perieHHA MBI NOJYYHIN YHCIOBOE PABEHCTBO
24.5*=(2-5)'.

To4HO TaK e MOXKHO A0Ka3aTh, uto a’h® = (ab)®.
B camom gene,
a*b®*=(a-a-a) (b-b-b)=ab-ab-ab=(ab)’.
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Boob6ie, nMeeT MecTO paBeHCTBO:
a"b" = (ab)".
Jis TeX, KoMy HHTEpeCcHO, IPHUBENeM «MOJIYaIUBOe» JOKA3aTe b

CTBO BTOrO yTBepaeHus. IlonpobyiiTe ero «03By4UTH» U IPOKOMMEH-
THPOBATE:

a*-bv'=@-a-...-a).(b-b-...-b)=a-a-...-a-b-b-.." b=
nnmou;umﬁ : n MEOMGTETeR

= (ab) - (ab) - ... - (ab) = (ab)".

n MBEOMGTTENEH

1

IIpumep 2. BElYHCIUTE o
P e m1 e B 1 e. KoHeuHO, MOYKHO MPOU3BOAUTH BEIYHUCJIEHUA «B JIO0»,

. e. Haiitu 12°, 3aTem 4%, 3aTem nmepsoe uncno pasgenuTE HA BTOpOE.

Ho nyumme paccyaaTe Tak:

125 12-12-.12-12-12-12 12 12 12 12 12 12
4 4.4.-4-4-4-4 4 4 4 4 4 4

126 "
= (—) =38%=1729. (w

4

128 6
B nponecce pernesna MBI IO YA YUCJIOBOE PABEHCTBO 5 i (%) §

a® a¥® d aY’
TouHO Tak Xe MOXKHO JIOKA3aTh, 9YTO —3 =(—) H — = (—].Booﬁme

b* b b’ b
HMeeT MeCTO PABEHCTBO
n n '
:—,, = [%] ,ecimb#0.
Hrak,
a"b" = (ab)";
a" al"
b_" = {;] ;s b# 0.
IAnOMHUmMe

OGe aTn GOpMYJIEI IPHMEHSIOT KAaK CJIeBA HAIIPABO, TAK H CIIpaBa
HajeBo. X TaKe MOXXHO 0QOpDMHUTL B BHIe NPABHJ AeHCTBHH Haj
CTemeHAMH, TOTAA K TpeM npasuiam 13 § 17 nobaBarca eme aBa:
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4. CTENEHb C HATYPANbHbIM MOKA3ATENEM U EE CBOMCTBA

\
IIpasuno 4. 9mobvL nepemHoNcUmMb CMeneHu ¢ 00UHAKO0BbLMU NOKA-

samenamu, ocCmamoyHo nepemHONCUMb OCHOBAHUSL, O NOKA3AMeLb
cmeneHu 0CMasumb Heu3MeHHbLM.

IIpasuao 5. YmobuL paszderums dpyz nHa dpyza cmenenu ¢ 00UHAKO-
8blMU noKasamenamu, docmamoyro pa3denumyb 00HO OCHOBAHUE HA
k(';?p_r,vem.«z, a nokaszamenv cmeneHu 0CMA6UMb HeUSMEHHbIM.

2208t &
3 r

J

IIpumep 3. YOpoCcTHTE BEIpaXKeHHE [

PemeHue. Hmeem:

4\ 2234"’
[szb ] =( ; ) (zpasuio 5);

nanee:
(2%a%")° = (2%)%(a®)°(b*)° (npaBuio 4).
Ho
(2%°=29=1024; (a®)*=a'% (b")°=b" (upasuio 3).
3mauur, (2%a%b*)® = 1024a'°p*°. Tak kax 3° = 243, T0 OKOHUATENB-
2034 ) 10240" b
3 | 2438

B 3ak04YeHHe — OJHO mpefocTepexenue. MuI 3HaeM, 4TO

HO [IOTy4aeMm: [ (m

€eCJIM OCHO8AHUA OJHUHAKOBEI, TO: eCJIi noxa3amenu OfUHAKOBEIL, TO:

an.ak=an+k; an_bn=(ab)n;

a":at=a""% a":b"=(a:b)"

Ecnu sxe yMHOMXKEHHE U JleJleHWe BBHIIOJHAETCA HAJ CTeNeHSMH C
PA3JHMYHB MU OCHOBAHHAMHU M DA 3 HH MU HOKa3aTeIAMH, TO
6yabTe BHUMaTeNbHEL. Tak, 3° « 2! MoXKHO BEIMHCIUTD «B J106»: CHaYa-
Ja BHIYMCIUTH 3°, 3aTem 2' M, HakOHell, BHIIOJIHUTL YMHOMKEHHE.
A MoxHOTaK: 3-31-24=3-(3-2)'=3-6".

86



4. CTEMNEHb C HATYPAJIbHbIM MOKA3ATENIEM U EE CBOMCTBA

§19. CTENEHbL C HYNEBLIM NOKASATENEM

B npeapiaymux naparpadax Mbl ¢ BAMU HAYy4YHJIUCh BRIYHC-
JIATH 3Ha4YeHHe CTelleHH C JOHIM HamypaibHbim nokKasatenem. Ha-
pUMep:

0,2'=0,2; 32=3-3=9; 4°=4-4-4=64;
1'=1-1-1-1=1;  (-2=(-2)-(-2) (-2 (-2)-(-2)=-32
0°=0-0-0-0:0-0=0wur.na.

B panbHeimeM BbI y3HAETe, YTO MOKAa3aTeJIeM CTere-
HH MOXeT GEITH He TONBKO HaTypajikHOe unuciyo. Ho aTo
IIPOH30MiieT o3JHee, B CTAPLINX KJaccaxX, a4 IMOKa MbI
00 cZleylaeM JIMIUbL OJUH CKPOMHBIHM IIar B 3TOM HAIpaBJe-
HHM: BBEJeM IIOHATHE CineneHu ¢ HYne8biMm noxasame-
Jlem, T.e. BRIICHHM, KaKOM CMBICJ IPHUAAETCA B MaTe-
MaTuKe cuMBOJNy a’. A Bellb BTOT CHMBOJI «HAIPAIIH-
Baetcs». Cmotpure: 2°: 22 =23 =2% 3%.3=38%1=3",
Ilouemy 651 He HanmucaTh 5% : 54 = 502

Ilo cux mop Bce 6EIIO XOpomo: a® — 310 3HAYUT
creneHs YHCJI0 @ YMHOXKUTH camo Ha ceba 3 pasa, a'® — aro
€ Hynessim 3HAYMT YHCJIO @ YMHOKHUTH caMo Ha ce6a 10 pas, a' —

nokasarenem a10 mpocTo a. A uro Takoe a’? Bear Henw3s ke, B
CaMOM JeJie, YMHOMKHUTh YHCJIO @ camo Ha ceba (0 pas!

XoTtenock 6ul, YTOGE! 1A a° BEIIONHANMCE NIPUBLIYHLIE IPABUIIA,
Hanpumep, 4To6GLl NpU BhIYMCIeHHH a’ - a° MoKasaTenH CKIAALIBA-
nuce: a®- a®=a**°. Ho 8 + 0 = 8. Yro sxe nosyuaerca? Ilosyuaercs, 4To
a®- a® = @®. Brauur, a® = a® : @® = 1 (upu oTOM HYKHO BBECTH ECTECTBEH-
Hoe orparnyenue: a # 0). IIposenenHoe paccyskieHNe KaK-TO MOTHBHU-
pyer cienyioniee OIpefesieHne.

Onpesenexne. Ecmua#0,1m0a° = 1.

Hanpuwmep, 5,7° = 1; (-3)° = 1; (2")° = 1 u 1. a. OgHaKO yuTHTE,
4TO CHMBOJ 00 CUHTAETCA B MATEMATHKe He HMeHIIHMM CMBICJIA.
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4. CTENEHb C HATYPAJIbHbIM MOKA3ATENIEM M EE CBOMCTBA

OCHOBHbIE PE3YJIbTATbI

3pech coOpaHbLl OCHOBHBIE ONIpeZiesieHHs, CBOMCTBA, Teope-
MBI, GOpPMYJBI, NIPaBUJa, KOTOPhIE MBI ¢ BaMy uayuanu B § 15—19.
Bce aT0 3anmMcaHoO Ha CYXOM MaTEeMATHYECKOM SA3bLIKe 6e3 BCAKHX KOM-
MeHTAPHEB, NIOCKOJIBKY KOMMEHTAPHH, 000CHOBaHWA ORLIM IIPHBeAe-
HBI B yKa3aHHBIX naparpadgax.

a®=1,rne a#0;
1"=1; 0"=0;
1)*=1; (-1 "1=-1;

n__
10" = 100...0 A
naynei
an, ak= an+k; an+k+m i an_ ak, am;
a":a*=a""* rmen>k;
( an)k - ank;
n
a a "
a"b" = (ab)"; (abe)" = a"b"c"™; i [3) , raeb=0.
3HaHUe 3THX (OpMYJ — KJII0Y K ycnexy B pabore ¢
nmobeiMu anrebpandyecKUMH BhIpaskeHHAMH. K sToit
pabore MBI IpUCTYNAaeM NOCTENEeHHO, HAYWHAA CO CJie-
OyIOLIeH riaBsl.




TMABA
5 OAHOUNEHbI. APUDMETHUYHECKME
ONEPALMM HAA OAHOUYJIEHAMM

§ 20. MonsTne ogHounena. CTaHAapPTHLIN BU A
o4HOYNeHa

§ 21. CnoeHue u BbIYMTaHHME OZHOYNEHOB

§ 22. YmHoxeHune ogHoqwneHos. Bossegenne
OA4HOYNEeHa B HaTypanbHyIo CTeneHb

§ 23. Jenexme ogHOUNEHE Ha O4HOYNEH

§20. NOHATHE OAHOUNEHA.
CTAHJAPTHbIA BMJL OHOYNEHA

Onpeaenerue. Opaownenom Has3bIBAIOT aiNre6panyecKoe
BRIpa)keHHe, KOTOPOe IpeACcTaBigeT coboil mpousBeAeHHE YUCEN U e~
PEeMEHHEIX, BOSBEICHHEIX B CTENEHb C HATYPAJIBLHEIMU ITOKA3aTEIAMH.

IIpuMepH OHOYJIEHOB:

214
2ab; %azxya; (- 2)xy?- [E] x%ab®; 1,7a™" (n e N).
OpHOUYNEeHAMY ABJAIOTCH, B YACTHOCTH, TAKKE BCe YHCia, JIoOkIe
nepeMeHHbIE, CTeNeHH mepemMeHHmX. Hanpumep, ogHOYIEHAMM ABJA-
0TCA:

0; 2; —-0,6; x; a; b; x% a® b" (neN).

Teneps npuBefieM NpUMEPH! ajire0pandecKUX BRIPAKEHUI, He AB-
JIAIOMUXCA ONHOUJIEHAMHU:
2

a+b; 22-3°0+5; o
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2ab
A Kak BBl cCUMTAETE: BEIpAsKeHHEe =3 OJHOYJIEH

wim HeT? Beb oHO mo (opMe MOXoXKe Ha BRIpaXKeHHe
az
— , KOTOpoe GQUTrypHpYyeT ¥ HAC B YHCJIe BHIpAXKeHHH,

b
He ABIAKIIUXCA OJHOYJIEHAMH, M COAEPHHUT B CBOEH 3aIHCH 4epTy
2ab 2ab 2
npo6u. Tem He MeHee —3 " ORHOWNeH: —— = Eab.

a
3
BBl CUHTaeTe, KAKOe U3 3TUX BHEIPA’KeHHI OJHOUJIEH, a KaKoe HeT? A

3
Bor eme ABa npuMepa, IOCTPOSHHEIE HA KOHTpacTe: — M e Kax

a
Tenepkb NpoBepbTe cebs: 3 ~ ORHOWIEH, ero MOXHO 3aNUCAT B BHJe

1 3
3 a ; BEIpa)KeHHe JKe 5 He ABJIAeTCA OlHOLICHOM. TepMUHEI B MaTeMa-

THKe HaJl0 yHOTPeOaATs NPABUILHO.

2
PaccMoTpHuM ofHOYJIEH 3a - gazbc. I'napa Ha 3TO BEIpakeHHe, Ma-

TeMaTHK OOBIYHO paccyaaeT Tak: «OT mepeMeHB MeCcT MHOMKUTENEH
npou3BefieHHe He U3MEHHUTCH, SANHIIy-Ka A 3TO BhpaykeHHe B Gosee
yaobHOM BHIE:

2
[3 . 5) “(a- az)bc.

Toraa, AyMaeT MaTeMaTHK, A mojayuy 2a’bc, a sTa 3anuch NpUATHee
TO#, YTo GBHINIa, X0TA OB MOTOMY, YTO Kopode. Kpome Toro, B Heil Her
Toro cymOypa, Kakoil ObLJI cHa4yaya: MepBbIH MHOMHUTENb — YHCJIO,
BTOpPOI — II€epeMeHHAas @, 3aTeM CHOBA YHCJIO, IIOTOM OIATH IepeMeHHaA
@, HO y3Ke B KBajgpaTe U T. .».

CrpeMAmMAcA K YeTKOCTH, KPATKOCTH U NOPHAKY MAaTeMaTHK Ha
caMoM JieJie IpUBeJl ONHO4JIeH K crmandapmuomy eudy.

Boobme, ymobvt npusecmu odnounern ¥ cmandapmuomy eudy,
HYNCHO:

1) nepemnoxmums 8ce HuCNO8ble MHOMUMELL U NOCMABUMb UX
npousgedeHue HA nepeoe Mecmo;

2) nepemrolicume 6ce uMeWUECs cmenenu ¢ 00HUM GYKEEHHbIM
OCHOBAHUEM;

3) nepemnoxcume eéce umerouuecs cmeneHu ¢ dpyesum OGyrKeeHHLIM
OCHOBAHUeM U m. 0.
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5. ||O,|1HO‘-IJ'IEHI'JI. APUDMETUHECKHE ONEPAUMKU HAL OOHOYNEHAMM

YucnoBoii MHOMHTENb OLHOYJICHA, 3aIIHCAHHOTO B
CTAHJAPTHOM BHJe, HAskIBAIOT K03(hdHIHEeHTOM OAHO-

wieHa.
JI060i1 ogHOYJIEH MOYKHO IPHBECTH K CTAHAAPT-
HOMY BHAY.
< el Il p u M e p. [IpuBeCTH OAHOWIEH K CTAHAAPTHOMY
CTaHAAPTHBIA BHA BHOY U HA3BATH KO::)Q}CDHIIHGHT OOHOYJIeHAa:
OfHO4NEHA a) 3x%yz - (-2)xy2’;
e arte- o

1
B) —2ax’y°2" - 5 ax’yz;
3ab

AT
Pemenue. a) 3x%yz - (-2)xy?2® = 3 - (-2)xxyy’2z° = —6x°y°25.
KoabduouesT ogHOYIIeHA paBeH —6.
6)4&620%(: =4- %abz(c ¢)=1"ab’c® = ab’c?.
KoadduuueHT ofHOYJIeHA paBeH 1, Takoil KoagduuueHT OGBIYHO

He IHINYT, HO NOAPa3yMeBaloT.

1 1
B) ~20x%°2" - 5 ax®yz = (-2)- 2 aax’x®yPyz"z = —alx"y'z".

KosdduuuesT ogHowIeHa paBeH —1.
r) A 370, KaK FOBOPAT, «MaJieHbKafA POBOKANMA»: OGHOYJIEH He
HAaJ0 NPUBOAMUTL K CTAHNAPTHOMY BHAY, OH U TaK 3alMcaH B CTAHAAPT-

HOM BHJE: %ab KoadhdunuerT ogaouneHa pasex 0,3. (=

§ 21. CNOXEHME M BbIYUTAHME
OLHO4NEHOB

B 3T0i1 riaBe MBI H3y4YaeM HOBEIE [JIA BAC MaTeEMaTHYECKHe
06beKTHl — ofiHO4JIeHBl. OOpasHO roBops, eciH AJis MATEMATHYECKOro
A3BIKA YHCJIA, IepeMeHHbIe H CTelleHH lIepEMEHHHX HABJIAKTCHA Gyl{na-
MM, TO OfHOYJIeHEl — cioraMu. Koraa B AeTcTBe BBl YYUJINCE YUTATD,
TO cHayaja H3y4aad OyKBBI, 3aTeM YMTAJH CJIOTH U TOJBKO IOTOM
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S - OOHOYNEHbl. APUDMETHMHECKUME ONEPALIMIA HAL OOHOYNEHAMMU

LeJUKOM NPOHM3HOCHIH HamucaHHOe CJ0BO; GyKBH, CJOTH, CJOBA,
NIPeAJIOKEHNA — STanbl UdydeHus sA3bika. M TyT y:xe He BaXKHO, Hpa-
BATCA HAM OJHOYJIEHB! KAK CAMOCTOATENbHEIN 06BEKT H3YyUeHUA KN
HeT, HUYero He mojiejaeiib — Ge3 yBepEHHOrO BIaJeHUA UMH HaM He
060 THCE, €CJIM MBI XOTHM CBOGOAHO BJIAJIETH MATEMATHYECKHUM A3BIKOM.

B § 20 MBI BBeTH NOHATHSA OAHOYJIEHA, CTAHAAPTHOTO BHAA ONHO-
4neHA. 3HAYUT, HAAO0 HAYYHUTHCA paboTaTe C OAHOYJIEHAMH, HAIPH-
Mep, BHINOJHATH HAJ HUMH apudmMeTndecKue omepamuu. IIpm sTtom
cpasy ZOroBOpHMCH, 4TO GyJeM pacCMATPHBATH TOJBKO ORNHOYJIEHHI,
3anuCcaHHBIE B CTAHAADPTHOM BHUJE.

Onpegenexue. [Ipa ogHOYJIEHA, COCTOSAIIME U3
OMHUX U TeX JKe IepeMeHHBIX, KaJafd U3 KOTOPHIX
BXOJUT B 068 0JHOYJIEHA B OJHHAKOBHIX CTeneHAX (T. e.
C PaBHBIMH IIOKa3aTeJIAMH CTeneHeii), HaA3bIBAKOT IIO-
HAOOHBIMHM OIHOYJICHAMH.
nogobHsie IIpuMepsl NONOGHBIX OHOYJIEHOB:

O4HOYMEHb! 2
2a u 5a, 3ab’c u = ab’c, x" u 5x".

Kak BupuTe, momoGHEIe OGHOYJEHE! OTJIMYAIOTCA APYT OT Apyra
TONBKO Ko3ddHuIueATaMH (BIpoYeM, M KO3(pHIMEeHTH MOTryT OBITH
paBHEI, Hanpumep Tab u Tab — nonobHEBIE OAHOYJIEHE]).

A BOT npuMephl HeNOJOOHBIX OAHOYJIEHOB:

5a u 3a%, 2x u Ty, 3a®b® u 6a°b.

CioBo «mopmo6HBEIE» MMeeT IPUMEPHO TOT K€ CMEIC], YTO B OOHI-
IEeHHOH peYs CJI0BO «IoxoXkue». Corsacurecs, 4To ofHOUIEHH 5a’b n
23a%b noxoxu Apyr Ha Apyra (mog06HbIe OJHOUIEHNI), TOTA KAK Of-
Housnens! 5a%b u 23ab®c? menoxoxu Apyr Ha Apyra (Eemono6HbIE OXHO-
YJIeHHI).

PaccmoTpyM cyMMy ABYX HONOOHBIX OTHOYJIEHOB:
5a’b + 28a%b. Bocnonbayemcs Memodom e6edenus Ho-
60il nepemennoii: nonoxum a’b = ¢. Torga cymmy
5a%b + 23a%b moxHO mepenucaTs B Buje 5¢ + 23c. Ora
cymma pasHa 28¢. Uraxk, 5a°b + 23a’b = 28a%b.

B uem cMmbica aToro npeobGpazoBaHus? CMmuicxa
B TOM, uTO paBeHcTBO Ha%h + 23a%b = 28a%b aBnsaerca
BEPHBIM IIDH NOACTAHOBKE JIOOBIX 3HaYeHUH nepe-
MeHHBIX.

METOH BBEAEHHA
HOBOH
nepemeHHoH
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HawM yaanoch ClI0KHUTE moA0GHEIE OAHOYIEHE!; OKa3aJI0Ch, YTO 3TO
O4YeHb IIPOCTO: AOCTATOYHO CJIOMHTH HX KOo3pdHUUHeHTHI, 8 OYKBeH-
HYIO YacCTh OCTABUTH Hemamennoil. Tak ke obcTOUT feso U ¢ BEIYUTA-
HHeM noflobHEIX ofHOYWIeHoB. Hanpumep:

Tabc® — 9abe® = (T — 9)abe® = — 2abc®.

A xax OBITh, €CJIM OAHOYJIeHE! HeIOAOOHBI: MOXHO JIM UX CKJIALEI-
BaTh, BEIYUTAThL? ¥ BHI, MOKA HeJb3A! MEI BepHEMCA K 3TOMY BOIIPOCY
mo3jHee, B riase 6.

Ceityac MEI c(POPMYJIUPYEM aJITOPUTM CJIOXKEHUA ¥ BEIYUTAHUA OJ-
HOYJIEHOB (BIIpo4eM, 0OBIYHO OCTABIAIOT TOJBKO TEPMHUH «CJIOYKEHHE»,
a 3HaK MHHYC OTHOCAT K K0a(hdHUIueHTY).

& N
AJNTOPHTM CIOMKEeHMA OHOYIEHOB

1. IlpuBecTH BCe OAHOYJIEHHI K CTAHAAPTHOMY BHAY.

2. Y6enuTecs, 4TO BCe OJHOYIEHEI NOAOOHEI; €CJIM JKe OHH Hemo-
JOOHEI, TO AJITOPHUTM J[ajlee He MPUMEHSeTCH.

3. Haittu cymmy KoadHIHeHTOB IOL00HEIX OAHOYJIEHOB.

4. 3anucaTh OTBET: OGHOYJIEH, NOAOOHEIA AaHHEIM, ¢ KOahdunuen-

TOM, IOJIyYeHHLEIM HA TPEThLEM IIare.
. o

IIpumep 1. YOpPOoCTHTE BEHIpaXKEeHHE
2a%h — Ta - 0,5ba + 3b - 2a - (- 0,5a).

P e m e H u e. Peus ujieT o ci102xeHUN ONHOYJIEHOB, 3HAYMUT, OyaeM

JEeHCTBOBATH B COOTBETCTBHH C AJITOPUTMOM.
1) IlepBhiit ofHOYIIEH yiie UMeeT CTAHAAPTHBINA BUJ.
J1a BTOpOro ogHOYJIeHA HMeeM:
7a-0,5ba =(7-0,5) -(a - a)b = 3,5a%b —
3TO CTAHAAPTHHIN BHUJ.
IIpuBenem K CTaHAAPTHOMY BUAY TPETHIH OHOYJIEH:
B 8b-2a-(-0,5a)=3-2-(-0,5)" (a- a)b=—3a’.

2) Monyunau Tpu oxHouneHa: 2ab, 3,5ab, — 3a®b.
Onu nofo6HEI, TOATOMY ¢ HEMH MOXKHO IIPOU3BOAHUTE
JanbHeilIne AedCTBUA, T.e. NEPEXOAUTE K TPeTbeMy
mIary aJiropuTMa.

3) Haiizem cymMMy Koa(WpHIIMEHTOB TPeX IOJy4YeH-
HEIX ofHOWIeHoB: 2 — 3,5 —3=-4,5.

4) Banumewm otser: — 4,5ab. (m]

%lﬂ
e

|
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Mpumep 2. Ilpeacrasuts ogHouseHn 27ab® B BUme CyMMBI OX-
HOYJIEHOB.

PemieHHe. 30eck B OTIMYHE OT PACCMOTPEHHLIX paHEe IIpHUMe-
POB pellleHHe He eAUHCTBeHHOe (a pasBe B JKH3HH BO BCEX CIYYAAX BHI
MoOXKeTe HaWTH enuHcTBeHHOe pemeHue? MHoraa pemneHuii HeCKOJb-
KO, 8 HHOT/Ia pellleHHuA U BoBce HeT). Mo)KHO HanucaTs:

27ab? = 20ab® + Tab?,
¥ aTo OyaeT BepHo. M03HO HATIHCATE:

27ab? = 15ab? + 12ab?,
4TO TaKkKe Oyzer Bepro. Mo)XHO HamucaTh TaK:
27ab® = ab® + 26ab*

H JaKe TakK:
27ab? = 100ab? — 73ab?.

MorxHO yKasaTh eme paj pemenuii. [asHoe, 4To66I cymma Koaddu-
IIHEHTOB CKJIaAbIBAEMBIX IIOA0OHKIX OfHOYJIeHOB OblIa pasHa 27.

Kcratn, He 0653aTeIbHO COCTABJATHL CYMMY JABYX OJHOYJIEHOB
(B ycioBHM Beib 3TO He OrOBOPEHO). 3HAYHUT, MOXKHO NPEAJIOMKHUTE,
Hanmpumep, Takoe pemenue: 27ab? = 20ab? + 4ab? + 3ab®.

Wnu Takoe: 27ab? = 2ab? + 8ab® + 22ab’ — 5ab?. Cl

ITonpobyiiTe caMu NpUAYMATE ellle HeCKOJIBKO pellleHni npumepa 2.

Mm zakaH4YMBaeM H3ydyeHHe TeMhl «Clo)KeHUe U

BLIYUTAHUE OHOYJIeHOB». Ho BEI, HaBepHOe, omymae-
Te KaKyIo-TO HeJJOroBOpeHHOCTh. Majio s ¢ KakumMu
e egtind OZHOY/IIEHAMH HAM NPHUAETCA HMeThb JeJ0 B JajibHeH-

meM, a BAPYT cpefu HuX OyayT HenmomoGHEIe? YUTO
JenaTh, €CJH, COCTABIAA MATEMATHYECKYI0 MOZAENb
peayIbHOM CHTYalUH, MBI NPUIIIXA K BHEIPAXXEHHUIO,
npeAcTasJaAImeMy coboil cyMMy HemofOOHBIX OAHOYJIEHOB, HAIPHMED
2ab + 3a — 5b? MaTeMATHKH HANIJIH BBIXOJ M3 IOJIOMKEHHA: TAKYIO
CYMMY HA3BAJIH MHO204/]l€HOM, T.€. BBEJY HOBOE IOHATHE, U HAYYH-
JIMCh IIPOM3BOJAHMTL ONepanyy Haj MHorodjgeHaMmu. Ho ob6 aTom peub
BIepeAu, B riase 6.

B zaxJroyeHHe HACTOSAIIETO naparpadga paccMOTPHUM KOHKPETHYIO 3a-
Jiady, B IPOLECCe PelleHUs KOTOPOH NPHUXOAMTCH CKJAARIBATH OLHOWIIE-
HBI. JT0 JIMIUHMHA pas yOeAuT Bac B TOM, YTO B MATEMATHKE IIPOCTO TAK
HHYero He U3y4aeTcA: BCe, YTO B Hell HApaboTaHo, IPUMEHSETCS B JKU3HH.
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IIpumep 3. Typuct men 2 4 NEIIKOM U3 MYHKTa A B IYHKT B,
sateM B B oH ceJ Ha KaTep, CKOPOCTb KOTOpPOro B 4 pasa Gosbine cKo-
POCTH TYPHCTAa-TIeIeX0Aa, ¥ exak Ha KaTepe 1,5 4 go nyaxra C. B C on
ceJs1 Ha aBTO0yC, CKOPOCTH KOTOpOro B 2 pa3a GoJbille CKOPOCTH KaTepa, ¥
exan Ha HeM 2 4 10 nyHKTa D. C KaKoOH CKOPOCTBIO exas TYpPHCT Ha
aBTOOyCe, ecJii M3BECTHO, YTO BECh ero IyTh 0T A o D coctaBui 120 km?

Pemenmne.

Ilepshiit atan. Cocmasnenue mamemamuieckoii modenu.

Ilyets X KM/4 — cKOpOCTH memexofa. 3a 2 4 OH mpoiger
2x KM.

Hs ycnoBus caeayeT, 4ToO CKOpPocTh KaTepa 4x kM/4. 3a 1,5 4 ka-
Tep npoiiaet nyTh 4x - 1,5 KM, T. e. 6x KM.

W3 ycnoBus cnepyer, 4To CKopocTh aBTobyca paBHa 2 - 4x Km/d,
T. €. 8x KM/4. 3a 2 4 aBTo6yc npoeger 8x - 2 KM, T. e. 16x kM.

Becs nyTs ot A go D paseH 2x + 6x + 16x, uto cocrasisier, mo
yenosuio, 120 kM. Takum obpasom,

2x + 6x+ 16x =120.

9T0 — MaTeMaTHYeCKasa MOJAEJb 3aJa4u.

Bropoii sTan. Pa6oma ¢ cocmasaerHoil Modenvio.

Cinoxus ogHouneHn 2x, 6x, 16x, monyuum 24x. 3HaAUHT,
24x = 120, oTKyza HaxXoguM: X = 5.

Tpetwuii aTan. Omeem Ha gonpoc 3adaxu.

3a x MBI IPUHAJH CKOPOCTh NeEIIexofia, OHa paBHa 5 KM/4. Cko-
pocThs Karepa B 4 pasa Goabiue, T.e. 20 KM/4, a ckopocTs aBTobyca
eme B 2 pasa Goabmre, T. e. 40 km/4.

O T B e T: ckopocTk aBTOGYca 40 KM /4.

§22. YMHOXEHME OJHOYNEHOB.
BO3BEAEHWE CAHOMNEHA
B HATYPAJIbHYIO CTEMEHb

B § 21 Mm paccMaTpPHBAJIM CJIOKeHHEe ¥ BEIYHTAHHE OOHO-
unenoB. OKas3aJoch, YTO 3TH ONEpPalUy MPUMEHMMBI TOJBKO K II0K006-
HBIM OAHOYJIEHAM. A Kaxk OGCTOMT HeJI0 ¢ YMHOX(EHHEM ONHOUYIEHOB?
Ouens mpocTo: eciiM MeXXAY ABYMA OJHOUJIEHAMM IOCTABUTH 3HAK YM-
HOXXeH!A, TO CHOBAa MOJIYYHUTCH OAHOYJIEH; OCTAETCH JIMIIbL IPHUBECTH
€r'o K CTAHZAPTHOMY BHUAY ((aKTHYeCKH 3TO MEI YXKe JieJlajii B IpuMepe
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us § 20). He BrIzbIiBaeT saTpyAHeHHH U BO3BelleHHEe OJHOYJIEHA B CTe-
neHs. IIpu 5TOM HCIOJIB3YIOTCSA MPABHIIA AEHMCTBHII CO cTeneHAMH (dak-
THYecKH B mpumepe 3 u3 § 18 Mur yiKe BOBBOAMIM OAHOYJIEH B CTENIEHB).

IMpumep 1. Haiitu nponssesienue Tpex oxHo4ieHOB: 2a2bc’,

3
Za%xs u a?b.

PemeHnue.

(2a%bc®) - (gaacxa ) (a%b) = (2%) (a%a%a?) (b-b) (c’c)x® = 1,5a"b2c5x®. (W

IMIpumep 2. Ynpocrurs Beipaxkenue (— 2a%bc®)® (1. e. npencra-
BUTB €r'0 B BUJle OfHOUJIeHA).

Pem e u u e. (— 2a%bc®)® = — 2%(a?)°b*(c®)® = — 82a'%b°c’5.

MBI MCIIOTE30BAH, BO-TIEPBEIX, TO, UYTO IIPX BO3BeJeHUH IIPOU3Be-
JIeHUS B CTeNeHb HAJ0 BO3BECTH B 3Ty CTENeHb KAXKABIH MHOMHUTENb.
IloaTomy y Hac moasuiaack 3anucek 2°(a?)®b%(c?)°.

Bo-BTOPBIX, MBI BOCIIOJIb30BAJIHCH TeM, 4To (— 2)° = — 25,

B-TpeTsuX, MBI HCIOJIB30BAJIM TO, YTO IPH BO3BEJEHUU CTENIEHHU B
CTeNneHb NMOKA3aTeNM NepeMHOMXKa0TeA. IloaTomy BMmecto (a?)° Mur Ha-
mucanu a'®, a Bmecro (¢%)® mur manucanu c'®. (m]

Npumep 3.IIpeacrasurs ogaounen 36a?b’c® B Bume mpousne-
JieHNsA OAHOYJICHOB.

PemeHue. 3aecs, Kak u B npumepe 2 us § 21, pemrenue He
euHCTBeHHOE. BOT HECKONILKO BADHAHTOB PEIIEHUA:

36a%b'c® = (18a?) - (2b%c®);

36a%b"c® = (36abc) - (ab’c?);

36a%b'c® = (- 3b%) - (— 12a%c®);

36a’b*c® = (2a?) - (8bc) - (6b3c?). @
IlonpobyiiTe caMi NPUAYMATE ellle HeCKOJIBKO pellleauii mpumepa 3.

IIpumep 4. Ilpeacrasurs nanHENi ogHOWIeH A B Buge B”, rae
B — opHO4YJIeH, eCcJId:

a)A=232a% n=>5; r)A=-27a%° n=3;

6)A=a%5 n=3; ) A=16a%° n=4.

B) A = 49a%b%c%, n=2;
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——

Pemenmue.
a) 32a° = 2°a® = (2a)°. Buaunr, A = B®, rne B= 2a.
6) a®b® = a®(b?)® = (ab?)®. CnenoBarenvro, A = B, rne B = ab®.
B) Tak kak 49a%b'c® = 72a2(b*)%(c®)? = (7ab’c®)?, To A = B2, rue
B = Tab?c®.
r) Mockonbky —27a%h® = (- 3)%a’(b%)® = (- 3ab®)?, saxmouaem, uTo
A=B? rue B=—3ab’.

n) C onHounenom 16a®h® y mac uuuero me nmonyuurcsi. [loyemy?
IlaBaiite paccyxaath. Eciu 6u1 He 6but0 MEOMHTens b°, To sajaua
pemasnack 6u1 Gea Tpyaa: 16a® = 2%a?)* = (2a%)*; ecau 611 BMecTO b°
6BLT MHOKHMTeJIb, HapuMep, b'%, To MEI pemmm 61 3a1aUy TaK:

lsaﬁbl?. s 24(a2)4(b3)4 = (202b3)4-
Onnako mEOkUTENs b° Henb3a npencrasuTs B Buge (b*)!, rome B — Ha-
TYPaJbHOE YHCJIO; 3TOT MHOMXHTENb, KAK IOBOPUTCH, <«IOPTHT BCE
neno». 3uauur, oxHouneH 16a®h® menn3a npepcraBuTs B Buge B, roe
B — HeKOTOpEIi OHOYJIEH. (m]

IIpumep mokasbIBAET, YTO B MATEMATHKE JAJIEKO He BCe IOJy4aeTcH,
He y00asA 387248 UMeeT pellleHre (KaK ¥ B PEabHOH KHU3HH).

KcraTu, eciim MaTeMaTHKy NpeAJaraloT PEeLIUTh 3a4a4y, KOTopas
ABHO He HMeeT PellleHus, TO OH TOBOPHUT: «3adaua nocmasnena He-
KOppeKmHo» UIHN «I3TO — HekoppekmHasa 3adaua». Tor, KTO NIpeaso-
JKHMJI HEKOPPEKTHYIO 381a4y, AOJDKeH U3BMHUTLCA. BoT U aBTOp M3BH-
HAeTca 3a npumep 4x). XOTA COIJIacCHTeCh, YTO OH OnlI naH He Ge3s
TOJIB3HI.

Pa3s y:X MBI 3arOBOPHJIH O KOPPEKTHBIX H HEKOP-
PEKTHBIX 3aja4Yax, NIPHBENEeM elle HeCKOJbKO IpuMe-
POB M TeX, H APYTHX, 4 BEl NONHTaiTech 00BLACHUTD,
noyeMy 3aa4a KOPPEKTHA UM HEKOPPEKTHA.

EHUMARUE

Koppexmnuie 3adauu:

. Yupocturs 2ab?- (3ab)®.
. Yupoctuts Tab + 8ab + ab.
2,7+3,8

2-6

. BBEIYHCIHUTH .
. IIpencrasuts ogaowren 13a*h® B Bue CYMMBI OIHOYJIEHOB.

- W N
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5. Ilpepcrasuth oxHowreH 48x°y°z B BHje mpousBenenus omHO-
YJIEHOB.

6. IlpexncrasuTs ofHOueH A = 25a B BUZle KBafpaTa HEKOTOPOTO

oxHOYJeHA B.
Hexoppexmnuie 3adayu:

1. Crnoxurs ogaounens: 3ab?, 5ab® u Tab.

2,7+3,8
6-6

3. IlpeacraBuTh ogHOUNEH A B BHUJIe KBaJpaTa HEKOTOPOIO OJHO-
yneHa B, ec;n A = — 254,

4. HaiiTy TOYKy nepecedeHUd NpAMBIX y =-3x+ 1uy=-3x+ 5
(cm. npumep 1 6) B § 10).

2. Broiuncauts

§ 23. QENEHME OQHOUNEHA HA ORHOMNEH

YTo TaKOE OTHOYJIEH, MK 3HAEM; KAK OQHOYJIEHBI CKJIabI-
BaTh, BHIYUTATE, IEPEMHOMKATE H JJa)Ke BO3BOAUTH B CTelleHs — obcy-
mamu. Ho Befs uMeeTcd eme ogHa apudMeTHYECKas onepanus — fe-
JIeHHe, onepanud, oOpaTHas YMHOXeHHI0O. MOKHO i ORITE YBepeH-
HBEIM B TOM, YTO OIlepalid JeJleHHA OJHOYJIEHA HA ONHOYJIEH BCerga
BBINIOJIHUMA& — B TOM CMEICJI€, YTO B YACTHOM NOJYYHTCH O,IlHO‘IJIeH?
Bort 06 3TOM M mOroBOpHM.

DIpumep 1. Onupasick Ha cBoicTBa apudMeTHYECKHX Heii-
CTBHil, MONEITAEMCH BRITTOJHUTE JleJIEHNEe OfHOYJIEHOB:

a)10a:2; B) 36a%0° : (4ab?); n) 4x3 : (2xy);
4
6)18ab: (3a); 1) Y’z : (- 2x%y%2); e)a?:ad.

Peme H u e. a) Bocmoneayemcsa TeM, 4TO eCJIH

% IpousBefeHHe ABYX YMCEJ AeJIAT Ha TPeThe YHCIO, TO
%J MOJKHO PasfieJIuTh HA 5TO YMCJIO OAUH U3 MHOKHTENeH
f M IOJy4YeHHOe YacTHOe YMHOXKHUTE Ha APYrod MHOMKH-
Tenb. (Benomenau? Hanpumep, (12-4):3=(12:3)- 4=
=4-4=16.) Hmeem:

10a:2=(10:2)-a = ba.

6) Paccy»xnas, Kak B IPHMepe a), mojaydyaem:
18ab:(3a)=(18:3)(a:a)b=6-1-b=6b.
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5. OOHO4JIEHLl. APUOMETUHECKME OMEPALIMU HAL OOHOYNEHAMM

B) 36a%h° : (4ab?) = (36 : 4) - (@® : a) - (b° : b%) = 9a®! - b°2 =
= 9a’b®.

Heorpa yno6GHee BMecTO 3HaKa JAeJIeHUA (i) HCIONb30OBATH YEPTY
Apobu. BoT kak Toraa 6yer BEITISAETh PelIeHHe IpUMepa B):

36a®° 386 a* b
4ap® 4 a B
r) 3Aeck MBI MCHOJL3yeM KOMGMHUPOBAaHHYIO 3allUCh pelleHHMd,
T. €. ¥ 3HaK JleJIeHUs, ¥ 4epTy Apobu:
4 55 . o (4.9 X¥2 _
?-x:“yz.( 2x3yz)—[7-( ) o
4 B

b4 2 2
— 5.5 22110 =-2,
7-2 53 ﬁ 2 7 7
3zech Bce BEPHO, HO, KAK FOBOPAT MATEMATHKH, HEPAUUOHALLHO,
MOCKOJBLKY cpasy 6uL10 sicHO, uTo x°y%2z : x%y%z = 1 (baxTHYecKku BrIpa-
JKeHHe JeJINTCA caMo Ha cebs).

4173 (2 - 4_x3 _______ 9 L N 0

R @)= 5“5 % "33y

9T0 He OFHOYJIEH, 3HAYMUT, pasAeauTh 4x° Ha 2xy
HeJib3A (B TOM CMEBICJE, YTOOKI B YACTHOM IOJYYHJICH
OHOYJIEH).

e) 1 oTa saaua HeBHIIOJNHKEMA, TAK KAK MBI [IOKA He yMeeM JeJINTh
IIPH OJHOM H TOM JXe OCHOBAHHMH CTelleHb C MEHBIIIMM IIOKAa3aTeJieM Ha
CTemeHb ¢ GONBIINM IIOKA3aTeIeM. (=]

Mzl paccMOTpeNnH IIECTh IPMMEPOB, U3 HHUX YeThIPE OKA3SAJINCh
KOPPEKTHBIMH, & ABa (mociefiHUe) — HEKOPPEKTHHIMHU (3TOT TEPMUH
MbI BBeJIH B § 22).

IIpoarannsupyeM Teneps pellleHHbIe IPHMEPH! H monpobyeM ¢ 1o-
MOIIIBIO 5TOT'0 AHAJIN3a BRIACHUTH, KOrZla MOXXHO pasfelIUTh OAHOYJIEH
Ha OJHOYJIEH TaK, YTOOHI B YACTHOM CHOBA MOJYYHJICA ONHOYJIEH.

EctecTBeHHO, y06Hee, 4T0OR 06a ogHOYIEHA (M AeJIMMOe, H eI~
Tesip) OBLIM 3amMcaHBl B CTAHAAPTHOM BHJe (BmpoueM, 06 3TOM MEI
yesioBHIIHCE emme B § 21) ¢ oTIMYHBEIMY 0T HyJIA KosGQdHuIueHTaMH.

SHUMdNue

IMepeoe nabnrwdenue. B nenurene He AOMKHO OHTH mepeMeH-
HBIX, KOTOPHIX HET B IeJIMMOM (10 5TOi MPUYHHE MBI ¢CIIOTKHYJIHCH»

B npumepe 171)).
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Bmopoe nabnwdenue. Eciiu B e ITMMOM U JejinTesie €CTh OfHA U
Ta )Ke mepeMeHHas, IpUYeM B e JMMOM OHA BO3BOAMTCHA B CTelleHb 71,
a B feNuTeNle — B CTENEHE k, TO YHCJIO k He AOKHO GHITH OoJibie
yuciia n (I03TOMY MBI «CIOTKHYJIHMCh» B IIpUMepe 1e)).

Tpemve nabniwodenue. KospdHuueHTs AeIUMOro U AEIUTENA
MOryT OBITE JIOOBIMH (IIOCKOJIBKY MBI YMeeM JeJIMTh APYr Ha Apyra
ni00ble YUCIa, KpOMe, pasyMeeTcs, JAeJIeHNs Ha HYJb).

3HauuT, ecJH BaM INPEAJIOXKAT PAasfelIUTh ONHO-
YjieH Ha OJHOYJIeH, TO CHaYaja ybeguTech, 4TO 3a4a4a
KOPPEKTHa, T. €. IPOBeAUTe YKasaHHLIE HAGIIOAeHUA 1
ybenuTech, 4TO Bce B nopAake. B cayuyae, Korga sagaga
KOPPEKTHA, pemiaiiTe ee mo o6pasny npumepa 1.

ODpumep 2. Yupocturs 48a'b’cd : (36ab3cP).

Peme H ue. 1) 006a ogHOYNIEHA (M AeNUMOE, ¥ IeJIHUTEJIb) 3aIIuca-
HEI B CTAHAAPTHOM BHJE.

2) B gemumoM dUrypupyioT iepeMeHHEle a, b, ¢, d, B nenurene a, b, c.
JIMIIHKX ITepeMEeHHBIX B AeJIUTe)Ie HeT.

3) B penureie HeT cTENeHei, GONBIINX, YeM Y O{HOMMEHHEIX Iepe-
MEHHBIX B JeJIMMOM.

GHUMAHEE

B mI B O A: 3aaya KOPPEKTHA, OyZieM ee pelIaTh.
Hmeem:

8a%ed _ 48 o b F

o s Soig
36ab’c® 36 a b ° (]
Brl uyBcTByeTe, uTo B § 23, Kak m B § 21, ecTh

[

-as-bz-l-d=%a3b2d.

HEJOTOBOPEHHOCTh? A UTO K€ BCE-TAKH JAeJaTh, €CJIH

Eé OZHOYWIEH HA OSHOWIEH He paszenmica? Passe Mul 3a-
e CTpaxoBaHBI OT Takoi curyanuu? IlosToMy matema-
danee THKH BBeJIH HOBBIH 00BEKT — a.gizebpauyeckyro 0pobv.

BcenoMuuTe, Beb 1 0OBIKHOBEHHBIE P00 MOSABUINCH
M3-3a TOro, YTO BO MHOKECTBE HATYPAJNbHBIX YHCE Jie-
JleHHMe BHIIOJIHMMO He BCerja; HampuMmep, 14 zgenutcs Ha 7, a 13 He
penurca Ha 7. Kak sanuceIBaeTcsa oTBET BO BTOPOM Cliydae, KOrja Hajo
Bce-Taku pasgenuTs 13 1 7? OH sanuceIBaeTca B BuZe OOEIKHOBEHHOM

13
Apobu 7 - Anre6panyeckas ApoGs BCTpPeTHJIACH HAM paHee, B IPH-
2
Mepe 1x) — 310 OBLIO BHIpAXKEHHe > U, xoHeuHO, MaTeMATHKH
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HAYYUIUCE OIIEPHPOBATHL C 3TMMM HOBBIMH 00BbeKTaMu — ajrebpan-

yecKMMHM ApobaMu. Me1 6ynem u3yuaTh MX B Kypce anredpsl 8-ro KJjac-
ca, a BCTPeTHMCH ellle pas B § 35.

OCHOBHbBIE PE3YJIbTATbI

IlepeuncivM rjiaBHOe M3 TOTO, YTO OOCY3KAAJIOCH B 3TOM
TJjiaBe, a BBl IPDOBEPLTE, 3HAeTe JH BhI TO, YTO HAITHCAHO HHXeE, H CMO-
JKeTe I 00BACHUTE 9TO MOCTOPOHHEMY YE€JIOBEKY.

HTak, OCHOBHOE H3 TOT'0, UYTO BBI JOJIKHEI OLLIH M3Yy4YUTE B IJIaBe 5:

TNOHATHE OJHOYJIECHA;

3anuch OJHOYJIEHA B CTAHZAPTHOM BHJE;

MOHATHE K03 PUINEHTa OQHOYJIEHA;

NOHATHE NOAOOHBIX OJHOYJIEHOB;

KaKHe OJHOYJIEHBI MOKHO CKJIAIBIBATE (BEIUMTATE), KAKHE
HeJb34;

KaK CKJIAABIBATh (BRIYNUTATH) NOACOHBIE OJHOUJIEHEI;

KaK IPeACTABUTHL OAHOWIEH B BHAE CYMMBI OAOGHBIX O~
HOYJIEHOB;

KaK IIepeMHOXKATh OJHOYJIEHE];

KaK BO3BECTH OfHOYJIEH B HATYPAJLHYIO CTEIEHb;

B KaKOM cJiy4ae OAWH ONHOWIEH MOJKHO pasielWuTh Ha
JAPYro# ¥ KakK 9TO cHeJaTh.



cnagall MHOTOUTIEHBL.
APUOMETMYECKME OMEPALMM
6 HAZL MHOTOYNEHAMM

& 24. OcHoBHbie NOHATHSA

§ 25. CrnoseHue u BbIYMTaHNE MHOIO4YNEHOB

§ 26. YMHOXeHne MHOroYneHa Ha O AHoYIeH
§ 27. Y MHOMeHue MHOro4YneHa Ha MHOro4neH
§ 28. Mopmynel COKPALYEHHOIO Y MHOMKEHMS
§ 29. [leneHne mHOroyneHa Ha o gHo4YneH

§ 24. OCHOBHBIE NOHATUS

B riaBe 5 MBI y:xe oTMeuasH, 4TO He JIIOOble OAHOYJIEHEI
MOYKHO CKJIAZBIBATH M BRIYUTATD, 4 TOJBKO NOA00HEIE; TAKIKE OTMEeYa-
JIX ¥ TO, YTO peajbHas 3a7a4a MOXKET IIPUBECTH K TAKOM mMaTeMaTu-
YeCKOH MOJENH, B KOTOpOii OyeT CcOmep:KaThbCA CYMMA HeNOJOOHEIX
OZHOWIEHOB. [IJifA M3YYeHUsd TAKUX CYMM B MATEMATHKE BBEIEHO IIO-
HATHE MHOTOYIEHA.

OnpegeneHyre. MEOro4JIeHOM Ha3HIBAIOT CYMMY OZHOWIEHOB.
IIprMepsl MHOTO4JIEHOB:

2a + b; 5a%b — 3ab? — 3ab® + Tc; B+xt+x2-2.
PasymeeTcs, CyIIECTBYIOT ajnrebpanyecKye BEIpAKeHHUA, He ABJIA0-

muecs MEorowiedamu. Hanpumep, '1—; , 2x% + 5y — 2
Yy

Cnaraemeie (OJHOWIEHH!), U3 KOTOPBIX COCTOMT MHOTOYWIEH, Ha3bl-
BAOT WIEHAMH MHOIrOYJIEHA: €C/I¥ HUX ABAa, TO I'OBOPAT, YTO AAH ABY-
ynen (Hanpumep, 2a + b — ABy4JIeH), eci UX TPH, TO TOBOPAT, YTO AaH
Tpexwien (Hanpumep, 5a® — 2¢b? + Te — Tpexwren). C 3TOM TOYKM

102



6. " MHOIO4NIEHBI. APUDMETUHECKME OMEPALIMKM HALL MHOTOYNEHA MM

3PEeHUS CTAHOBUTCHA MOHATHEE TEPMUH «OAHOUYJIEH» U
TO, YTO OFHOYJIEH OOBIYHO CYUTAIOT YACTHEIM CJIy4aeMm
MHOI'OYJIeHa.

3ameyaHue. Fosopat, B AdpHke ecTb NNems, Cuw-

MHOro4nen TalOLWEee TaK: «oauH», «OBa», «Tpu», «mHoro». Hawa

YneHsl TEPMUHONOMMA NPUMEHHTENLHO K MHOrOYNEHam Hano-
Rra—. MMHAET a(PPHKAHCKYIO: ORHOYNEH, ABYYNEH, Tpexunex,
AByHiieH MHorouneH (0BbIMHO HU «HETBIPEXYNEH», HU «NATHUNEH» He
rpexuneH roBOpAT).

Teneps NOArOTOBUMCH K BOCIPHUATHIO CEPHE3HOIO MIOHATHA.
PaccMoTpuM MHOro4JI€H

1
2ab?: 3a%h — 5a — Ta + 3b% - aazb"‘- 6a — 2b°.

To, 4TO 3TO — MHOI'O4JIeH, COMHEHHUIO HE NOAJIEKHUT (II0OCKOJILKY 3aIH-
caHa CyMMa OfHOYJIEHOB), HO HDABUTCS JIM BaM Takas sanuck? Hasep-
Hoe, HeT. [Touemy?
Bo-nepBrIx, ogHouseH 2ab?+ 3a®b He 3anucaH B cTAHAAPTHOM BUJE,
a MBI 3HAa€M, YTO CTAHAAPTHBII BUJ — Haubosiee yIo0HAA 3aMCh OJHO-
yrena. IIpuBess ero K cTaHAAPTHOMY BUAY, noixy4uum 6a3b®.
AHaJIOTMYHO HAZIO IPHUBECTH K CTAHZAPTHOMY BUAY €Ile OAVH WIEH

1
MHOTOYJIEHa, & IMEHHO —3 a’b?: 6a. Monyunm —2a°b>.

Teneps 3anuck JaAHHOTO MHOIOWIeHA IPHHUMAaeT OoJiee MPUATHBINA
Buz: 6a®b® — 5a — Ta + 3b% — 2a®b® - 2b%.

Bo-BTOpPBIX, IOCKOJILKY OT IIEPEMEHEI MeCT CJIaraeMbIX cymMMa He
MeHseTCs, NoA00HBIE OAHOYWIEHEI MOXKHO PACIOJIOKHTEL PAJOM, & 3a-
TeM CJIOXKHTh.

IMonyuum:

(6a°b® — 2a®b®) + (—5a — Ta) + (3b — 2b%) = 4a°b® — 12a + b°.

IIpaBna, oOBIYHO MOAOGHBIE OGHOWIEHK! B MHOTO4YJIEHE He mepe-
CTaBJIAIOT, UX OAHHAKOBO MOJYEPKUBAIOT, & IOTOM CKJIAJbIBAIOT:

6a%b® — 5a — Ta + 3b% — 2a%b® — 2b% = 4a%b® — 12a + b2,

9Ty npoueaypy HassIBalOT NPUBeIeHHeM IONOGHBIX YIeHOB.
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Eciu B MHOTOYJIEHE BCe UJIeHBI 3aIUCAHBI B CTAHAAPTHOM BHJE M
[IpUBeEeHb! OJ00HBIE WIEHEI, TO FOBOPSAT, YTO MHOTOYJEH IPUBEIEH
K CTaHAapTHOMY BHAY (MJIM 3amuCcaH B CTAHZADTHOM BHJE).

Teneps Bbl IOHUMAaeTe, nouemy 3anuck 4a’b® — 12a + b® npeamnou-
THTeJbHee IepBOHAYaNbHOH 3aInCH:

1
2ab®- 3a’b - 5a — Ta + 3b% - 3 a’b®- 6a — 2b%?
Jeno B ToM, YTO NEPBOHAYAJIBHAA 3alIMCh — HE CTaH-
JapTHEIH BUJ MHOro4JeHa, a 4a®h® — 12a + b?> — cran-
HapTHBIN BHI.
JI1000if MHOIOYJIEH MOYKXHO IIPMBECTH K CTAHAAPT-

npHeegexnmne

10A06HBIX HOMY BHJY. YCJIOBMMCA B JaJIbHEHIIIEM Bcerja ¢ sToro
YneHos HAYMHATE — TaK yAoOHee NpPOM3BOAMTHL AECHCTBHA C
- MHOTO4JIEHaMH. )

s OO6BIYHO MHOrO4JIeH 0603Ha4aroT OyKBoi p mim P —
PR ACSRTIRE c aToii GyKBH HauMHAETCA rpedeckoe cjioBo polys

(«MHOTHIT» , « MHOTOYHCJIEHHBIH » ; MHOTOUYJICHBI B MaTe-
MaTHKe HashIBAIOT TaKXKe nojuHomamu). B 0003HaueHHe BKIIIOYAIOT H
nepeMeHHbIe, M3 KOTOPBIX COCTOAT WieHk MHorowiena. Hanpumep, MEOrO-
unen 2x% — 5x + 3 06o3HAYAIOT P(X) — UMTAIOT: «II3 OT UKC»} MHOTOWIEH
2x* + 8xy — y* 0bosHAUAIOT P(X; y) — UUTAIOT: «II3 OT UKC, UTPEK» M T. JI.

Il p 1 m e p. [lan MHOTO4YJIEH

p(x;y) =2x - 8xy? — Tx® 2x — 3x* + 2y* + 5x%y% — 2xy - 442

a) 3amucaTb ero B CTAHAAPTHOM BHE;

0) Beruncautse: p (1; 2); p(—1; 1); p(0; 1).

PemeHnue.

a) 2x - 3xy® — Tx® - 2x — 3x* + 2y* + 5x%y% — 2xy - 4y* =
= 6x%y® — 14x* - 3x* + 2y* + 5x%y* - 8xy® =
=11x%% - 17x* + 2y* — 8xy® —
CTAHAAPTHLIH BHJ MHOrO4YJIEHA.

6) 3anuce p(1; 2) o3HaYaeT, YTO HYIKHO HANTH 3HAYEHHE MHOTO-
wieHa p (x; y) npu x = 1, y = 2. Beruucienus GyieM NIPOU3BOIUTE AJIA
MHOTO4YJIEHA, 3aIIMCAHHOTO B CTAHJAPTHOM BHJIE:

p(x;y) = 11x%y? — 17x* + 2* - 82>,

Hmeem:
p(1;2)=11-12-22-17-1+2-2¢-8-1-23=
=44-17+32-64=-5.
Hrak, p(1; 2) = -5.
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AHaJIOTHYHO
p(-1;1)=11-(-1)2-12-17-(-1)*+2-11-8-(-1)-13=
=11-17+2+8=4,
T.e.p(—1;1)=4.

Haxogrer,
p(0; 1)=11-0%-12-17-0°+2-1*-8-0-1%=
=0-0+2-0=2,
Hraxk, p(0; 1) = 2. (m]

§25. CNOXEHUE U BbIYMTAHME
MHOTO4JIEHOB

B npeprigymem naparpacde Mel BBeJIM HOHATHA MHOTrO4Je-
HA ¥ CTAHJAPTHOrO BHAA MHOrowIieHa. Brl y)ke, HaBepHOe, HAYMHAETE
NPUBHIKATh K TOMY, YTO, BBEAs HOBOe MOHATHE, HAJO YYHUTHCA pabo-
TaTh ¢ HUM. B yacTHOCTH, Gy/ieM YYUTBHCA BHIIOJIHATH apudMeTnye-
CKHe ollepanuy HaJ MHOTO4JIeHAMH.

HaymHaeM co CJI03KEeHNA B BBIYUTAHHA. JTO OY€Hb IIPOCTHIE OIIepa-
IHH: YTOOBI CJIOMKHUTH HECKOJBKO MHOIOYJIEHOB, MX 3aMMCHIBAIOT B
ckoOKax co 3HAKOM «+» MeXAY CKOOKaMHM, PACKPHIBAIOT CKOOKM M
NPUBOAAT NOA00HEIe wieHEl. IIpy BEIMUTAHHMH OJHOI'O MHOTOYJIEHA U3
APYToro X 3alHCHIBAIOT B CKOOKaX CO 3HAKOM «—» IIepe/i BhIYHTae-
MEIM, PACKPHIBAIOT CKOOKM ¥ NPUBOJAT NOAOOHEIE YJIEHBI.

IIpumep 1.CloxXuTh MHOIOYJIEHBI:
a)p,(x)=2x*+3x -8 u p,(x) =5x+2;
6) p,(a; b) = a* + 2ab - b%, p,(a;b)=2a®-a®+ 3ab-b*+5,
ps(a; b)=a%—ab-b*—-4. '
P e u1 e H 1 e. a) OGo3HauuM cymMMy MHOrowIeHoB yepes p(x). Torza
p(x) = p,(x) + py(x)=
=(2x*+38x—-8)+(5x+2)=2x*+3x-8+5x+2=
=2x2+(8x+5x)+(-8+2)=2x2+8x—6.
6) OG03HaYMM CyMMY MHOTO4YJIEHOB uepes p (a; b). Toraa
p(a; b) =p,(a; b) + py(a; b) + ps(a; b) =
=(a®+2ab-b?)+ (223 —a®+ 3ab—- b+ 5) +(a*—ab—b* - 4) =
~a?+2ab-b'+26° - g* + Bab - b + 5 +a’ ~ab-b -4 =

=a?+ 4ab - 3b% + 2a® + 1. 0)
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IIpumep 2. HaliTy pasHoCTs MHOT'OYJIEHOB
pixsy) =2+ +2x+3y+5
polxs ) =22 —y®-5x+3y-1T.

PemeHnune. OGo3HaumM pAaSHOCTE MHOUOYJIEHOB 4epes

p(x; y). Torma
P (x5 y) =p;(x; y) —py(x5 y) =
=P+ +2x+3y+5)-(x*-y*-5x+3y-17=

=2+’ +2c+3y+5-22+°+5x -3y +7=2+7x+12. &

O6parurte BHuMarue: x° — x° = 0 u 3y — 3y = 0.

TloaToMy «MCUesu» OfHOWIEH X° u offHOWIeH 3y U3 co-

craBa 000MX MHOIOWIEHOB. B TAKHX ciyd4asix rOBODSAT:

s s x® u —x3, 8y u -8y 63aumno ynuwmonxcurucy (npasaa,

IIKOJLHUKY B TAKHX CJIy4dasx JIOOAT rOBOPUTE «COKpa-

THJINCh», HO TAK TOBOPHUTH HE CJIEAYET: TEPMHH «CO-

KpaljeHue» B MaTeMaTHKe NPUHATO ynorpebiaATh

TOJIBKO 10 OTHOIIIEHHIO K Apo0sAM; HANPHMED, MOMKHO COKPATUTEL AP0bL

15 3
0 ¥ TOTAIA Oy MTCH 1).

3aMeTHM, YTO CJIOXKEHHE ¥ BEMMUTAHHE MHOTOYIEHOB BBITIOJIHSIOT-
cs 110 OTHOMY M TOMY 3Ke IPaBUIIY, T. €. HEOOXOJHMOCTH B Pas/IMyeHUH
onepanuii CJI0}KeHH ¥ BHIUUTAHUSA HeT, 3HAaYMT, HeT ¥ 0co60ii Heo6x0-
AUMOCTH B HCIIOJIb30BAHHH IBYX TEPMHHOB «CJIOYKEHHE MHOTOYJIEHOB»,
«BBIYMTAHUE MHOTO4YWIEHOB». BMECTO HMX MOMKHO YIOTPEGUTH TEPMUH
anzebpauveckas cymma MHOzoYieH06. BOT HEeCKOJIbBKO NPHUMEPOB aJl-
re6padecKuX CyMM TPeX MHOTOWIEHOB P, (X), py(x), ps(x):

Pi1(x) + pa(x) + py(x);
Py(x) — py(x) + ps(x);
Pi(x) — po(x) — p3(x);
P2(x) — p3(x) + py(x).
Tenepb MBI MOM¥{€M IIOIBECTH UTOI' BCEMY CKa3aHHOMY B 3TOM IIapa-

rpade B BHAe cJEAYIOLIETO IMPABUJIA COCTABJICHHA ajirebpawmdecKoi
CYMMBI MHOT'O4YJIEHOB.
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4 o

IIpasuno 1. YmobbL 3anucamo anze6pauiecKyro cymmy HeCKOLb-
KUX MHOZOYJCHO8 6 eude MHOZOYJIEHA cmandapmuozo euda,
HYMCHO PAcKpbimeb CKOOKU u npuéecmu nodobuvie wiersl. IIpu
amom ecau neped ckobGkoil cmoum 3HAK «+», Mo npu packpvlmuu
cKobox Hado 3naru, cmoswjue neped caazaemviMu 6 CKOOKAX,
ocmasums 6e3 uamerenus. Ecau xce neped ckobKoll cmoum 3HAK
«—», MO NPU PACKPLIMUL CKOOOK HYMCHO 3HAKL, CIMOAWUe neped
clazaemvlMu 6 CKo0Kax, 3ameHums Ha NPOMUBonoaoxHcHble («+»

HA «—», «—» HA «1»).
5 B

A Teneprs 00f3aTeNbHO BEPHUTECh K mpumepaM 1 u 2 ¥ npokom-
MEHTHpY#HTe (X0Ta OBl AuiaA cebA) uX pelleHue ¢ MOMOINBIO 3TOrO mpa-
Buiia. Coenann? Torna paccMOTPHM 3aKJIIOUHMTENLHEIN MpUMep.

IIpumep 3.laHnl TPH MHOrOYIEHA:
Pi(x)=2x+x-8; py(x)=x*-38x+1; py(x)=5x>-2x—8.
Haittu anre6pan4ecKyio cyMMy

P (x) = p,(x) + py(x) — ps(x).
Pemenmue,.
p(x)=2x*+x-8)+(x®-38x+1)—(5x*-2x-8) =
=22 +x-8+x2-3x+1-5x2+2x+8=-2x2+6. (=)

§ 26. YMHOXEHME MHOTOUYJNEHA
HA OLHOUJEH

Bri, HaBepHOe, 3aMeTWIH, 4TO A0 cuX mop riasa 6 cTpou-
Jlack IO TOMY XKe ILIaHy, 4TO ¥ riasa 5. B ofenx riaBax cHa4aja BBO-
AOHUJIHCh OCHOBHBIC IMOHATHUA: B Ijase 5 910 OBLIM OJHOYIEH, CTAHAAPT-
HBIi BHJI OHOWIEHA, KO3(hdHUIHEeHT ONHOYWIeHA; B ryiaBe 6 — MHOIO4IeH,
CTAHJAPTHBIM BUJ MHOrO4YIeHa. 3aTeM B rjiaBe 5 MBI paCCMATPHBAJIH
CJIO)KeHUe ¥ BEIUYMTAHHME OJHOUJICHOB; aHAJOIWUYHO B IyiaBe 6 — cioxe-
HHE ¥ BEIYUTAHNE MHOIOYJIEHOB.
C Yro 661110 B rIaBe 5 nansme? Jlaabile Mbl TOBOpH-
A@f Jiu 06 YMHOXEeHUH OJHOYJIEHOB. 3HAYMT, 110 AaHAJIOT'UH,
“& 0 ueM HAM cJiefyeT moroBopHuTh Tenepk? 06 ymuOMKe-
HUM MHOrowieHoB. Ho 3/eck NPHJIETCA NelCTBOBATH
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He crema: cHayasa (B 97oM naparpade) paccMOTPUM YMHOMKEHHEe MHOIO-
YJieHA Ha ONHOYIEH (WX OJHOYIeHA HAa MHOIOYIEH, 3TO BCe PABHO), a
notoM (B cieayiomeM naparpade) — yMHOMXKeHHe JIIOOEIX MHOroYJIe-
HoB. Koraa Bel B MIaJIINX KJIaccax YYMIUCH IEPEMHOMKATD YHCJIA, Bb
Belb TOXKEe JAeHCTBOBAJIM IOCTENEHHO: CHAYAJIA YYHMJIMCh YMHOMKATH
MHOTO3HAYHOE YHCJI0O HA OAHO3HAYHOE W TOJBKO IIOTOM YMHOXMKAIH
MHOT'O3HAYHOE YMCJIO Ha MHOT'O3HAYHOE.

IIpucTyniuM x gerry. Ilpy yMHOMKEHMH MHOTOWIEHA HA OSHOWIEH HC-
TIOJIE3YETCA pacnpefe/INTe/IbHbIN 3aK0H YMHOKeHuA: (a + b)e = ac + be.

NMpumep 1.Bomonaurs yMaoxkerue (2a% — 3ab)+(-5a).

P e w e H 1 e. BBeieM HOBEIE IEpEMEHHEIE:

x=2a% y=-3ab,z=->5a.

Torga janHOe Npou3BeieHNE IepenuiIeTcs B Buae (x + y)z, 4To mo
pacIpeie INTeIbHOMY 3aKOHY PaBHO X2 + yz. Teneps BepHeMcH K CTa-
PBIM NepeMEeHHEIM:

xz + yz = 2a%- (- ba) + (- 8ab) - (- 5a).
Ham ocTaercs uie HaiiTh NpousBeieHUs 0gHOYIeHOoB. [Tomyumnm:
-10a® + 15a%.

ITIpuBeseM KpaTKYIO 3alMCh pellleHUA (TaK MBI U OyAeM 3amuchl-

BaTH B JlajbHEIIIeM, He BBOAS HOBBIX NIePeMEeHHEIX):

(2a® - 3ab) - (- 5a) = 2a? - (- 5a) + (- 3ab) - (- 5a) =
=—10a®+ 15a%. O

Tenepps MBI MOXKeM CHOPMYJIHNPOBATL COOTBETCTBYIONIEE IIPABUIIO
YMHOYKXEHHA MHOro4YieHa HA OZHOYJIEH.

Ilpaeuno 2. Ymobvl ymHOMCUMb MHO20YJEH HA
00HOUNEH, HYHCHO KaNCObLIL YeH MHOZ0YJIeHA YM-
HOX UMb Ha 3mom 00HOYJIeH U NONYYeHHble npo-
u3eederusn croHumb.

9TO Ke NPABUIIO NefiCTBYeT ¥ IPH YMHOMKEHNH OGHOYWIeHA Ha MHO-
TOYJIeH:

- 5a(2a® - 3ab) = (— 5a) - 2a® + (- 5a) * (- 3ab) = — 10a® + 15a%
(MBI B3AAM npuMep 1, HO IOMEHSIM MECTAMM MHOMKHUTEH).
IIpumep 2. IIpeacraBuTh 3afaHHBIA MHOTOYWIEH B BU/E IIPOU3-
BeIeHUSA MHOrO4JIeHA ¥ OJHOYJIeHA:
a) 2x’y +4x;  6)x®+ 3y°.
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P e m e H ¥ e. a) BameTumM, uto 2x%y = 2x * xy, a 4x = 2x * 2. BHauwur,
2%y +4x=xy-2x+2-2x=(xy + 2)- 2x.
0) B npumepe a) HaM yAanoCck B COCTABE KAXKAOI0 4jeHa MHOTro4Jie-
Ha 2x’y + 4x BBIENMTH OJMHAKOBYIO YACTh (OAMHAKOBHIA MHOMUTEJIb)
2x. Brech ke Takoi obmei yacTu Her. 3HauuT, MHOrowles x° + 3y°
HeJIb3A NPeACTABUTE B BHJE [IPOM3BEIeHNA MHOTOYIEHA ¥ OfHOWIeHa, (M)
Ha camoM Jiesie 1 MHOrowieH x> + 3y MOXXHO NpeJCTABUTL B BUJE
NpOM3BEeAEeHNs, HAIIPUMED, TaK:
x2+3y?=(2x%+6y%)- 0,5
HJIHM TaK:
22+ 3y =(x*+3y%)-1—
poM3Be/ieHHe Yucjia HA MHOTOYIEeH, HO 3TO HCKYCCTBEHHOe Ipeolbpa-
3oBaHMe U 6e3 00JB1I0i HEeOOXOOUMOCTH He MCIIOJIb3YEeTC.

Kcraru, TpeboBaHue npefcTaBUTh 3aXaHHBIH MHO-
TOWIEeH B BHJE NPOM3BEJIEHUSA OFHOWIEHA ¥ MHOIOYJIe-
Ha BCTPEYAETCH B MATEMATHKE JOBOJBHO YACTO, MO3TO-
vanaeme MY YKasaHHOM NpoleAyPe NPUCBOEHO CrIeUanbHoe Ha-

daper 3BaHUE: BblHeceHUue 00Wez0 MHONUMENR 34 CKOOKU.

3agaHue BBIHECTH OOIIMiI MHOMKHTENL 3a CKOOKH Mo-

KeT OBITh KODPEKTHBIM (KaK B mpuMepe 2a)), a MoxkeT GBITH U He cO-

BCEM KOPPEKTHBIM (KaK B mpuMepe 20)). B ciexyromeit riaase Mul cie-
IUAaNbHO PACCMOTPHMM 3TOT BOIIpOC.

B saxinoueHye naparpaga peiuM safa4yi, KOTOPEIE HOKaXKYT, YTO
npu paboTe ¢ MATEMATHYECKHUMH MOAEJIAMY PealbHBIX CHTYALHI NPH-
XOAUTCSH W COCTABJIATH aired0pavdecKyr cyMMY MHOrO4JIeHOB, M YM-
HOATH MHOT'OYJIeH Ha ofHOWIeH. Tak 4To 3TH onepanuy Mbl H3y4aeM
He 3p4A.

IIpumep 3.Ilyaxrel A, B 1 C pacnojiosKeHB! Ha 110CCE TaK, KaK
TOKaszaHo Ha pucyHKe 52. Paccrosinue Mesxay A u B paBHO 16 kM. M3 B o
HanpasiaeHmio K C Brimes nemexof. Yepes 2 u mocJe aroro us A 1o Ha-
npaenesvio K C BEIeXaj BeJIOCHIIEAWCT, CKOPOCTL KOTOporo Ha 6 Km/u
Goneirie ckopocTH memexona. Yepes 4 4 mocJie cBoero BEIE3A BEJIOCHIIE-
JAUCT JorHaJ nemlexofa B myHKTe C. Uemy paBHO paccTosHMe oT B fo C?

C B 16km A

Puc. 52

109



6. MHOTO4JIEHBI. APMDOMETHUYECKME ONMEPALIMKM HALL MHOTOHYJNIEHAMM

Pemenue.

Iepsuiit aTan. Cocmaenenue mamemamuieckoir modenu.

ITycTh X KM/4 — CKOpOCTE Iemrexofa, Torga (x + 6) kM/4 — cko-
POCTBH BEJIOCHIIEAUCTA.

Paccrosinue oT A 710 C BejJOCHIIEAHCT IIpoexaJ 3a 4 4, 3HAYUT, BTO
paccTofAHKe BeIpaxkaerca dopmysioi 4(x + 6) kM. Urak, AC = 4(x + 6).

Paccrosnune ot B po C memexop npoiren 3a 6 u (Begk N0 Bele3fa
BEJIOCHIIEIHCTA OH Y Ke OBLI B IyTH 2 4), CJIeA0BATENEHO, 3TO PACCTOMA-
Hue BeIpaxkaeTcs dopmyJioi 6x kM. Hrak, BC = 6x.

A Teneps 00paTuTe BHUMaHHE Ha pucyHOK 52: AC — BC = AB, T. e.
AC - BC = 16. 310 — OCHOBa JJIA COCTABJIEHHS MATEMATHYECKOM
mopenu sagaun. HanmomuumM, uto AC = 4(x + 6), BC = 6x; cienosa-
TeJBHO,

4(x+6)—6x=16.

Bropoii atan. PaGoma ¢ cocmaénertoir Modenvio.

Jns pellieHus YyPABHEHUSA IPUAETCH, BO-IIEPBEIX, YMHOXXHTH OJHO-
uyeH 4 Ha ABy4yieH x + 6, monyuum 4x + 24. Bo-BTOpEIX, IPHOETCA U3
aByuneHa 4x + 24 BelyecTs OJHOWIEH 6x:

4x +24 - 6x =24 - 2x.

ITocne aTux mpeoOpasoBaHUil ypaBHeHWe NpPUMeT OoJjiee MPOCTOM
BHA:

24 - 2x = 16.

Hanee mmeem:

—-2x=16 — 24;
-2x=-8;
x=4.

Tperuii aran. Omeem Ha eonpoc 3adayu.

Mgl DONYYMIIH, YTO X = 4, 3HAYHT, CKOPOCTh Iemexoga 4 Km/4.
Ho Ham Hy»XKHO HAaiiTH He 9TO, B 3ajiaue TpebyeTca HAWTH paccTOAHME
ot B go C. M=u1 ycrasoBuin, ytTo BC = 6x; 3Hauut, BC =6 -4 = 24.

O 1 B e T: pacctoaHue oT B fo C paBHO 24 KM.

IIpumep 4. Jlogxa mislia nNo TeYeHHU0 peku 34 12 MuH, a
saTeM npoTtuB TeyeHusa 1,5 4. HaliTu cobGCcTBEHHYI0 CKOPOCTH JIOAKH
(T. e. cKOpOCTEL B cTOSTYEH BOZE), ecIM M3BECTHO, YTO CKOPOCTH Teue-
HHUSA peKH 2 KM/4, a Bcero JIOAKOM npoiifes nyTs 41 kM.
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Pemenmue.

Ilepsriit atan. Cocmasaenue mamemamuyeckoil modenu.

ITycTs x KM/4 — cobGcTBEeHHAA CKOPOCTD JIOAKH, TOTJA 110 TeYEeHMIO
OHAa ILILIBET CO CKOPOCTHIO (x + 2) KM/4 (TeueHHe MOMOraer), & NPpOTHE
TeYeHUsI — CO CKOPOCTLIO (x — 2) KM/4 (TeYueHHe PeNnATCTBYET).

Ilo TeyeHuIo pexn Jogka nisa 3 4 12 MuH. IIocKONBKY CKOPOCTH
BEIpa’KeHa B KHMJIOMETpAaxX B 4ac, 3TO BpeM#A HaJO 3anmHcaTh B Yacax.

Hmeem: 12 Mmun = % y = % y = (0,2 u. 35aumT, 39 12MuH =3,24. 3a
3TO BpeM# CO CKOPOCTHIO (X + 2) KM/4 JIOAKOM! NpoieH Oy Th 3,2(x + 2) kM.
IIpoTrue TeyeHud yoAKa misuia 1,5 4. 3a 3TO BpeMs €O CKOPOCTHIO
(x — 2) xM/4 noaKo# npoiaer nyTs 1,5 (x — 2) kM.
ITo ycnoBuio Beckh ee nyTek paBeH 41 kM. Tak Kak OH COCTOMT M3
OYTH 110 TEYEHHUIO ¥ IYTH IPOTHUB TeYEHU S, TO IOJIydaeM:

3,2(x+2)+1,5(x—2)=41.

9Tto YpaBHeHHE — MaTeMaTH4YecKasa MOoJeJIb 3aaun.

Bropoit aran. Paoma ¢ mamemamuueckoii Modenvio.

Kak Bcerpma, Ha 2TOM a3Tane AYMaeM TOJILKO O TOM, KAK PeIlINTb
MOJeJIb — ypaBHEHHe, a He O TOM, OTKYJa 3TA MOJEeJIb B3sUJIACH.

BeINONIHKM B JIEBOI YACTH YPABHEHUA YMHOXKeHHe OfHOWIeHA 3,2
Ha JBY4IeH x + 2, ogHouseHa 1,5 Ha ABy4JieH x — 2, a 3aTeM HOJIy4eH-
HBI€ MHOT'OUJIEHE! (IBYYJIEHEL) CIIOMUM:

3,2x+ 6,4 +1,56x—-3=41;
4,7x + 3,4=41;
4,7x=41-3.,4;
4,7x = 37,6;

_ 376 _
X= g7 T.e x=28.

Tpetnit aTan. Omeem na eéonpoc 3adayi.

CopammuBaeTcs, 4eMy paBHa coOCTBEHHas CKOPOCTH JIOAKH, T.e.
yemy paBeH x? Ho oTBeT Ha 3TOT BOIpOC yike MONy4eH: x = 8,

O T B e T: cOBCTBEHHAA CKOPOCTD JIOAKH 8 KM/4.
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§27. YMHOXEHME MHOTOMIIEHA
HA MHOTOU4NEH

OByajieB NpaBHUIOM YMHOKEHUS MHOrOYJIeHA HA ONHOYIEH,
HeTPYZAHO CIEJIATh CJEAVIOMUI IIAT: IOJYYNTL MPABUIO YMHOMKEHUSA
JIOOBIX ABYX MHOrO4WIeHOB. PacCMOTPHM cHauajia MpOM3BeleHHe ca-
MEIX HOPOCTHIX (IIOCJIe OJHOYJIEHOB) MHOT'OYJIEHOB, 8 MMEHHO ABYy4WJe-
HOBa t+buc+d.
HUTak, nycTk HYHO pPacKpPHITE CKOOKHM B IpPOM3BEAEHUH
(a + b) (¢ + d). Beegem HOBYIO IEpEMEHHYIO m = ¢ + d, TOTAA IONYYHUM:
(@a+b)(c+d)y=(a+b)m=am+bm.
BepHeMca K HCXOHBIM IIePEMEHHBIM:
am+bm=a(c+d)+b(c+d)=ac+ ad+ bc+ bd.
Taxkum obpasomM,
(a+b)(c+d)=ac+ad+bc+bd.
AHaNOTrHYHO MOKHO IIPOBEPUTE, YTO
(a+b+ec)(x+y)=ax+ay+bx+by+cx+cy
(cpoenaiiTe aTO!l), T. €., KAK ¥ B CIy4ae YMHOXKEHUS ABYYJIeHA HA JBY-
YJieH, NMPUXOAUTCH KAMABIN 4YieH IMepBOr0 MHOIOYIEHA II00OYepemHOo
VMHOMKATH HA KAMAKIY YeH BTOPOro MHOTOYJIEeHA ¥ OJIYYeHHbIe Ipo-
M3BENEHUS CKJIAABIBATE.

IIpaenno 3. Ymobvl ymMHON UMb MHOZ0UIEH HA
MHOZOUJIEH, HYNHO YMHONUMYb KAXObLL YieH
00H020 MHOZO0YUAEHA NOOYepPedHO HA KaH oLl
yjeH 0pyz0z0 MHOZOUIEHA U NOLYYEHHbLE NPOU3-
8edeHus CLOHCUMD.

B pesyneTaTe YMHOM¥EHHS MHOTOYJIEHOB BCETJa MOJNYy4YaeTcA MHO-
ro4JieH, HaJio JHIIb IPHBECTH €TI0 K CTAHAAPTHOMY BHAY.
Il p 1 M e p. BHINOJIHUTE YMHOKEHHE MHOI'OYJIEHOB
py(x) =2x% - 5x + 1 m py(x) = 3x — 4.
Pemenuwue.
py(x) - pa(x) = (2x%* - 5x + 1) (8x — 4) =
=2x%-8x+2x%-(—4)+ (- 5x)- 3x +
+(—-5x) (—4)+1-3x+1-(—4)=
=6x® — 8x% - 15x% + 20x + 3x — 4 = 6x° — 23x% + 23x — 4. (ml
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e ———

OcoberHO BHUMATEIBHO HYXKHO CJIEIUTh 32 3HaKa-
MH KO3(dHUIUEeHTOB T€X OJHOUWIEHOB, KOTOPEIE IIOJIy-
YaIOTCA NPH pacKkpeiTHM cKobok. U eme oauH coBer:
€CJIM Y OJHOT0 MHOTOYJIEHA M YIEHOB, a ¥ APYroro n
YJIEHOB, TO B IPOM3BeleHUM JOJI3KHO OHITH (ZO npuBe-
obpamume NeHUsA NOAOOHEIX WICHOB) MmN YIEHOB; €CJIH YK€ UX He
bl mn, To BH YTO-TO IIOTEPSAJM, mpoBepbTe. Tak, B pac-
CMOTPEHHOM INpPHMEpe MBI YMHOJKAJIM TPEX4JieH Ha
JABY4JIEH, NOJYYMIIACH CYMMa IIECTH cJlaraeMuIx (a mo-
cJie MpUBeJeHUS NMOAOGHBIX YIEHOB OCTAJIOCH YETHIpe

cJaraeMaIx).

§ 28. ®OPMYJIbI COKPALLEHHOTO
YMHOMEHMS

HMeeTcs HECKOJNBKO CIYyYaeB, KOT/la YMHOXKeHHEe OZHOTO
MHOro4JeHa Ha APYroi NPHBOAUT K KOMIAKTHOMY, JIETKO 3allOMHHA-
I0IEMYCH pe3yibTaTy. B aTHX cliyuyadx OpeAnodYTHTeNbHee He YMHO-
JKATH KAXKIBIM Pa3 OAWH MHOTOYIEH HA JIPYTOM, a MOJb30BATHCA I'OTO-
BBIM Pe3yJabTaTOM. PaccMOTPHM 3TH ClIydyau.

1. KBagpaT cyMMBI H KBAJPAT PA3HOCTH
VMHOKHMM ABy4JieH a + b Ha ceDs, T. e. pacKpoeM CKOOKH B
npousBeieHuH (a + b) (a + b), uiam, 4TO TO e caMOe, B BhIPaKeHUU
(a +b)%:
(@a+b)’=(@+b)(a+b)=a-a+ab+b-a+b-b=
=a®+ ab+ ab+ b®=a® + 2ab + b°.
AHaNOrHMYHO IOJIYYaeM:

(@a-b)*=(a-b)(a—b)=a®—ab—ba+b>=a®—2ab+ b

Hraxk,
(a + by’ =a®+ 2ab + b%; (1)
(@ —b)®=a?—2ab+ b2 (2)
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% Ha obwiunoM siseike opmysy (1) uuraroT Tak:
@ | keadpam cymmel d6yx 6vipasyceHuil pasen cymme ux
.@ k6adpamoe nnrwc ux yoeoennoe npouséedenue.

P dopmyny (2) uuTaOT TAK: Kéadpam pasnocmu
deyx evipadcenull pasen cymme ux Keadpamos mu-

i HYC ux ydeoennoe npouseedenue.

o aney StuM GOpMyJIaM IIPUCBOEHEI CHelHalbHEIEe HA3BAa-
KBapar HUA: dopmyie (1) — kBagpaT cymmsl, opmyne (2) —
pa3HocTH KBaJpaT pa3sHOCTH.

Ilpumep 1. PacKpuITh CKOOKH B BRIPAYKEHUHU:
a) (3x + 2)% 6) (5a® — 4b%)%.

Pemenue. a) BocnonsayeMes popmyJioii (1), yuTa, YTO B pOJIH a

BEICTYTIaeT 3x, a B posn b — uucino 2. Iloxyumum:
(Bx+2)°=(8x)’+2-8x-2+22=9x%+ 12x + 4.

6) Bocmosbayemcsa opMmymnoi (2), y4TH, YTO B POJIH @ BHICTYIAET
5a2, a B ponu b BricTynaer 4b°. ITonyunm:

(5a%—4b%)? = (5a®)? — 2 5a? - 4b° + (4b%)% = 25a* — 40a%b® + 16°.(m

IIpu ucnons3oBaHuu GOPMYJI KBAAPATA CYMMEI HJIM KBaJpaTa pas-
HOCTH YYHUTBIBAMNTE, YTO

(—a-b)=(a+b)%
(b—a)’=(a-b)’
Bto caeayer ua Toro, uro (— a)® = a’.

OtrmetuM, uTo Ha dopmysax (1) u (2) ocHOBaHEI HEKOTOPEIE MaTe-
MaTudecKue GOKYCEI, IO3BOJIAIOMINE IPOU3BOSUTE BEIYUCIEHUSA B YMe.
Hanpumep, MOKHO IPAKTHYECKH YCTHO BO3BOAMTHL B KBAJApAT 4MCJIA,
oxaHYMBawImuecs Ha 1, 2, 8 u 9. Cmorpure:

712=(70+1)*=70°+2-70- 1+ 12=4900 + 140 + 1 = 5041;
912=(90+1)>=90%+2-90- 1+ 12=8100 + 180 + 1 = 8281;
69%=(70-1°=70°-2-70-1+12=4900- 140 + 1 =4761;
1022=(100+ 2) =100%+2-100-2 + 2% =
=10 000+ 400+ 4 =10 404;
482 =(50-2)*=50%2-2-50- 2+ 22 = 2500 — 200 + 4 = 2304.

Ho camuiil aneraHTHBIN QOKYC CBA3aH ¢ BO3BeJe-
HHMEeM B KBaJpaT 4yucell, OKaHYUBAKOIUXCA Hudpoii 5.
IIpoBegeM COOTBETCTBYIOIIHE PACCYKIAECHHMA NS 852,
SHUMaHue HMeeM:
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85%=(80+5)=80°+2-80-5+5%=
=80 (80 + 10) + 25 = 80 - 90 + 25 = 7200 + 25 = 7225.

3ameuaeM, YTO JJIf BEIYKCIeHUA 85° AOCTATOUHO OBLIO YMHOMHUTE 8
Ha 9 ¥ K MOJIy4YeHHOMY pe3yJbTaTy NPHUIHCATE cipasa 25. AHalorny-
HO MOKHO IOCTYNATh ¥ B Apyrux caydasx. Hanpumep, 352 = 1225
(3 - 4 =12 u K NONMyYEHHOMY YMCITy IPUNHKCAIH cripaBa 25); 652 = 4225;
1252 = 15625 (12 - 18 = 156 ¥ K NOJYYEHHOMY YMCJIY IPUIMCATN
crpasa 25).

IIpuBesieM KOKA3aTENBLCTBO OTMEYEHHOrO (haKTa.

IlycTe umcno a okavuuBaeTca nudpoit 5, aTo 3HayuT, uTo a = 10b + 5, rge
b — uucno, moayyeHHOE M3 YHMcJa @ orOpackiBaHMeM IocjefHel uudps 5
(sanpumep, 125 =10"'12 + 5; agecs b = 12). Torga

a® = (10b + 5)* = 100b 2+100b + 25 = 100b (b + 1) + 25.

ITosyunmu, yro uucyo b Hago yMHOMKUTE Ha b + 1, YMHOMKUTE NONTYYEH-
Hoe npousBefeHne Ha 100 u satem npubaBuTh 25. 3TO PABHOCHJIBHO TOMY,
4yTo K umciy b(b + 1) cnpasa npunucats 25. Hanpumep, s serunciaesns 1252
ymHOoxuM 12 Ha 13, nonyuum 156; cipasa npunumenm 25, nonyuum 15 625.

Pas y»x MBI ¢ BaMM 3arOBOPIIIM O Pa3iIMYHEIX JIIOOONBITHEIX 00CTOS-
TEJIbCTBAX, CBASAHHEIX CO CKYYHEIMHM (HA NEepBHIA B3rIsAx) dopMmyna-
mu (1) 1 (2), TO ZONOJHHM 3TOT PAa3rOBOP CJHEAVIOINMM reOMeTpHYe-
ckuM paccyxaeHueM. Ilycte a u b — nmosoxurtensHele ynucia. Pac-
CMOTPHMM KBaJpaT CO CTOPOHOI a + b u BEIpeKeM B JABYX €ro yriax
KBaJIpaTHl CO CTOPOHAMM, COOTBETCTBEHHO DaB-
HBIMU a ¥ b (puc. 53). |

ILnomaaes KBagpaTa co cTOpoHOil @ + b pasga b
(a + b)’. BToT KBaZpAT MBI padpesanu HaYeTeIpe | Ta T ':_5‘"

I
|

YacTH: KBaJpaT cO CTOPOHOM a (ero miomans
pasHa a®), KBaapaT co cTOpoHO# b (ero mwiomaap ¢
pasHa b%), aBa NPAMOYTONBHMKA CO CTODOHAMM @

u b (wromaapk KaJoro TAKOro NpAMOyroJibHHU- a b
ka paBHa ab). BHauur, (a + b)® = a® + b® + 2ab,
T. e. moayuuiau gopmyay (1).

2, PazHoCTh KBAPATOB
YMuOxuM AByuIeH a + b Ha nByuseH a — b:

(@a+b)(a—b)=a®—ab+ba—-b*>=a%- b

Hraxk,

[ (a+b)(a—b)=a2—b2.J 3)
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JIx060€e paBeHCTBO B MATEMATUKE YIOTPEOIAIOT KaK
clieBa HANpPAago (T. e. JIeBaA 4YACTh PABEHCTBA 3aMEHHA-
eTCA ero npapoi 4acThi0), TAK M cnpasa Hajeso (T. e.
IIpaBafd 4acTh PABEHCTBA 3aMEHSETCS €ro JieBoi ua-
cTb10). Eciin dopmyany (3) ucrons3oBaTh cieBa Hanpa-
pasHocTs BO, TO OHA MO3BOJAET 3AMEHUThL NpPOU3BEeZEeHHE
K8aaparTos (a + b) (@ — b) roToBEIM peaynbTaToM a® — b?. BTy xe

GopMysIy MOKHO MCIIOJIL30BATE CIIpaBa HAJIEBO, TOT/A
OHA IO3BOJIAET 3aMEHNTH PA3HOCTH KBaxpaTos a’ — b? npoussenenueM
(a + b) (a — b). Popmyue (3) B MaTeMaTHKe JaHO criealbHOe HA3Ba-
HHe — Pa3HOCTh KBaJpPaToOR.

3ameyaHme. He nytaiire TepmuHbl «PasHOCTb KBARPaTOB»
W «KBagpar pasHocTH». PasHocTs ksappatos — 310 &° — b?,
3HaumT, peusb uaert o chopmyne (3); kBapgpar pasHocTH — 310
(a = b)?, 3HaumT, peus unet o hopmyne (2).
Ha o6rruaoM aseike ¢popmysy (3) uuTamoT «crnpasa

HaJIEBO» TaK:

pasnocmov keéadpamoeé deyx evipaicenull pasna
npou3eedenuiIo CyMmo. IMUX 6bLPANHEHUIL HA UX pas-
HOCMb.

Il pu me p 2. BEIIOIHATE YMHOMEHHE:
(8x - 2y) (3x + 2y).
Pemenue.
(Bx — 2y) (3x + 2y) = (8x)? — (2y)? = 9x% — 412, '

IMIpumep 3.IIpencrasurs gsywier 16x* — 9 B Bune npoussene-
HHA IBY4YJIEHOB.

Peme H ue. Umeem: 16x* = (4x%)?, 9 = 3%, snauur, saganubIii
JABY4JIEH €CTh PA3HOCTH KBAJAPATOB, T. €. K HEMY MOXHO IPUMEHHUTH
dopmyny (3), NPOYUTAHHYIO cipaBa HayieBo. Toraa momyuynm:

16x* — 9 = (4x?)% - 82 = (42 + 3) (4x® - 3). (m]
dopmyiaa (3), kax u dopmyinet (1) u (2), HcnoaL3yeTca HHOTAA s
6reicTporo cuera. CMoTpHTE:
79-81=(80-1)(80+ 1)=80%-1?=6400 - 1 = 6399;
42 - 38 = (40 + 2) (40 — 2) = 40° - 22 = 1600 — 4 = 1596.
3aBepnIuM pasroBop 0 GOpPMyJie PasHOCTH KBaJpPATOB JIFOGOMBIT-
HBEIM reoMeTpHYecKHMM paccyxaeHueM. IIycTs @ ¥ b — HOJNOKHUTENB-
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HEIE YHCcJia, IpuYeM a > b, PaccMOTPHM NPAMOYTOJBEHUK CO CTODOHA-
Mu a + b ua—b (puc. 54). Ero nyiomans pasHa (a + b) (a — b). Orpesxkem
NpAMOYTOJBHHK CO CTOPOHaMHu b 1 a — b ¥ IOAKJIeNM ero K ocTasieiica
YaCTH TAK, KAK MOKA3aHO Ha pucyHKe 55. flcHo, yTo nonydyeHHas pu-
rypa MMeeT Ty e ILUIOIIafb, T. e. (a + b) (a — b). Ho aty purypy MmoxHO
IOCTPOMTE TAK: U3 KBaJpaTa cO CTOPOHOM a BeIpe3aTh KBaApaT cO CTO-
poHO# b (3TO XOpowIo BUAHO Ha puc. 55). 3HauuT, miIomagk HOBOM

b
-
i b p! b b
T b a-b
a-b a-b a-b a-b
|
a b a
Puc. 54 Puc. 55

duryps pasHa a® — b%. Utax, (a + b) (a — b) = a? — b%, 7. e. nonyunnn
dopmyay (3).
3. Pasnocts Ky0oB M cymMMa Ky0oB
VMHOM UM AByueH a — b Ha TpexwieH a® + ab + b%:
(@a-b)(@®+ab+b)=a-a’+a-ab+a-b*—-b-a’-b-ab-
-b-b®*=a®+a’ + ab® - a’b - ab® - b® =a® - bo.
AHajorugaso
(a+b) (a® - ab + b?) = a® + b3
(npoBepeTe 3TO caMu).
Hraxk,

(a—b)(a®+ab+b>)=a*—-b% (4)
(a+b)(a®>—ab+b%)=a®+b (5)

@opmyay (4) 06LIYHO HASEIBAIOT PA3HOCTLIO Ky0OB,
dopmyy (5) — cymmoii Ky6os (110 BUAY IPaBOi 4acTH).

Tlonpo6yem nepesectn dopmynsl (4) u (5) Ha 06BIY-
Helil a3uK. [Ipeskge uem 3TO COEJATh, 3aAMETHM, 4YTO
pasrocrs kY608 gpipaxenue a® + ab + b? moXoike Ha BBIpAaXKeHUE
cymma ky6oe  a®+ 2ab + b?, xoTopoe purypuposao B popmyse (1) u

117



6. MHOTOYNEHBI. APUDOMETMHECKUE ONEPALIMKM HALL MHOTOYNEHAMM

nasaio (a + b)?; suipaskenue a® — ab + b? moxorxe Ha
BeIpakenue a® — 2ab + b%, KoTOpOE (PUrypHpOBATO B
dopmyne (2) u nasayo (a — b)?.

Y106l OTIMYHNTE (B ASEIKE) 3TH Maphl BRIPAXKEeHHI
ADYT OT Apyra, Kaxoe u3 Bhipakenuit a + 2ab + b u
nonneii keagpar q? — 2ab + b? HASHIBAIOT TMOJHBIM KBAXPATOM (CYMMBI

CymMmbl WY PA3HOCTH), & KAXKJI0e U3 BhIpakenuit a® + ab + b u
(paswoctu) a® — ab + b? HA3LIBAIOT HENOJHEIM KBaPATOM (CYMMEI
sancaisl unu pasHocTH). Torza monydyaerca cyeayomuil nepe-
sagpar cymms:  BOZ GOPMyJI (4) u (5) (MpoYUTAHHEIX «CIpAaBa Haje-
(pasnocru) BO» ) HA OOBIYHEIH ABKIK:

pasnocms ky6oe deyx évipaxcenuil paena npoussede-
HUI0 PA3HOCTMU IMUX 6bLPANCEHUT Ha HenonHblU
keadpam ux cymmot;

cymma Ky6oe deyx evipalicenull paséHa npou3leede-
HUIO CYMMbL IMUX BbLPANHCCHUI HA HENONHbLL Kead-
pam ux pasnocmu.

NDpumep 4.Brmonsurs yMmaoxerune (2x — 1) (4x% + 2x + 1).

Pemnie s une. Tak Kak nepBelif MHOXKUTEJNL €CTh PA3HOCTH OJHO-
wieHOB 2x ¥ 1, a BTOPOil MHOMKHUTEIb — HENOJHBIHA KBAJAPAT UX CYyM-
MBI, TO MOXKHO BOCHOJNB30BaThCA (hopmynoii (4). Ilomyanm:

(2x—1)(4x* + 2x + 1) = (2x)* - 1* = 84> - 1. @

OHpumep 5. IIpeacrasuts asyunen 27a° + 8b° B Bune npousse-
J€HUSA MHOT'OYJIEHOB.

Peme Hue. Uvmeem: 27a° = (3a?)?, 8b® = (2b)®. Buauur, sagan-
HBII JBYy4JIEH eCTb cyMMa Ky0oB, T. €, K HEMYy MOKHO IPMMeHHTE ¢op-
myay (5), IPOYUTAHHYIO CIIpaBa HaJeBo. Torjaa nojy4um:

27a% + 8b® = (8a?)® + (2b)® = (3a® + 2b) ((3a?)? — 3a?- 2b + (2b)?) =
= (3a® + 2b) (9a* - 6a’b + 4b%). (m)

B sakxxioueHue eie pas moAYepKHeEM, YTO Bce IIO-
JydeHHBIEe B 3TOM maparpade dopmynsr (1)—(5) uc-
MOJIL3YIOTCHA KaK CJIeBa HANpaso, TAK M CIpaBa Haje-
sHuManue BO, TOJILKO B IIEDBOM cJIy4dae (CJIeBa HAImpaBo) NOBOPAT,

uT0 (1)—(5) — popmynvL coxpawenHo20 YMHONCEHUR,
a BO BTOPOM cJIy4ae (crpaBa HaJIeBO) TOBOPAT, 9T0 (1)—
(5) — copmynvt pasnoxiernus Ha MHONCUMENU.
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§29. RENEHME MHOTOYNEHA
HA OQHOYNEH

CHoBa, Kak u B Hauase § 26, cpaBHMM ILTaHBEl NOCTPOEHHSA
rnaB 5 u 6. Brl, HaBepHOe, 3aMeTHJIH, YTO 3TH ILUIAHEI IOYTH OAUHAKO-
BBI, XOTH IOJHOE COBHAZIEHHe HApYyIIMJI NpeAbiAymuil naparpad (mo-
CBAIEHHBIN crenuduyecKkuM GopMyJiaM COKPalleHHOr0 YMHOMKeHHA),
Jla ¥ B rJIaBe 5 MBI PACCMOTDEJIN BO3BeJeHNe ONHOWIEHA B CTElleHb, A B
riase 6 COOTBETCTBYIOIIErO PA3roBOpa O BO3BEAEHHUH B CTENEHb MHOI'O-
yieHa He ObLIO, 32 MCKJIIOYEHHEM CJIyYas, KOT/a ABYYJIeH BO3BOAUTCH B
kBagpar. Ilociie yMHOKEeHHSL OZHOWIEHOB B IJiaBe 5 ILIa pedb O JAelie-
HHUH OJHOYJIEHA Ha ofHOo4JeH. BoT u B riase 6 MBI ceifuac moroBopum ob
AHAJIOIHYHO OIepanuy — AeJIeHUY MHOTOWIEHA HA OGHOYJIEH.

B ee ocHOBe JIEXKHT cJIeyIolee CBOMCTBO AeJIeHUA CYMMBI HA YHCJIO:

(a+b+c):m=(a:m)+(b:m)+(c:m).

970 no3BoOAAET cpasy cHOPMYJIMPOBATH MIPABUIIO AeJeHUA MHOIO-
4jieHa Ha OJHOYJIEH.

IIpasuao 4. Ymobet pazfenumev MHOZOUNEH HA 00-
HOYJleH, HYNCHO KaxcOblil YlieH MHOzZoYJleHna pa3de-
UMb Ha@ 3mom 00HOYJIEeH U NOJYYeHHble pe3y.ib-
mamol CRLONCUMDb.

B § 23 MuI oTMeuan M, YTO He BCErja MOXKHO DPasfielIUTh OSHOYIEH Ha
OZHOWIEH; YTOOR! JejieHre ObUIO BBINOIHMMO, HEOOXOAMMO coOJIofeHHe
LIeJIOro PAfia YCJIOBHMIA — BCIIOMHEMTE MX (Mu nocMoTpuTe B § 23), mpexae
YyeM pacCMATDHUBATEH IIPHMED, KOTOPHIA mpuBeneH Hmxe. Ecnu 3apaua fe-
JIeHUA OAHOWIeHA (IIpOoCTedInero MHOIOWIEHA) HA OJHOWIEH He BCerga
ObLIa KOPPEKTHOM, TO YTO <€ N'OBOPHUTE O JIeJIEHMH MHOIOYWIEHa HA OfHO-
yneH. Takoe JelieHue BEIOIHUMO JOCTATOYHO PEKO.

Npumep 1.Pasnenurs mEorouwnes 2a’b + 4ab® Ha oxHOWIEH 2a.
Pemenne.

20% |, 4ab’
(2a° + 4ab®) : 2a =(2a%: 2a) + (4ab*: 20) = —— + — — =
2
=2.8 p+ 3.2 o ggbt2-1-b2=ab+ 202 @
2 a 2 a
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3aech MBI HCIIOJIL30BAJH TOT cllocod 3anucH, KOTO-
priit o6ropopuiu B § 23. A BoT Apyroi ciocob (MOXKHO
IPUMEHATE ¥ TOT U APYroii, CMOTPs IO TOMY, KaKOM
‘:zf;"ffaﬁff H3 HHX BaM OoJsibllle HPABHUTCS): BBIIEIHM B KaXKAOM
yjeHe MHorowieHa 2a’b + 4ab® MHOXKHTENb, B TOYHO-
cTH paBHHII genuTenio 2a. Ilomyuum:

2a?b + 4ab® = 2a- ab + 2a- 2b°.

9Ty cyMMY MOMKHO 3amnMcaTh B BHAe mnpousBeneHus 2a(ab +
+ 2b%). Teneps ACHO, 4YTO €CJH 3TO MPOM3BEJIeHHE Pa3AeJUThL Ha 2a (Ha
OIMH MHOKHTEJIb), TO B YACTHOM noay4uTcs ab + 2b? (apyroit MuEOMH-
TeJBb).

NDpumep 2.Pasaenuts muorowren 6x° — 24x?% na 6x2.
Pemenue.

IlepBriit cioco6.
(6x® — 24x%) : 6x% = (6x° : 6x%) — (24x% : 6x%) =
6x° 24x? 6 x* 24 A

6 62 6 £ 6 £ ¥ Al=x-4

Bropoii criocob.
6x® — 24x% = 6x% x — 6x%- 4 = 6x%(x — 4).
3HauYuT, YacTHOE OT HesieHud 6x° — 24x? na 6x? paBHO x — 4. @

IMpumep 3.Pasnemurs muorowren 8a® + 6a’h — b na 2a°.
Pemenmue.
8a® + 6a%b — b =2a%- 4a + 2a%- 3b - b.

ITocKOJBKY B TPETHEM 4WieHe 3aJaHHOIO MHOrouywiIeHa (pedyb HAeT O
yieHe —b) MHOKUTeNs 2a° He BEIZEJNIAETCS, AeIeHNe HEBO3MOMXHO. JTa
3afiaya HeKoppeKTHAa. PakTUUecKHM MEI CHOBa, KaK U B KoHue § 23,
NpUIILIY K anrebpandeckoi Apobu — Ha 3TOT pa3s K anrebpamueckoit
8a®+6a’b -b

2a® : "

Hrak, fenenre MHOTOYJIeHA Ha ONHOYJIEH BEINOJHAETCA HE BCerja,
a ecJIM ¥ BHINOJIHSETCS, TO TpedyeT onpefeneHHBIX ycuiauii. lleenne
’Ke MHOrowieHa Ha MHOrowieH — eme Oonee TpyaHasa (v eme Gosee
PEAKO BEINOJHUMASA) OIEPAIlH, 3TO HAM IIOKA He II0 CHJIAM.

Apobu
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MHOIO4NEHBI. APUDMETUHECKUE OMEPALIMM HAL MHOTOYNIEHAMM
e —

OCHOBHbIE PE3YJIbTATbI

B 2101 r1aBe MBI M3YUMIIH CIEIYIOIIHE IOHATHA:

MHOT'O4JIeH, B YaCTHOCTH JBY4JIeH, TPeX4JIeH;
opuBeieHHe MOAOOHBIX YJIEHOB MHOroYJieHa, B3aMMHOE
VHHYTOXKEHHE YJIeHOB MHOrOYJIeHa;

CTaHJapTHEIH B MHOTOYJIEHA;

anrebpanyecKas CyMMa MHOT'OUJIEHOB.

Me! MByYHIIH CJIeAyIoN{ye IPABUIA:
NPaBHJIO COCTaBJeHUA anrebGpandyecKoil CyMMHEI MHOTO-

YJIeHOB;
NPaBHJIO YMHOKEHUA MHOTOYJIEHA HA OfHOYJIEH;
NPaBHJIO YMHOXKEHHA MHOTOYJIeHA HA MHOTI'O4YJIEH;
OpPaBHJIO AeJIEHHS MHOIOYWIeHA HA ONHOYJIEH.

Mz H3yYnIH caeayiomue GOpMYJIBL:

(@a+b’=a®+ 2ab+b® (xBagpar CyMMsl);
(a—b)?=a?—2ab+b? (xBajpaT pasHOCTH);
(@a+b)(@a-b)=a®-b* (PasHOCTh KBaJPATOB);

(a—b)(a®+ab+b¥)=a®-b? (pasHOCTb Ky6oB);
(a+b)(a®—ab+b)=a+b? (cymmMa Ky60oB).



TNABA
7 PA3JIOXEHME MHOIO4JIEHOB

HA MHOXMUTEJIHU

§ 30. Yro rakoe paznoerne MHOro4yneHos
Ha MHOXMTENM M 3a4em OHO HYHHO
§ 31. BuiHeceHne obLyero MHOMmMTens 3a cKobkmn
§ 32. Cnocob rpynnupoBskm
§ 33. PasnoreHne MHOroYIeHOB Ha MHOXHTENH
€ NOMOLUBIO (POPMY I COKPALLEHHOIO YMHOMEHHS
§ 34. PaznoxeHne MHOro4neHoB Ha MHOXHTENH
C MOMOLLBIO KOMBHHAaLMIM Pa3NMYHBIX NPHEMOB
§ 35. Coxpaujenne anrebpanyvecknx gpobes
§ 36. ToxpecrBa

§ 30. 4TO TAKOE PA3MNOMEHME
MHOTOYJIEHOB HA MHOMMTENM
M 3AYEM OHO HY)KHO

Iiia Hayaja BBIIOJHHM 3HAKOMYIO ONEPALHMIO: YMHOMKHM
MHOro4JieH 2x — 3 Ha MHOTO4WIeH X + 2.

(2x-3)(x+2)=2x-x+2x-2-3-x—-3-2=
=2x%+4x-3x—-6=2x%+x-6.
HUrax, (2x — 3) (x + 2) = 2x% + x — 6.

9ro PaBEHCTBO MOXXHO 3aIIMCaTh no-Apyromy, mno-
MEHSHAB €ro 4aCTH MecTaMHu:

2x2+x—6=(2x—3)(x+2).
Takad 3aIUCh O3HAYAET, YTO MHOrOWIeH 2x2 + x — 6
NIpe/iCTABJIEH B BU/e MPOU3BefeHMsA Gojee MPOCTHIX MHO-

paanoxenue rowreHoB 2x — 3 u x + 2. OOBIYHO B TAKUX CIy4YaAx
MHOroyneHa T'OBOPAT, YTO MHOI'O4YJIEH YAAJIOCE PA3JIOMKHTE HA MHO-
H8 MHOM(HTEenNnH HKHTeJIH.
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7. PA3NOMEHWUE MHOTMO4JIEHOB HA MHOMMUTENWU

Ha camoM zesie GopMyIHMpOBKA «PasIoKeHHEe MHOIOYJIEeHa HA MHO-
JKUTEJIM» BAM yiKe 3HAKOMAa, MBI HECKOJIbKO pas3 MCIIOJIb30BAJIH ee B
riiase 6, HO TaM ke MBI F'OBOPHMJIM, YTO I03AHee OoJiee noapobHO 06cy-
AuM 3Ty npobiemy (npobiemy pasioKeHUA MHOIOYJIEHA HA MHOXKHUTE-
sau). 3To BpeMA npunuio. OaEako cHayana ydegumces B TOM, YTO Pasiio-
JKeHre MHOTOWIeHAa HA MHOXKHTeJIM — BeIllb II0JIe3Has (MHa4Ye 3adeM
HaM 5TUM 3aHUMATBLCA?).

IIpencraBeTe cebe, 4TO BaM HMPEAJIOMKHJIM PELIHNTh YpPaBHEHHE
2x — 3 = 0. Bul cnpaBuTeCh ¢ 3TUM Ge3 TpyAa: 2x = 3, x = 1,5. BaTrem Bam
NPEeAJIOKUIIN PeIIUTh ypaBHeHue x + 2 = 0. U ¢ HUM BEI cripaBUTeCH
NerKo: x = —2. A Terepb BaAM NpeJJaraioT PENIMTh ypaBHeHue 2x% + x —
-6 =0, T. e. 1aTH OTBET Ha BONPOC, 1P KAKHX 3HAYEHUAX X TPEeXUWIeH
2x? + x — 6 obpamaeTcs B HYJIb, — 9TU 3HAYEHUA X HASBIBAIOT KOPHAMU
ypaeHeHus. JIJIA TAKMX YpaBHEHHII MMeeTcs CIELHAJILHOe IIPABHIIO pe-
IIIeHH A, HO BbI €I'0 MOKA He 3HaeTe. Kak ObITh?

BocnosibayeMca MOJYYEHHBIM BRINIE PA3JIOKEHHEM MHOTOYJIeHa
2x? + x — 6 Ha MHOMuTenu: 2x% + x — 6 = (2x — 3)(x + 2). Torza
3aJJaHHOE YpaBHEHHE MOJKHO ITIEPENUCAaTh B BUAE:

(2x-3)(x+2)=0.

Tenepr ocTaeTcsa BOCIOJIB30BATHCHA CIEAYIOIMM H3BECTHBIM (PaKTOM:
€CJIM NPOM3BEJiIeHHE ABYX MHOMKHUTeJNeH paBHO HYJIO, TO OXHMH M3 MHO-
JKHUTeJIei paBeH HyJIo. 3HauuT, Jiubo 2x — 3 = 0, mubo x + 2 = 0. 3apaua
CBeJIach K pellIeHuIo AByx Oojee IpocThiX ypaBHeHuii. s ypaBHeHuA
2x — 3 = 0 nonyuyaem x = 1,5. Iz ypaBHeHus x + 2 =0 nonyuaem x = —-2.
YpaBHeHUe penieHO, OHO MMeeT ABa KopHA: 1,5 u —2.

Hrak, pasioxeHHe MHOrodJeHa Ha MHOXXHTEJIN MOMKET IPHUIO-
AUTHCA HAM JJIA PellleHUs YPaBHEHUI.

PaccmoTpuM Apyryio cutyanuio. IIycTs Hy»XKHO HAMTH 3HAYeHHE
532 -47
YHCJIOBOI'O BEIDAXXEHHNHA W . MD}RH{), HKOHEe4YHO, IMPOBOAHUTL BBI-

uuciaeHus «B JIoO», HO GoJee 3pdEeKTHBHO ABAYKALI BOCIIOJIB30BATHCS
¢opMyJIOil pA3HOCTH KBaJPATOB:

53 -47" (53 - 4T)53+47) _ 6-100 _ 6
61°-39 ~ (61-39)61+39) 22-100 22

a2
11
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7. iu PA3NOMEHUE MHOMOYNIEHOB HA MHOMXWUTENW

PasioyxeHne Ha MHOXXWUTEJH [MO3BOJIMJIO HAM COKPATUTh ApoOs. [Toaa-
Hee MbI OIIeHUM 3TO M IIPH BEINIOJIHEHUH JeficTBHH ¢ anrebpandyecKuMH
ApobsMu.

TakuM oOpasoM, pasjio’KeHHEe MHOTOYJIEeHA Ha
MHOXKUTEH UCNOJIL3YeTCH ANA pelleHus YPaBHeHHIH,
JJiA npeoOpasoBaHMSA YMCIOBHEIX M ajlrebpaudecKux
BeIpakeHuil. [IppuMeHAeTCS OHO ¥ B ADYTUX CUTYaIU-
fAX, KaK, CKa)keM, B CJIeAVIOIEeM AOBOJILHO TPYAHOM,
HO KpPacHBOM TIDMMeEpe, Tfe KJIY K YCHeXy ONATb-
TAKHU B PA3JIOYKEHHH HA MHOXKUTEIH.

Il pumep. [JoxkasaTs, 4To ANA aH0O0ro HATYPaJNBLHOrO YHUCIA N
Beipaskerue n’ + 83n? + 2n nenurcs 6es ocTaTka Ha 6.

Peme u ue. [Iyers p(n) = n® + 83n% + 2n.

Ecnun=1,Ttop(l)=1+ 3 + 2 = 6. 3uaunT, p(1) genurcsa 1Ha 6
6e3 ocTaTka.

Ecoun=2,10p(2)=22+3-224+2-2=8+ 12+ 4 =24,
CnepoBaTensHO, U p (2) genurca Ha 6 Oes ocTraTKa.

Ecrun=3,Top(38)=3*+3:-8+2-83=27+ 27+ 6 =60.
IloaTomy u p (3) menuTcsa Ha 6 Ges ocTaTka.

Ho BRI 3xe mOHUMaeTe, 4To nepefpaTh TAK BCe HATYPAJAbHBIE YHCIIA
HaMm He yzaactca. Kak 6u1Te? Ha momomp npuxopaT anreGpanmdyecKue
MEeTOMBI.

Hmeem:

n*+3n+2n=n(n+1)(n+ 2).
B camom pene
n(n+1)=n%+n,
a
(n®+n)(n+2)=n®+2n*+n?+2n=n+ 3n®+ 2n.
Hraxk,
p(n)=n(n+1)(n+2),

T. €. p (n) ecTb NPOM3BeIeHNE TPEX HAYINUX NOAPAMA HATYPAJLHBIX YU-
cenn,n+1, n+ 2. Ho U3 Tpex TakuX YHCeJ OAHO 00A3aTEJILHO AeJIUT-
cA Ha 3, 3HAYMT, U UX NPOH3BelieHWe AenuTtcA Ha 3. Kpome Toro, mo
KpaiiHeii Mepe OOHO M3 3THX YHCEJ — 4YeTHOe, T.e. NeJIUTCA Ha 2,
3HAYWT, ¥ OpOM3BeAcHHUE AenuTcA Ha 2. Utaxk, p(n) genutca m Ha 2, 1
Ha 3, T. e. JeJuTcA 1 Ha 6. (]
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7. PA3NIOXEHME MHOIMOYNIEHOB HA MHOMXMUTENM

sonp, Bce npekpacHo, cKa)keTe Bbl, HO KaK JAOrajaTecs,
1 uto n® + 3n2 + 2n = n(n + 1)(n + 2)? OTBeT oueBMAeH:

: HaJ0 YYHMTHCSA PAa3JIOKEHHI0 MHOTOYJIEHOB Ha MHOMKH-
omeem Tenu. K aToMy u nepeiifieM: B KayKJJOM U3 CJIEAYIOMIAX

naparpadoB 3TOM TyIaBEl MBI OyAeM H3ydaTk TOT KM
WHOH mpueM pasJiorKeHUA MHOro4JIeHa Ha MHOMKHTEeIH.

§ 31. BLIHECEHME OBLLUETO MHOMMTENS
3A CKOBKM

IIpe:xx e yeM HAYUHATEL U3YYEHHE ITOrO naparpada, BepHU-
reck K § 26. Tam MBI y3xe paccMOTpenu IpuMep, B KOTOPOM TpeboBa-
JIOCH NPEACTABUTHL MHOTOYJIEH B BHJE IPOM3BEICHUSN
MHOro4wieHa U ofHowIieHa. Eciu Takoe nmpousseesue
YAa10Ch COCTABUTH, TO OOBIYHO I'OBOPSAT, YTO MHOIO-
YJieH pasjioKeH HA MHOMKHMTENH C IOMOINbI0 BbIHECe-
sbiHecerme oblero HMA 00IIEro MHOXKHTENAN 3a cKobku. PaccMoTpuM He-

MHOMMHTENR CKOJIBKO IPMMEPOB.
38 ckobkm

MIpumep 1. PaznoxuTh Ha MHOXUTEIH MHOTOYJIEH:

a) 2x + 6y; B) 4a® + 6a?; 1) 5a* — 10a® + 15a°.

6) a® + a%; r) 12ab* — 18a%bc;

Pemenue. a)2x + 6y = 2(x + 3y). 3a ckobku BEIHecaH OO
JeauTenb K03 NeHTOB YWiIEHOB MHOIO4YJIEHA.

6) a® + a® = a®(a + 1). Ecyiv ofiHa ¥ Ta ’Ke nepeMeHHAA BXOAUT BO
BC€ 4JIEHBEI MHOI'O4JI€Ha, TO €€ MOXXHO BBIHECTH 3a CKOﬁI{H B CTENeHH,
PaBHOM HauMMeHbIeil U3 UMemuxcd (T. €. BHOHPAIT HAMMEHbIIHI
M3 UMEIOIINXCA NMoKasaTeeil).

B) 3hech MCIOJB3YEM Te K€ IPUEeMEBl, YTO ¥ IIPH PelIeHuH NpuMe-
PoB a) u 6): Ana Ko3PDUIUEeHTOB HAXOAUM OOI[Mi AesuTeNs (B AaH-
HOM cJIy4ae 4Hucjo 2), ANfA NepeMeHHBEIX — HAWMEHLINYIO CTeNeHb U3
uMeromuxce (B JaHHOM ciyuae a’). ITonyuaem:

4a® + 6a® = 2a%- 2a + 2a%- 3 = 2a%(2a + 3).

r) O6GBLIYHO AJIA LEeJOYHNCIeHHBIX KO3 (GHIUEeHTOB CTAPAOTCA Hall-
TH He MPOCTO OOIIMil AeINTeNb, 8 Hauboabuiuil 06Ul nenuTens. s
Koadpdunuentos 12 u 18 um Gyaer yucno 6. 3amMedaeM, UTO NepeMeH-
Hasf a BXOAMT B 00a 4jeHa MHOro4JieHa, IpY BTOM HAMMEHBbIITHIA IIOKa-
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7. PA3NOMEHME MHOTOYNEHOB HA MHOMUTEM

satesib paBeH 1. IlepemenHasn b Takike BXOAUT B 00a 4jeHa MHOTOYJIeHA,
npHuYeM HAMMEHBLIIMII NOKasaTeN b paBeH 3. HakoHern, nepemeHHas ¢
BXOJUT TOJIBKO BO BTOPOi 4jieH MHOTOYJIEeHa UM He BXOJUT B NEPBHIi
YjieH, 3HAYHT, 3TY NEPEMEHHYIO HEJIb3A BHIHECTH 3a CKOOKU HM B Ka-
Koii creneHu. B uTore nomyuaem:
12ab* — 18a%b3c = 6ab® - 2b — 6ab® - 3ac = 6ab®(2b — 3ac).

n) 5a* — 10a® + 15a® = 5a3(a — 2 + 3a?). (O]

B 3TOM npuMepe MBI aKTHYECKH UCIIOJIB30BAH CIENYIOIHI airo-
PHTM.

-

AJTOPHTM OTHICKAHHSA 00IIEr0 MHOMKHTEIH )
HECKOJBKHX OJHOWIEHOB

1. Haiitu graubonsiuii o0mmuil geauTtens KoahOHIUEATOB BCeX Of-
HOYJIEHOB, BXOJAINHNX B MHOrOYJIeH, — OH M 6yzeT obminmM umce-
JIOBBIM MHOXKHTeNEeM (pasyMeeTcs, 9TO OTHOCHTCS TOJBKO K CIy-
Yal0 NEeJOYHCIEHHBIX K03hGHUIINEeHTOB).

2. HaiiTu nepeMeHHEBIE, KOTOPbIE BXOAAT B KAXKABII YiIeH MHOTIOUWIe-
Ha, ! BBIOpATH AJIA KaXKA0H M3 HUX HAMMEHBIIHNH (M3 HMEIOIIHNX-
Cs1) IOKA3aTeJ b CTENeHH.

3. IlpousseseHue KoahpUIUEHTA, HAWAEHHOIO HA NIEPBOM Iuare, 1

CTeleHeil, HaliIeHHBIX Ha BTOPOM Ilare, sBJsAeTCA OOIIUM MHO-

JKHUTeJaeM, KOTOPBIi 1elecoo0pa3Ho BLIHECTH 38 CKODKH.

J

3ameyaHme 1. B pspe cny4aes nonesHo BbIHOCUTL 3a
ckobKy B KavecTse obiero MHoMHTens M ApobHbIA KO3dh-
cdrument. Hanpumep:
2,4x+ 7,2y = 2,4(x + 3y);

3 6 9 3

?a—?b+?c—-€;(a - 2b+ 3c).
3ameuaHue 2. Cnepyet noHumars, uro waru 1 m 2 anro-
PMTMa MMEIOT COBEPLLEHHO pa3Hbiii cTaTyc. B peanbHbix
3apadax KoahhMUMEeHTbI NOYTH HMKOTAA He BbIBaloT Lenbl-
MM 4nucnamu (a OKa3sbIBaOTCA Lienbimk Bnaropaps ycunuam
COCTaBMTENEH 3afauHMKOB, NOAGMPalOWMX YCNOBMA TaK,
urobbl oTBeT Bbin Nokpacusee). Moatomy war 1 nocesweH
nMWL nonyyeHuio Hanbonee npuaTHOM ANA rnasa 3anucw,
TOrAa Kak Lwar 2 €CTb HeYTO COAEepIKaTENbLHOE.
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7. PA3NIOXEHUE MHOMOYNEHOB HA MHOMMTENM

IIpumep 2. PasnoxuTe HAa MHOMXHUTEJIH MHOrOYJIEH
—x4y® — 232 + 5x2.

P e n1 e H u e. Bocnonbayemcs copMyJIMPOBAHHEIM AJINOPHTMOM.

1) HaubGonpmuit obmuii genutens koadpunmueEToB
—1,-2u 5 paseH 1.

2) IlepeMmeHHaa x BXOAUT BO Bce YWiEHBI MHOTOYJIe-
Ha C NOKAa3aTeJIAMH COOTBETCTBEHHO 4, 3, 2; cienoBa-
TeJILHO, MOKHO BEIHECTH 32 CKOOKH X2,

IlepeMeHHas y BXOAWUT He BO Bce 4JeHB MHOro4JieHa; 3HAUHT, ee
HEJIb3f BEIHECTH 34 CKOOKH.

3) BriBO A: 3a cKOOKM MOkHO BhIHecTH x°, IlpaBia, B ZaHHOM
cay4ae IesecoofpasHee BEIHECTH 38 CKOOKHM —x2. Tonmyumm:

- xiy® - 2232 + 5x% = - 2%(x%y® + 2xy? - 5). Ol

MIpumep 3. MoxkHo nu pasfenuTs MHorouwres 5a? — 10a® +

+ 15a° Ha ogHOuNeH: a) 5a®; 6) 25a%? Eciu fa, TO BHIIIOJIHUTS JleJIeHue.

PeuneH ue. a) Bopumepe 11) MBI NONYYMIH, YTO

5a* - 10a® + 15a° = ba®(a — 2 + 3a?).
BHauuT, 3aaHHEEIH MHOMOWIEH MOXHO pas/ieIuTh Ha 5a®, npu sToM
B YACTHOM NOJyYuTes a — 2 + 3a°.

1 2 3
6) 5a* — 10a® + 154° = 25a2(g a’- <a+ -ad.

5 5
3HaunT, 3a4aHHBIH MHOIOYWIEH MOXXHO pasfieuTh Ha 25a%, npu
1, 2 8 4 -
3TOM B YACTHOM IOJYYUTCH ga = ga a0 ga i i

ITono6HBIe NpUMeEPHl MBI paccMaTpuBany B § 29;
IIPOCMOTPUTE HUX, IOMKATYIHCTA, elle pas, HO yiKe C TOY-
KU 3PEHUSA BhIHECEHHUS ODILIEero MHOMKHUTEJA 38 CKOOKH.

Pazno)xeHne MHONOYWIEHA HA MHOMKHTENH C IIOMO-
IIbI0 BRIHECEHUS O6IEero MHOXKUTENS 3a CKOOKHY TeCHO
CBAI3aHO C IBYMS ONEPAIMsAMH, KOTOPEIe MBI H3y4alH
B §26 u 29, — ¢ yMHOXXeHHEM MHOTOYJIEHA HA OIHO-
YJIeH M C AeJIeHeM MHOro4JeHa Ha OJHOYJIEH.

A Tenepb HECKOJILKO PACIIMPHUM HAIIK IPeJICTABIEHMS O BEIHECEHNH
oB1rero MHOKHTENA 3a CKOOKH. JIeJio B TOM, UTO MHOT/A anrebpanyeckoe
BRIpasKeHUe 38/]aeTCs B TAKOM BHJIE, YTO B KAYECTBe 00IIero MHOKHTENA
MO3KeT BBEICTYIIATE He ONHOUJIEH, & CyMMa HECKOJIbKUX OJHOYJIEHOB.
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7. || PA3JIOXEHME MHOTO4YNEHOB HA MHOMMTENMU

IIpumep 4.PasnoxuTs Ha MHOXKUTEJIH:
2x(x—-2)+ 5(x - 2)%
P e m1 e B u e. Beesiem HOByI0 mepemMenHyo y = x — 2. Torga nomyunm:
2x (x—2) + 5 (x — 2)% = 2xy + 5y°.
3ameuaeM, YTO NEePEeMEHHYIO Y MOXHO BHIHECTH 32 CKOOKMH:
2xy + 5y% = y (2x + 5y). A Teneps BePHEMCA K CTADHIM 0603HAYEHUAM:
y(2x+ 5y)=(x—2)(2x + 5(x — 2)) =
=(x-2)(2x+5x—-10)=(x - 2)(7x - 10).
B nmogo0HBIX cay4aax mnocje npuobpeTeHHA HEKOTOPOTO ONEITa

MOXHO He BBOJANUTE HOBYH INePEMEHHYIO, & MCIIOJIB30BATE CIEAYVIOIYIO
3anMCh:

2x(x—-2)+5(x—2P2=(x-2)(2x+5(x - 2)) =
= (x - 2)(2x + 5x — 10) = (x — 2) (Tx — 10). Cl

§ 32. cnocos rrynnuPOBKK

Insa yAcHeHUs CyTH cmocoba IPYNIUPOBKH PACCMOTDHMM
clIeAYIOmuii IPHUMEpD.
IIpumep 1. PasnoxuTh Ha MHOXKHUTEIM MHOTOYJIEH
2a% + 6a + ab + 3b.
PeueHue. O0peguHEM B OLHY I'PYNINy INEPBHIE ABA 4J€HA, a B
APYryr — IIocJiefHHe JBa 4JjieHa MHOI'oO4JeHa:
(2a% + 6a) + (ab + 3b).
3ameuyaeM, YTO B IEPBOil I'pyNIle MOXXHO BEIHECTH 3a CKOOKH 2a,
a BO BTOpO# rpynne — b, nonyuuMm 2a (a + 3) + b(a + 3). Teneps MuI
BHIHUM, YTO «IPOABHJICH» 0OIMiII MHOXKHUTENE (@ + 3), KOTOPHIH MOK-
HO BEIHECTH 3a ckoOku. B pesynwraTe monyuynum (a + 3) (2a + b).
ITockoabKy mponecc nmpeodpa3oBaHUii B mpuMepe 1 nmepemexanics
KOMMEHTapHfAMHM, NIPHUBEJEM ellle pas pelleHue, HO yxke 6e3 KOMMeH-
TapUEB:
2a% + 6a + ab + 3b = (2a% + 6a) + (ab + 3b) =
=2a(a+3)+b(a+3)=(a+3)(2a+1b). (]
O6beuHeHne uieHoB MHorowiena 2a2 + 6a + ab + 3b B rpynnm
MOJKHO OCYILECTBHTDH PasIMYHBEIMHU criocobamiu. OJHAKO HYIKHO YUUTHI-
BaTh, YTO MHOIIA TAKAS IPYIIMPOBKA OKA3LIBACTCA YAAYHOMN JIA 1ocye-
OVIOIIEr0 pasjioKeHUA Ha MHOMKHUTENH, a uHorga Het. ITposesem sxcre-

128



7. PA3NOMEHWE MHOIOYNIEHOB HA MHOMMUTENM

pumeHT. O0BEIMHUM B OfHY IPYIINY NEPBBIA M TPETHIl YWIEHB! paccMaT-
PHBAEMOro MHOIOYWIEHA, 4 B IPYTYIO IPYIITY — BTOPOI U YeTBePTHIii:

2a® + 6a + ab + 3b = (2a® + ab) + (6a + 3b) =
=a(2a+b)+3(2a+b)=(2a+b)(a+3).

PasnoxeHne HA MHOMKHTENH IOJYYWJIOCh, IDYNIMPOBKA OKasa-
Jlack YOa4yHOM.

Tenepr 00Bb€AMHNM B OZHY I'PYNIY NEPBHIH U YeTBEPTHIM YIEHEI,
a B pyryo — BTOPO ¥ TPETHIl:

2a? + 6a + ab + 3b = (2a® + 3b) + (6a + ab) = (2a% + 3b) + a (6 + b).
9Ta rpynnupoBKAa ABHO HEYAAYHA.

IToagsenem mrToru. YieHH MHOrOYJIEHA MOXKHO
rpyNNUpOBATE TaK, KaKk HaM xouetrcsa. UHora yaaercs
TaKas rPYNIMPOBKA, YTO B KAMJOH IPYIIIE IOCe BhI-
HeceHnd oOmM[MX MHOMKHTeJiell B cKOOKax ocraeTcs
OAHH U TOT JK€ MHOr'O4JIeH, KOTOPEIi, B CBOIO OYepenb,
chocol MOKeT OBITh BRIHECEH 33 CKOOKH Kakx OOIHIl MHOMH-
rpynnMpoBKH Tenb. Toraa roBopAT, YTO pasioKeHne MHOI'OYWIEHA Ha

MHOXHTENH OCYINECTBIEHO CIOco60M rpyNIHPOBKH.

DHpumep 2. PasnoxuTe HA MHOMXHUTEIHX MHOrO4YJIEH
xy—6+ 3x—2y.

Pemernue.

IlepBoiii ciocob rpYyNIHPOBKH:

xy — 6+ 3x — 2y = (xy — 6) + (3x — 2y).

I'pynnupoBka HeyAadHa.

Bropoii ciocob rpynnupoBKH:
xy—6+3x—-2y=(xy+3x)+(-6-2y)=
=x(y+3)-2@w+3)=(y+3)(x—2).

TpeTuii ciocob rpyNnuUpOBKH:
xy—-6+3x-2y=(xy—2y)+(—-6+3x)=
=y(x—2)+3(x-2)=(x-2)(y + 3).

OTrBeT: xy—6+3x—2y=(x—2)(y+ 3).

Kax BuauTe, He BCerja ¢ Iepeoro pasa rpynnupoBKa
6pIBaeT ypauHoi. Ecim rpynnupoBKa OKasalachk He-
yAa4yHOIl, TO OTKAXUTECh OT Hee, MIIUTe WHOM crocof.
ITo mepe npuobpeTeHusa onuiTa Bl OyAere OGbIcTpo Ha-
XOAUTH YAAYHYIO I'PYNNHPOBKY, K&K 3TO C/IeJIaHO B cJie-

[YIOIeM mpuMepe.
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7. PA3NNIOMEHUE MHOIOYNEHOB HA MHOMWTENN

IIpumep 3.PasnoxuTs Ha MHOXKUTEH MHOIO4JIEH
ab® — 2ab + 3a + 2b* — 4b + 6.

PemeH ue. CoctaBuUM TpH Irpynmsl: B NEPBYI BKJIKNYHUM Iep-
BBHIM ¥ YeTBEPTHII YWIeHEI, BO BTOPYI — BTOPO# ¥ NATHIA, B TPDETHIO —
TpeTuii ¥ NiecToi:

ab® — 2ab + 3a + 2b% - 4b + 6 = (ab® + 2b%) + (- 2ab — 4b) +
+(Ba+6)=b¥a+2)-2b(a+2)+3(a+2).

Bo Bcex rpynnax oxasajicd o0mmii MHOXXUTENS (@ + 2), KOTOpHIit
MOJKHO BEIHeCTH 3a cko6ku. [Tomyunm (a + 2) (b% — 2b + 3).

OrBerT: ab’— 2ab+ 3a+ 2b° —4b+ 6 =(a +2) (b — 2b + 3).

Huoraa nonesHo npoBepuTh cebs, T. €. B NOJYyYEHHOM pasioie-
HHUM Ha MHOXKHUTEJIH BHIIIOJHHUTE ONEPAIHI0 YMHOMEHNA MHOIOYJIEHOB
(pacKpeITh CKOOKH) ¥ yOEAUTHCH, YTO B PE3YJILTATE HMOJYYHUTCH TOT
MHOTO4YJIeH, KOTOpPHIi OnLI 3agaH. A eciam Her? Torzma Hamo HCKATH
omnOKY B Pa3JIOKEeHUN HA MHOMKHUTEIIH.

IDpumep 4.Pasnokurs Ha MHOXKUTEIM MEHOTOWIeH x° — Tx + 12,

P enie H ue. HaBepHOe, BH AyMaeTe: KAKOE OTHOIIEHHE MMeET
3TOT NPUMEP K crnocoly rpynnupoBKHY, BeAb 3/1eCh ¥ IDYNIIAPOBATh-TO
Hedgero? 3TO BEPHO, HO MOKHO CAeJaTh HeOOIbIIOH POKyC: eciIu npes-
CTAaBHUTH cJIaraeMoe —7x B BUJle CYMMBI —3X — 4x, TO NOJYYHUTCH CyMMa
yoxe He Tpex (KaK B 3aJaHHOM MHOTOYJIEHE), & YeThIPeX CJIaraeMbIX.
OTH YeTHIPE cJIaraeMbIX MOXKHO pacHpefieN Tk IO ABYM IDyIIaM:
22 -Tx+12=2x"-8x—-4x+12=(x*-8x) + (-4x + 12) =

=x(x-3)-4(x-3)=(x—-3)(x—4).

ml

MIpumep 5.Pemnts ypaBsaeHue:
a)x*-Tx+12=0; 6)x®—2x>+3x-6=0.
P e m e H u e. a) Pasnoxum Tpexunen x2 — Tx + 12 Ha MHOKHUTeNH
TAK, KAK 3TO CAEJAHO B npuMepe 4:
x2-Tx+12=(x—3)(x—4).
Toraa 3ajjaHHOE YpPABHEHHME MOMHO IIepPenucaTh B BHIE

(x — 3) (x — 4) = 0. Teneps ACHO, YTO UCXOAHOE YPABHEHHE MMEET ABA
KOpHA: x =3, x = 4.

6) Pasnoskum MHOrouwnreH x° — 2x° + 3x — 6 Ha MHOMKHUTENIH:
¥ -2x2+38x-6=(x*-2x)+(Bx-6)=x%(x-2)+3(x - 2) =
=(x—2)(x%+ 3).
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IlepenunieM Teneps 3afaHHOE YPaBHEHVE B BHE
(x—2)(x®*+3)=0.
Tak Kaxk MpOM3BeJeHHEe PABHO HYJIIO, TO PABEH HYJIIO OAUH M3 MHOMH-
reneit. Ho x® + 3 npu mo6BIx 3HAYEHUAX X ABIAETCHA NOJOKUTEILHBIM
YHUCJIOM, T. €. B HYJIb 0OPaTUTLECA HE MOXKET. 3HAYUMT, MOXKET BBHINOJI-
HATBLCSA TOJIBKO PaBeHcTBo x — 2 = 0, OTKyJa nmoayyaem x = 2.
OrBerT:a)3,4; 6)2.

§ 33. PA3NOXKEHME MHOTOYNEHOB

HA MHOXMUTEJ/IM C MNOMOLLBIO DOPMYN
COKPAWEHHOIO YMHOXEHMA

B § 28 MBI monyuyuau OATE GOPMYJ COKPAIIEHHOI0 YMHOMKe-
HuA. TaM e MBI OTMETHMJIM, 4YTO JII00OH M3 3TUX GOPMYN MOIKHO
MOJIb30BATBLCA KaK JJIfA COKPAIEHHOI0 YMHOMEHUS MHOrodjeHa Ha
MHOTOWIEH (ecau NpuMeHATE GOPMYJEL B TOM BHJAE, B KOTOPOM OHM
O6pLIn 3anucaHs B § 28), Tak u JJIA pasyIOMKEeHMA MHOro4YJIeHa Ha MHO-
JKHUTENH, €CJIH UX IePelHCcaTh CJIeIYIOIKM 00pasom:

a?—b%=(a—b)(a +b); 1)
a® —b® = (a — b) (a® + ab + b); (2)
a®+ b =(a +b) (a®— ab + b2); 3)

a®+ 2ab + b% = (a + b)%; (4)

a®— 2ab + b% = (a — b)% (5)

IlepBy*0 U3 3THX GOPMYJ MOXKHO IPUMEHATE K BEIPAXKEHHIO, IIpel-
craBaswmeMy coboit pazHocme keadpamos (6e3pasyIMYHO Yero — 4Yu-
ceJl, OHOYJIEHOB, MHOT'OYJIEHOB), BTOPYIO ¥ TPETHI0 — K BHIPAXKEHUIO,
OpeJcTaBIAOLEMY co00it pasnocme (cymmy) kybos; MOCJENHUE [BE
GopMyJSIEl NPUMEHSIOTCH K TPeX4eHy, npeicTasiswomneMy coboit no-
Hblll keadpam, T.e. COAEPKAMEMy CYMMYy KBaApaTOB ABYX BBIpaXxe-
HH# ¥ YABOEHHOe IPOU3BeJeHHE TeX YK€ BhIPaIKeHH.

IIpumep 1. PasnoXuTh Ha MHOMKHTEJIH:

a) 64x% - 9; B) (2x — 1)® - 25;
6) x° — 4a’; r)(a+3)° - (b-2)>~
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PemeH ue. Bo Bcex ueThipex mpuMepax BOCHONb3yeMcA ¢Gop-
myaoii (1) (pasHOCTE KBaApaToOB):

a) 64x% - 9= (8x)® - 3%=(8x—3)(8x + 3);

6) x° — 4a* = (x®)? - (2a?)? = (x® — 2a?) (x® + 2a?);

B) 2x -1 -25=2x -1’ -5 =(2x - 1) - 5) ((2x — 1) + 5) =
=(2x-6)(2x+4)=2(x-3)-2(x+2)=4(x—-3)(x + 2).

3neck, kpoMe GOPMYJIBI Pa3HOCTH KBAAPATOB, MBI MCIOJIb30BAJIH
NPHEM BHIHECEHMS OOIero MHOXKHUTENS 3a CKOOKM — AJIS ABYYJIEHOB
2x—6mu2x+4.

N@+3’-G-2=@(a+3)-®-2)(a+3)+(®-2)=
=(a+3-b+2)(a+3+b-2)=(a-b+5)(a+b+1). (m]

IMIpumep 2.PasnoKuTh Ha MHOKHUTENH:

a) 1254 - 8b%  6)a® + 27b% B) x5 — a®.

PemeHue. 3necs BocnosbayeMcs opmynamu (2) u (3) (pas-
HOCTB ¥ cyMMa KyGoB).

a) 125a° — 8b® = (5a)® — (2b)® = (5a — 2b) ((5a)’ + 5a+2b + (2b))) =
= (5a — 2b) (25a% + 10ab + 4b?).

6) a® + 278% = (a®?® + (3b)® = (a® + 3b) ((@®)? — a®-3b + (3b)®) =
= (a® + 3b) (a® — 3a%b + 9b%).

B) IlepBriii ciocob:

xs = aﬁ o (x2)3 == (32)3 = (xz _ 02) ((x2)2 + x?. ,a2 + (02)2) =
=(x—a)(x +a) (x* + x%a® + a%).

Bropoii cocob:
xﬁ — ﬂ6 - (x3)2 — (03)2 = (x3 - aa) (xa + aa) =
=(x —a) (¥* + xa + a®) (x + a) (x* — xa + a?). =

3ameyaHune. B npumepe 28) npu ogHom cnocobe
PeLUeHUs NOoNY4MNOCh PasnoXeHue
(x - a) (x+ a) (x* + K& + a),
a npu ppyrom cnocobe — pasnoxexue
(x—a) (x + a) ()2 + xa + &%) (¥ — xa + &°).
Pasymeercs, 310 OfHO M TO e: B Cneayloem naparpa-
ce Mbl NOKaXKeM, KaK oT MHorouneHa x* + x2a’ + a* ne-
peiith k npoussegenmio (x> + xa + &%) (X — xa + &°).
Bnpouem, u ceiivac bl moxete ybegurbcs, 4to
X+ x%a’ + a* = (2 + xa + %) (X - xa + a%).
IOns 3aToro poCTaroyHo pacKpbiTb CKOBKK B NPaBOM 4acTH
paseHcTBa (cpenaiite 310).
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IIpumep 3.PasnoxuTe Ha MHOMKHTENH:

a) a® — 4ab + 4b?%; B) 4x* - 12x%y + 9y%;

6) x*+2x%+1; r) 25a% + 10ab + 4b2.

Pem e Hue. B atux npuMepax JaHB! TPEX4JIEHH, AJIA UX PA3JIo-
JKeHHS Ha MHOXHTeJu OyZeM monb3oBaTbcA (opmynamu (4) u (5),
€cJI¥, KOHEYHO, y0eAuMCA B TOM, YTO TPEXYJIeH ABJIAETCH IMOJHBIM
KBaJpaToM.

a)a®—4ab+ 4b®>=a?+ (2b) - 2-a - 2b = (a — 2b)°.

Mz! ybegunuce, YTO TPEXWIEH COAEPIKUT CYMMY KBANPATOE OXHO-
WiIeHOB a ¥ 2b, a TaKyKe yABOEHHOE NPOU3BEJEHNE 3TUX OJHOYWIEHOB.
3HauYMT, 3TO NOJIHEIH KBaApaT, MIpUuYeM KBaJpaT PASHOCTH.

6) x* +2x%2+1=(x22+ 124+ 2-x%-1=(x2+ 1)%

B) 4x' - 122y + 9y* = (2°F +(3y)* ~ 2 - 22* - By =(22 - By)’;

r) 25a% + 10ab + 4b% = (5a)® + (2b)? + 5a * 2b.

Tax xax 10ab — 310 He YABOEHHOE NPOHU3BEAEHME ONHOWIEHOB H5a u
2b, To naHHEIA TPeX4JIeH He ABJIAETCS MOJMHBIM KBagpaToM. PasnoxuTs
€ro Ha MHOJKHUTEJIM ¢ IOMOIIbI0 opmy (4) mim (5) MEL He Moxkem.  (H]

IloguepKHEM elle pas: ecJM XOTHTE BOCIOJbL30-
BaTbcH opmynamu (4) miu (5), To cHaYana ybeguTecs,
YTO 3aIaHHLIHA TPEXYWIEH eCTh IIOJHEI KBajgpaT. B mpo-
THBHOM cJiyuyae dopMmyasl (4) u (5) mpUMeHATH
HeJIb3 — MMEHHO TakK 00CTosIO Aelio B puMepe 3r).

GHIUMAHUE

§ 34. PA3NOXKEHME MHOTO4JIEHOB
HA MHOMTENM
C NOMOLLBIO KOMBEMHALMM
PA3JIMYHBIX MPUEMOB

B maTemaTuKe He Tak 4acTo OmiBaeT, yTOOR IPH pellIeHHH
NpuMepa NPUMEHSJICA TOJILKO OIUH IIPHEeM, Yalle BCTPE4YalTCA KOM-
OGMHHMPOBAHHEIE NPHUMEPH], IZle CHAuYajla HCHOJIb3yeTcsa OJAMH IpHueM,
saTeM Apyroi U T. A. YToOH yCIEeIIHO peniaTh TAKHE MPUMEDHI, MAJIO
3HATH CAMHM IpPHEeMHI, Hafo emje yMeTh BeIpaboraTh
IJIaH UX [OCNefOBATeNBLHOro mpuMeHeHEuMA. MHBIMU
CJIOBAMH, 3J€Chb HYKXHEI HE TOJNBEKO SHAHHWUA, HO H OILIT.
Bor Takme KOMOMHMpPOBAHHBIE NMPHMEPE] MEL M pac-
CMOTpPHM B JaHHOM naparpadge.
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IIpumep 1.Pasioxurs Ha MHOKUTEIN MHOIOWIEH

36a°® — 96a'b* + 64a%b°.

P e e s ue. 1) CHauana 3aiiMeMcHA BEIHECEHHEM 00IEro MHOMKH-
TeJig 3a cKoOKu. PaccMorpuM Koaddunuentr: 36, 96, 64. Bee oHM
JenaTca Ha 4, npuyeM 370 — Hanbonbmuii 00muit JeiuTeNb, BLHIHE-
ceM ero 3a ckobku. Bo Bce wieHB MHOTOWIEHA BXOAHUT IIEPEMEHHAA a
(8 mepssiit a®, Bo BTOPOI a*, B TpeTHii a?), moaToMy 3a CKOGKU MOMKHO
BBEIHECTH ﬂ.z. TO‘-IHO TaK e BO BCe YWIeHBl MHOI'O4YJIeHa BXOOHUT Iiepe-
menHas b (B mepeniit b, Bo BTOpO¥ b', B Tpermit b%) — 3a ckOOKM
MOXXHO BEIHeCTH b°.

Hrax, 3a cko6xu BhiHeceM 4a%b®. Torpa moayqaum:

36a°b® — 96a'b* + 64a%b° = 4a°b® (9a* — 24ab + 16b2).

2) Paccmorpum Tpexuien 9a! — 24a%b + 16b°. Brisicuum, He ABIA-

€TCA JIM OH IIOJIHBIM KBagpaToMm. Hmeem:
9a* — 24a%b + 16b? = (3a?)? + (4b)®> — 2 - 3a? - 4b.

Bce ycaoBusA MOJIHOTO KBaapaTa cobMIoAeHEl, CJIeA0BaATEIbHO,

9a* — 244’ + 16b* = (3a® — 4b)°.

3) Kom6usupysa ABa npueMa (BhIHECEHHME OGIIETO MHOMKHUTENSA 34
CKOOKH ¥ HMCIOJB30BaHHE (GOPMYJIBI COKPAIIEHHOI'O0 YMHOMKEHHA), 110~
JIy4aeM OKOHYATeJIbHBIH Pe3yJIbTaT:

36a%® — 96a’b* + 64a%b°® = 4a%b®(3a® - 4b)°. ()

Ipumep 2. PasioxkuTs Ha MEOXKATE M MHOrOWIeH a’— ¢ + b + 2ab.

Pemenue. 1) CHauana nonpo6yeM BOCHOJBL30BATHCA CIIOCOGOM
rpynnupoBKH. JIo cuX mop YeTkIpe ciaraeMblX MBI pasbUBanu Ha rpymn-
nel o napam (cM. § 32). IlonelTaeMcs U 38eCh CAENATE TAK JKe:

a®-c?+b% + 2ab = (a® - ¢®) + (b* + 2ab) =
=(a—-c)(a+c)+b(b+ 2a).
9Ta rpynnupoBKa HeylayHa, HeT 001ero MHOXKHTENA.
ITonmpo6GyeM mo-ApyroMy:
a®—c?+ b% + 2ab = (a? + b?) + (—c® + 2ab) —
3/leCh TAKKe HIU4Yero XopoIlero Her.
TpeTbsa NONBITKA:
a®—c?+ b% + 2ab = (a® + 2ab) + (—c + b%) =
=a(a+2b)+(b-c)(b+c)—
M 3Jlech HeT 00IIero MHOXKHUTEJISA.
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&7 Oxnaxo Bce-TaKH criocol rpynnupoBKM B 3TOM IpH-
g mepe cpaboraer. Beab HHOTKY/Ia He ClIeAyeT, 4YTO IpyI-
' = MUPOBATH CJIaraeMbleée MOXKHO TOJIBKO IO IApaM, 3TO
=S MOKHO CHeJIaTh H TaK:

a%—c? +b%+ 2ab=(a%+ 2ab + b®) — * = (a + b)* - 2.

Tenepb Bl OTYETJIMBO BHAMTE CTPYKTYPY JAHHOT'O MHOTOWIEHA:
PasHOCTEL KBaJpaToB.

2) K mony4yeHHOMY BLIDaXK€HHI0 MPHMEHHM (opMyJy pPasHOCTH
KBaJpaToB:

@+bfP-c2=((a+b)-c)((a+b)+c)=(@+b-c)(a+b+oc).

Hrak, koMOMHUDPYA ABa npueMa (rPYNNHMPOBKY M MCIOJIL30BAHUE
¢opMyJI COKpaIeHHOTO YMHOMKEHUS — KBaApPaT CYMMBI M Pa3HOCTH
KBaJPATOB), MEI ITOJIYYMJIH OKOHYATENLHEIN pPe3yJIbTAarT:

a®-c?+b?>+2ab=(@a+b-c)(a+b+c). (m]

IDpumep 3.Pasnokurs Ha MHOXKUTENM ABywieH x* + 4y,

P eme H ue. IIpoanannsupyeM CTPYKTYPY AAHHOIO ABYYJIEHA.
Yro taxoe x*? Bro (x?)?% Yro Takoe 4y*? 3ro (2y%)?. Buauut, uMeeM
cymmy kBazpaToB (x2)? + (2y%)%. O6bIuHO, YBHIEB CYMMY KBaJDATOB ABYX
BEIpaXXeHuii (4rcesi, ONHOWIEHOB, MHOIOWIEHOB), MATEMATHK HIIET VA-
BOEHHOE NPOM3BEIEHHE 3TUX BHIPAXKEHWH AJIA TOro, YTOOBI NOIYYUTH
TIOJIHBIA KBAApPaT. B JaHHOM cIyuae TAKUM YABOEHHBEIM IIPOU3BENeHHEM
Gyzer 2 - x2- 212, 1. e. 4xy%. Ho ero B npumMepe meT. YTo ke AenaTs?

IIpu6GaBuUM K 3aJaHHOMY MHOT'OYJIEHY TO, YTO HAM HYKHO, HO, YTO-
OBI HUYEro He HBMEHUJIOCH, TYT 3Ke ¥ BRIYTEM:

(2%)? + (20°) + 4x?y® - 4x?y”.
9TO JaeT BOSMOXKHOCTH CTPYNIIHPOBATE IEPBBIE TPH 4JI€HA TAK, 4YTO
BBIIEIUTCS MOJNHEIA KBajpaT. JlanbHeiinee pelieHue UAET MO ILIAHY
npuMmepa 2.
ITpuBeneM NOJIHOE PelIeHUe NPUMepa, yxe 663 KOMMEHTapHeB:
2t + 4yt = () + (2 = (&) + (29°) + 4x%P) — 4x®y” =
=(x% + 2% - Qxy)* = (x* + 2)° - 2xy) (¥ + 2y° + 2xy). ™

B 3ToM mpuMepe MBI BIEpBHE IPHMEHMIM MeTOX
BhIeJIeHHA NONHOro KBaapaTa. On Oy/leT moJie3eH HaM
4 B flaNbHEHIIeM, B YACTHOCTH, IPH PelIeHNH Cliefyio-

mMerToq LI ero IpuMepa.
BelifjeneHus
nonHoro Keagpara
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IIpumep 4. PasnoxuTs Ha MHOKHUTEIN TPEXWICH
x* + x%a® + a’.

Penre Hue. IIpuMmeEMM MeTOZ BBIZIEJNIEHHA IOJHOIO KBajpaTa.

Ins sToro npencrasumM x°a? B Buge 2x%a® — x%a?. Iomyunm:
2+ %0+ at = 2t + 22%a% - X%a’ + at = (* + 2:%a% + a¥) - PaP =
= (2% + a?)? - (xa)® = (x* + a® - xa) (x® + a® + xa). Cl

A Tenepr BEDHUTECH, MOMXKAJNYIICTA, K 3aMEUYaHNIO, KOTOpPOe OBLIO
caenaHo B § 33 (mocne npumepa 2). Kak BuauTe, MBI BRIIOJHWIHN JaH-
HOe TaM o0eljaHue,

II p u m e p 5. Pasnoxurs Ha MEOKHUTEIH TpexuieH n® + 3n® + 2n.
P e m1 e H 1 e. CHayasa BOCIOJIB3YEMCS TEM, YTO 71 MOXKHO BBIHEC-
i 3a ckobku: n(n? + 3n + 2). Teneps Kk Tpexwieny n? + 3n + 2
IPUMEHHM cI0Oco0 rpYyNIMpPOBKH, IPEABAPUTENLHO IPEACTABUB 371 B
BHuze 2n + n:
n?+3n+2=n*+2n+n+2=0n%*+2n)+(n+2)=
=nn+2)+(n+2)=n+2)(n+1).

Hrak, n®+3n®+2n=n(n+1)(n + 2). (]
OTHM pa3JIOKEHHEM MBI YXK€ BOCIOJIb30BAJINCH B
§ 30. IlpaBpa, Tam aTo OwbLIO cHenaHo Ge3 obGocHOBA-

% HMIi, 3aTO Teneps Bce CTAJIO Ha CBOM MecTa.

z_".' 2

g Mpumep 6. Boruncymrs 38,82+ 83- 15,4 — 44,22
P e m1 e H 1 e. IlocregoBaTeIbHO IPUMEHHM TI'PYII-
NMPOBKY, (JOPMYJIEI COKPAIIEHHOr0 YMHOMKEHUA, BEIHEeCeHHe 00mero

MHOKHTEJNA 38 CKOOKH. ITa COBOKYITHOCTE anrebpanyecKUx IpUEeMOB
MO3BOJIMT NPOBECTH apnd:tme'rmxec:{ﬂe BBIYHMCJIEHHA JIETKO M H3AHO:

38,82+ 83 - 15,4 — 44,22 = 83 - 15,4 — (44,2% — 38,8%) =
=83-15,4 — (44,2 - 38,8) (44,2 + 38,8) =83 - 15,4 - 5,4 - 83 =
=83(15,4 - 5,4) =83 - 10 = 830. ®

3aKaH4YHBaA 3TOT naparpag, BepHEeMCH K TOMY, C Yero Mbl Ha4HHA-
s raasy 7. B § 30 MBI rOBOPHIIM O TOM, UTO PasjioKeHUe Ha MHOYXKHTE-
JIM — OJHMH M3 METOAOB PellleHUA YpaBHEeHM. B cieayroiieM npuMepe
MBI ¥ BOCIOJIb3YEMCH 3THM METOIOM.

IIpepBapuTeNb-HO OTMETHM clefyiomee. B mMaremMaTuke M cMex-
HBIX HAYKAaX YaCTO BCTPEYalOTCA YPaBHEHUA BUAA ax’+bx+c= 0, roe
a, b, c — He nepeMeHHEIE, a Yuciaa. Hanpumep, 2x2-3x+2=0, x* +
+4x — 8,5 = 0 u T. n. Takue YpPABHEHUA HA3LIBAIOT K6aOpQAMHbLMLU,
MEI CIeIMaJIbHO 3aiiMeMcd MX u3ydyeHueM B 8-M Kiacce. Ho HekoTo-
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7. Il PA3NOMEHME MHOTOYNIEHOB HA MHOMMTEIU

phle KBajpaTHble YPaBHEHUA MBI MOXKEM DeIllUTE yiKe Tenepsb. OnHo
KBaZpaTHOe ypaBHeHMEe MbI pemruny Buie B § 32 (cM. mpumep 5), ceii-
yac peluM elre OZHO, IpUYeM Aae JByMA cnocobaMu (npasna, o6brg-
HO JenaloT He TakK, a MOJIb3YITCHA roTOBEIMU GOPMYJIaMU A pelie-
HUSA KBaJIDATHEIX YPABHEHWIl, HO BBl MX [IOKA He 3HAeTe).

HNpumep 7.PemursypaBrenne x> — 6x +5=0.

Pemenue.

Ilepsrlil cnocob. IIpeacraBum —6x B BUAe cyMMEI —x — 5X, a 3aTeM
NMPUMEHHM CIOC00 IrPYIIIUPOBKH:

-6x+5=x*-x-5x+5=(2-x)+(-5x+5)=
=x(x—-1)-5(x—-1)=(x—1) (x— 5).
Torpa sagaHHOe YPaBHEHHE IPUMET BUJ
(x-1)(x-5)=0,

OTKY/Ja HaX0AuM, uTo Jubo x = 1, 1ubo x = 5.

Bropoii cioco6. IlpuMeEMM MeTOA BhIZIEJIEHUS MOJHOTO KBaJpaTa,
JUIs Yero npeactaBuM ciaaraemoe 5 B Buzie 9 — 4. Ilonyunm:

x2-6x+5=x*-6x+9-4=(x>-6x+9)-4=
=(x-8)-2=(x-8-2)(x-3+2)=(x—-5)(x—-1).
CuoBa npunuin K ypasaesum (x — 1) (x — 5) = 0, umernomemy Kop-
HH 1 u 5.
OrBerT: 1, 5.

§ 35. COKPALLEHME ANTEBPAMYECKMX
LAPOBEMN

HoBoe noHATHE B MaTeMaTHKe PefKO BO3HHUKAET «HU3 HH-
4ero», «Ha nmycrtoM Mmectre». QOHO mofABIseTCcA TOrAa, KOrja B HEM
omyuaerca o0beKTUBHAaA HeobxoauMocTb. MMeHHO Tak NOABWINCH B
MaTeMaTHKe OTPHLATENbHBIE YNCJa, TAK NOSBUJIMCH OOEIKHOBEHHEIE
M JecATHYHEIE Jpobu.

\ IIpeanocelIKY AJs BBeleHUA HOBOrO IOHATHA «aJ-
rebpauyeckas Apobe» y Hac mMeroTcs. JlaBaiiTe Bep-
HeMmca K § 23. Obcy)xnaa TaMm JieJieHHe OfHOYJIEHA Ha
OJHOWJIEH, MBI PACCMOTpPEJIM PAJ NPUMepPOoB. Brixemum
ABA U3 HUX.
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7. || PA3NNOMEHUE MHOMOYNEHOB HA MHOMMUTENM

1. Pasnenuts ofgHO4wIeH 36a°b° Ha omHounen 4ab? (cM. nmpumep 1B)
us § 23).
Pemanu Me! ero Tak. BmecTo sanucu 36a%h® : 4ab? ucnosnpsosamm

315

3
yepTy Apodu: “aab? (BenpA:Bmn % — OJHO M TO 3K€e). 3TO NO3BOJIHIIO

BMecTo sanuceit 36 : 4, a® : a, b® : b’ TakKe MCIIONB30BATH YEPTY
Apo6u, 4TO cAeJiano pemeHune npuMepa 6oJiee HATJIAIHBIM:
315 3 5
ﬂ=§.a_.b_g = 9a2b°.
4ab 4 a b
2. PaszienuTs opHOwLIeH 4x° Ha oHOunen 2xy (cM. mpumep 111) us § 23).
JeiicTBYA 0 TOMY e 00pasny, Mbl IIOJIYUHIIH:

2xy T2 x y y B y
B § 23 Mu1 oTMeTHIH, UTO OZHOUNEH 4x° He yAanoch pasfelauTh Ha
OZHOWIEeH 2xY TaK, 4To0n! noryumwicsa ognowien. Ho Begs MaTemaTuue-
CKMe MOJEJIM MOIYT COAEDIKATH OIEPalyIo AeJIEHUA JIOOLIX OfHOWIE-
HOB, He 0053aTeJIbHO TAKHX, YTO OOMH AejnuTcs Ha apyroii. Ilostomy

MATEMATHKH BBEJIM HOBOE IIOHATHE — INOHATHE ajaredpandeckoii qpobu.
2

B wacTHOCTH, 2 = anrebpanueckas ApoOkb.

y Tenepr BepHeMcAa K § 29. O6cykaasa TaM onepa-
IO JIeJIeHUA MHOTOWIeHA HA ONHOYJIEH, Mbl OTMETH-
JI¥, 4TO OHA He Bcerja BemonHuMa. Tak, B mpumepe 2
u3 § 29 peus muIa O AeeHuM ABydieHa 6x% — 24x? Ha
onHouneH 6x2. DTa onepanusa OKa3anach BHITOJIHUMOM,
M B Pe3yJILTATE MBI IOJYYHIH ABYYJeH X — 4. 3HAYHUT,

625 — 24x7
—— =x—-4.
6x*
3 2
—24x
HWHriMu ciioBaMH, anrebpandecKoe BhIpayKeHHUe o yaa-

JIOCH 3aMeHUTE 60JIee MPOCTHIM BEIpAXKeHUeM — MHOIrO4JIEHOM X — 4.
B T0 e Bpemsa B npumepe 3 u3 § 29 He yAanock pasaenTb MHOIO-

8a® +6a%-b

uneH 8a® + 6a’b — b Ha 2a?, 1. e. BrIpaKEHME 5 He YOAI0Ch
a

3aMeHHTh OoJiee IPOCTHIM BHIPAaKE€HHWEM, MPUILIOCHE TAK H OCTABUTH
€ro B Buje anredbpanyecKoi Jpobu.



7. PA3JIOMEHUE MHOIO4YNIEHOB HA MHOMMUTEAM

YTo e KacaeTcs omepanuy JeJIeHUs MHOTOYWIeHA Ha MHOTOYIeH,
TO €EIMHCTBEHHOE, YTO MBI MOXKEM ceifyac cKasaThb: OAHMH MHOI'OYJIeH
MOXKHO PasfieJINTh Ha JPYroi, eclii 3TOT APYToii MHOTOYJIEH ABJIAETCS
OJHUM K3 MHOMKHTEJIeH B Pas/IoaeHUH [IePBOro MHOrOYJIeHa Ha MHO-
FKUTENH.

Hampuwmep, x° — 1 = (x — 1) (%% + x + 1). Buaunr, x® — 1 MoxkHO
pasfienuTs Ha x2 + x + 1, monyunres x — 1; x® — 1 Mok HO pasgenuTs Ha
x — 1, nonyunrea x° + x + 1.

Anzebpauyeckoii Opobbio HA3LIBAIOT OTHOLIEHHE ABYX

P
MHOrowieHoB P u Q. Ilpu 3TOM MCnoNb3yIOT 3allUCh — ,

rae P — yucaumens, Q — 3HameHamenv anrzebpauye-
anrebpanyeckas 3
4pobb cKoii dpobu.

IIpumeps! anrebpanuecKux aApobeii:

2x* 8a®+6a’-b x+y
y '’ 24* P x-y’

HHorpa anrebpandyeckyo Apo6k yaeTcA 3aMEHUTh MHOTO4YJIEHOM.
Hanpumep, KaK MEI y3Ke YCTAHOBMJIH paHee,

6% — 242

T

(muorounen 6x° — 24x? ymanoch pasgenuts Ha 6x2, mpu 3TOM B uyacT-
y pa P

HOM IIOJIy4YaeTcH X — 4); MBI TAK3Ke OTMEYaJIH, YTO

#1
Pl

-1.
Ho Tak OGeiBaeT cpaBHUTENBHO PEJKO.
BopoueM, moxoxxasa CUTyanHus y3Ke BCTpedYasach BAM — IPH H3Y-
24
ueHUM OGLIKHOBEHHEIX pobeii. Hanpumep, apods 5 MOXHO 3aMEHHUTH

40 32
HeJIBIM YHCJIOM 4, a Apobb g — LeasM yucyioMm 5. OgHAaKO Apo6h 2

LIeJILIM YHCJIOM 3aMEeHMTHL He yAaeTcs, XOTS 3Ty Apobb MOMKHO COKpa-
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7. u PA3NOMEHME MHOIO4NIEHOB HA MHOMMTEIIU

THUTb, Pas/ieJINB YUCIUTeIb ¥ 3HAMEHATE b Ha 9YiC/I0 8 — obmuii MHOXKH-

32

TEJb YHCJIHUTEIA 1 3SHaMeHAaTe . ﬂ - *3* . TouHO TaK 3Ke MOHCHO COKpa-

wamo anzebpauyeckue Opobu, pa3fenué 00HOBPEeMEHHO YUCIUMENb U

3Hamenamens Opobu Ha ux obwuil MHONCUMENb. A ANA TOr0 HALO

PAa3JIOKHUTEL H YUCIHTEND, H 3HAMEHATENb IPO0H HA MHOXKHTENH. 31ech

HaM ¥ MOHAJOOHUTCA BCE TO, UTO MEI TAK JOJT0 OOCYKOAJIH B 3TOM Iiase.
II p 1 M e p. CokparuTts anrefpandecKyo Apobsb:

123y a? +2ab+ b x2— xy
N ® arbXa-b)’ g
Pemenue. a) HalileM o0Imuii MHOMUTENb AJIS OSHOYJIEHOB
12x3y* u 8x%y°; aro 4x%y*. Torza
12x3y* = 4x%y* - 3x; 8x%y° = 4x%y* - 2y.
3HauurT,
12" 4x%*-3x 3«

8% - 4xyt . 2y T2y
YucauTens ¥ 3HaAMEHATeNb 3aJaHHON anrebpandeckoi 1pobu co-
KpaTWiIM Ha obmuit MEOxuTENS 432y,
PemieHue 3T0ro NprMepa MOYKHO 3aIHCATh IO-APYTOMY:
2y 12 2 Y3 1 %
8%y 8 £ y 2 vy 2y’
6) YTo6n! COKpAaTUTH APOOE, PA3JIOKUM €€ YUCIUTEb U 3HAMEHa-
Tesb Ha MEOXKuUTeH. Ilomyunm:

a®+2ab+ b _ (a+ by _(a+bfa+b) _a+d
(@+bla-b) (a+bla-b) (a+bla-b) a-b
(npo6b cokpaTHiIu Ha 001Ul MHOXKUTENE a + b).
A Teneps BepHuUTECH K 3aMeuaHuio 2 us § 1. Bunu-

Te, JaHHOe TaM obemaHue MBI HAKOHEI-TO CMOTJIH BhI-
IOJIHUTS.

-xy  x(x-y) _ x(x-Y) _ 1
Hoxp o x(-y')  x@-y@tay+ ) Pray+y’

(coxpaTuau npobs HA OGIUI MHOMKHTENb YHUCIHUTENA U 3HAMEeHATeId,
T. €. Ha x (x — ¥)). (m]
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PA3NIOXEHUE MHOTO4YNEHOB HA MHOMMTENU

Hraxk, s Toro 4Tobsl COKPATUTE anrebpandecKyo
Zpo0b, claeayeT cHAYaIa PAsJIOKUTE HA MHOXKUTENH ee
YUCIAUTEb W 3HAMeHATeNb (ecJIH OHH He COBIIAAAIOT).
Tak 4yTO Bam ycmex B 9TOM HOBOM JeJie (COKPAIeHNH
anrebpamyeckux Apobeil) B OCHOBHOM 3aBUCHT OT TOTO,

KaK BBl YCBOMJIM MaTepHAJ IpeARIAYINHUX maparpadgos
3TOH IJIaBHI.

§ 36. ToxpecTBA

B sTom naparpacde MBI TIO3BHAKOMHMCH elle ¢ OFHUM ajred-
pavdecKuM TepMHHOM. MBI 3HaeM, HAIPUMED, YTO

TOMAECTBEHHO
pasHsie
BLIDAMEHHA

TOMAecTEeHHOE
npeobpasosarue

Y3Hdeme

a?-b>=(a-b)(a+b),
2-dx+4=(x-2)7
(a +b)c=ac+ bc.

HanucanHble paBeHCTBA BePHEI M JIIOGBIX 3HAYe-
HHUAX BXOAANIUX B UX COCTAB nmepeMeHHEIX. Takue pa-
BEHCTBa B anreOpe HasuIBAWOT moxcdecmseamu. JleByio
M NPaBYIO YACTH TOMKAECTBA HA3LIBAIOT BHIPAMKEHUAMH,
TOMAECTBEHHO PABHBIMM APYT APYTY (WIH NPOCTO MoXc-
decmeennvimu). Hanpumep, a® — b® u (a — b) (@ + b) —
TOMKIECTBEHHO PABHEIE BBRIDAXKeHHS. BCAKYI0 3aMeHY
ONIHOT'O BHIPAXKEHHSA APYTHM, TOMKAECTBEHHO DPABHBLIM
€My, HA3HIBAIOT TOMAECTBEHHLIM NpeobpasoBamHeM
BEIDAYKEHHS.

Bce, ueM MBI 3aEMMANHKCH B riaBax 4—7: geiicTBUA
CO CTeneHAMH, C OJJHOYJIEHAMH, ¢ MHOIO4WJIeHaMH, —
BCe 3TO OBLIO M3YYEeHHUEM TOXKECTBEHHBIX Inpeobpaso-
BaHMIA.

B maTemaTuKe yacTo GrIBaeT Tak, 4TO, MCIONb3YA
HEKOTODHI TepMHH, BAPYr obOHapy’»KMBaIOT, 4YTO K
HOBOH CHTYAIlUH OH CTAHOBUTCH HE OYE€Hb IPHCIOCO6-
JIEHHBIM, Tpe0yeT yTOYHeHusA. ITO OTHOCUTCH U K Tep-
MHHY <«TOXAecTBO», Il paGoThl ¢ MHOrO4YJIeHAMH

HDaHHOe BHIIE OompefieieHue abcomoTHo TouHoe. OAHAKO yiKe MJs pa-
GoTrl ¢ anrebpawyecKuMu ApobGAMHM B MOHMMAHHUY 3TOr0 TePMUHA IOHA-
A00uTCA KOPPEKTUPOBKA, MPUAETCS cleNaTh HEeKOTOPLIe YTOYHEeHU,
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7. PA3NNIOMEHWE MHOTOYJIEHOB HA MHOMWUTENU

x(x-1

PaccmoTpuM anrebpanyeckyro Apobb —(:c—(2){x11) . Ee MoxxHO co-
KpaTtuTh Ha X — 1 — Ha o0Iuit MHOYKHTEJb YHCJIUTENISA ¥ 3HAMEHATeNA.
Taxum 06pasoM, IMeeT MeCTO PABEHCTBO

x(x-1) x
(x-2)(x-1) x-2° 0

SBnsierca nu 3TO paBeHCTBO TOXJecTBoM? BBejs BhlIe 3TOT Tep-
MHH, MBI OTMETHJIH, YTO TOMKLECTBO — 3TO PABEHCTBO C NEPEeMEHHBI-
MH, BEPHOE IIpH J100blX 3HAYEHUAX NepeMeHHBX. Ho mpo paBeHCTBO
(1) aToro ckasaTh HeNb3A, OHO HE MMEET CMEICHA Npu X = 1, mpu x = 2,
T. €. OHO BEpHO YK€ He NpH JIOEX 3HAaYeHHAX NepeMeHHO# x. YKa-
3aHHEIE 3HAYEHHUA He ABJIAIOTCA AONMYCTUMEIMU AJIS BRIpaXXeHuii, BXo-
AAmux B cocras paseHcTBa (1). Eciu ke orpaEu4anTLECA TOJNBLKO Jony-
CMUMbIMU 3HAYEHUAMH NEPEMEHHOM X, TO IIPH JIIOOBIX TAKHX 3HAYe-
HUAX paBeHCTBO (1) oxakeTcsa BEPHBIM.

VYuuTeIBaA NOAOOHEIE CUTYAIMH, MATEMATHKH YTOYHUIH MOHATHE
TOXKAECTBA.

Onpeaenexue. TompecTso — 3TO PABEHCTEO,
BEPHOE npu J106bLx donycmumbix 3HAYEHUAX BXOAAIMX
B €r'o COCTAB NNePEMEHHLIX.

B 2T0M cMBIche paBeHCTBO (1) — ToxaecTso. Bor Ta
KOPPEKTHPOBKA MOHATHSA <«TOXAECTBO», 0 KOTOPOH MBI
TOXMAecTeo YIIOMHMHAJH BEIIIIE.

OCHOBHbBIE PE3YJIbTATbHI

B 3T0if r1aBe MBI BBEJIM HOBHIE (JUISl BAC) HOHATHA MaTeMa-
THYECKOro A3LIKA:

pasJio)KeHHe MHOTO4YJIeHAa Ha MHOMKHUTEIH;
anrebpandeckas pobs, cOKpalnenue ajredpanyecKkoii xpobu;
TOIKAECTBO, TOMKAECTBEHHO PABHELIE BHIPAMKEHHA, TOMKJE-
CTBEHHOE NMpeoOpa3s0BaHUe BhIPAMKEHUHA.

BbI MO3HAKOMMJINCH CO CJAEAVIONMMH IPUEMAMM DAasJio-
MEHWHA MHOTrO4YJieHA HA MHOMWUTEH:

BBIHECEHHe 00Iero MHOMXXHUTENA 3a CKOOKH;
rpynnupoBKa;

HMCIOJb30BaHUe (DOPMYJ COKPAIEHHOI0 YMHOMEHUA;
BhIZleJIeHHe MOJIHOI'0O KBaJpaTa.



TNABA

8 GDYHKUMUSA y = x?

§ 37. Dyrkuyma y = x* u ee rpaghmx
§ 38. Npagpuyeckoe pewerne ypasHeHu#
§ 39. Yro o3zHauaer B maremaruke zanmce y = f (x)

§37. dYHKUMA y = x* U EE TPADMK

B riase 2 MBI BBEIM TEPMHMH «JIMHeHAA QYHKIUA», MOHU-

Masd IOJ 3THM JInHeilHOe ypaBHeHMe BHAA i = kX + m ¢ AByMA IepeMeH-
HBIMH X, y. IIpaBna, nepeMeHHEIE X, Y, GUrypHUpYIOIINE B 3TOM ypaBHe-
HUM (B 9TO MaTeMaTHYECKOK MOAENH), CYMTENINCH HEPABHOIPABHEIMU
X — He3aBHCHMAaf [epeMeHHad (apryMeHT), KOTOPO¥ MBI MOIJIM IpHAa-
BaThH J1106He JHAYEeHU#A, HE3ABHUCHMO HH OT 4YEro; Yy — 3aBHCHMad mepe-
MEHHAas, IOCKOJIBKY ee 3HauYeHKe 3aBHCeJIO OT TOro, KaKkoe 3HaYeHue Ie-
peMeHHO# x OsLI0 BEIOpaHO. HO TOrZIa BOSHHKAET €CTECTBEHHEL BOIIPOC:
o a He BCTPEYAIOTCA JIM MATEeMETHYEeCKHe MOJeNIH TAKOro
JKe IUIaHAa, HO TAKHe, Y KOTOPLIX I BEIPAXKAETCHA yepes X

@ He 110 hopmyie y = kx + m, a8 KAKMM-TO HHEIM criocobom?
OTBeT AceH: KOHEYHO, BeTpevalorTced. Ecam, Hanpumep,

X — CTOpOHA KBAJPATA, 4 § — €ro ILIOmab, T0 § = X°
Ecmu x — cTopoHa Kyba, a y — ero o6seM, 10 y = x°. Eciu x — ofBa
CTOpPOHA MPAMOYTOJNBHUKA, IUIOM@AAb KoToporo pasHa 100cM?, a y —

Apyras ero CTOpoHa, T0 y = ——. ITosToMy, ecTeCTBEHHO, IMPHXOIHATCH

100
W3YYATH ¥ MOENb Y = X’, ¥ MOeNb Y = X°, ¥ MOJeNb y = —_— , ¥ MHOIHMe

ApyTHe MOJEeNH, UMEIOIHe TAKYIO e CTPYKTYPY: B JIEBOM YaCTU paBeH-
CTBa HAXOAMWTCHA NEepPeMeHHas Y, 4 B IPaBOi -— KAKO0e-TO BEIDAXKEHHe C
nepeMeHHOH x. JA Takux Mopesell COXPAHAIOT TEPMUH «DyHKIHA»,
OIlyCcKas MpHIaraTesibHOe «JIMHEeHHAaA» .
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8. “ DYHKUMS y = x

3ameyvaHue. Boile Mbl yKe HE pPa3 roBOpMNU O TOM, Kak
06CTOUT AENO B MaremMaThKe € HOBbIMU MOHATHAMM, HOBBIMM
TepmuHamu. Yacto 6biBaeT TaK: BBenu Hosoe noHsthe, pabo-
TalOT C HUM, HO 3aTeM, MO MEPE AANLHEHLLErO U3YHEHHS MaTe-
MaTHKM, HaYMHaIOT OCO3HaBaTb, YTO BBEAEHHOE MOHATHE Tpe-
6yer yTouHeHus, paseutia. MmeHHo Tak obcToano aeno ¢ no-
HATHEM «TOMAECTBOR. TOHHO TaK 3e 0BCTOMT Aeno 1 C NoHATH-
em «hyHKuMA». Mbi ewue posonbHo aonro Gyaem NpuebIKaTh K
Hemy, Habuparbcsa onbiTa, paboTarth C 3THM NOHATHEM, NOKA HE
npuaem K crporomy onpegenenuto (ato Gyper B 9-m knacce).

B aTOM naparpade MuI pacCMOTPHM QYHKIMIO J = X° ¥ IIOCTPOMM

ee rpadukK.

HJaguM HesaBUCHMOI IepeMEHHOH X HECKOJIBKO KOHKPETHEIX 3Ha-
YEeHHUH ¥ BRIYHCINM COOTBETCTBYION[ME 3HAYCHUA 3aBUCHMOM nNepeMeH-

HOi1 y (o dopmy.te y = x2):

ecmu x =0, 10y =0%=0;

ecmmx=1,Toy=1%2=1;

ecmnx =2, 10y =2%=4;

ecmx=3,Toy=23%2=09;
ecrux=—-1,Toy=(-1)7%*=1;
ecmrx=-2,Toy=(-2)°*=4;
ectux=-3,Toy=(-3)>=9.

Kopoue roBops, MBI COCTABHJIH CJIEAYIOI[YIO TAOIHUILY:

0 1 2 3 -1 -2

-3

y 0 1 4 9 1 4

9

ITocTpoum Haiigernwie Toukm (0; 0), (1; 1), (2; 4), (3; 9),
(-1; 1), (-2; 4), (— 3; 9) Ha KoopauHaTHOM IOcKocTH X0y (puc. 56, a).
O9TH TOYKH DPACIIOJIOXKEHE HA HEKOTOPO# JHHUH, HAYEPTHM ee

(puc. 56, 6). 3Ty IMHUIO HA3LIBAIOT NapaGosioi.

KoneuHo, B HMaeane Hajo OBLIO JaTh ApryMeHTY X BCE BO3MOXKHEIE
SHAYEHMS, BEIYMCJIATH COOTBETCTBYIOIIME 3HAYEHHUSA [IePEMEHHOM i 1 110~
CTPOMTH IONyYeHHBIE TOYKH (X; y). Toraa rpaduk GuL1 6B aGCONIOTHO
TOYHEIM, OesympeuHeIM. OAHAKO 3TO HepeaJbHO, Bellb TAKUX TOYEK
GeckoHeyHO MHOTO. [I03TOMY MaTEMATHKH IOCTYIAIOT Tak: GepyT Ko-
HEYHOEe MHOJKECTBO TOYEK, CTPOAT MX HA KOOPHAMHATHOM ILJIOCKOCTH K
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8. GOYHKUMS y = 2

YA JAY
9 \ i .
\ f
\ !
\ hJ
\ 1
li 5
Y
4
4 ¥ ]
1 Ngl I
¥
-3-2-19 1 2 3 |¥ -3-2-10] 1 2 3 x
Puc. 56, a Puc. 56, 6

CMOTPAT, KaKad JIMHHUSA HAMEUYAETCS STUMH TOYKaMu. EciiM KOHTYpDHI
9TOM JIMHUM IPOSIBJIAIOTCA JOCTATOYHO OTYETINBO (Kak 310 ObLIO y HAc,
CcKaxkeM, B mpumMepe 1 ua § 7), TO aTy JIMHMIO TPOBOAAT. BO3MOYKHEI JIx
ommbxu? He 6e3 aToro. IToaTroMy 1 Hazo Bee rory0rke H riry0iKe M3ydJaTh
MAaTEMAaTHKY, YTOOBI ORI BO3MOXXHOCTH M30eraTh ONIuboK.

ITonpobOyem, rnsifa HA PHUCYHOK 56, 6, onmucaTs reOMeTpPHUYECKHe
cBoiicTBa napaboJisl.

Bo-nmepBrIX, OTMeyaeM, 4To mapabosia obiagaer
cuMmMeTtpueii. B camoM nene, eciv NpoBeCTH BHILIE OCH X
n00yi0 nNpAMy0, NapajebHYI0 OCH X, TO 9Ta IIpA-
Masd nepecedeTr napaboiy B JBYX TOUKAX, PACIOJIOMKEH-
HBIX HA PABHBEIX PACCTOAHMUAX OT OCH Y, HO IO Pa3HLIE
napabona CTOpPOHH! 0T Hee (puc. 57). Kerath, TO e MOMKHO CKa-
3aTh ¥ 0 TOYKAaX, OTMEYEeHHEIX Ha pucyHKe 56, a: (1; 1)

roatom W (<15 1); (25 4) u (=25 4); (3; 9) u (=3; 9). Toso-
PAT, YTO OCh Y SBJISETCHA OCHI0 CHMMETPHH napa6oist

seran napaboni  y — 42 yny 4T NAPABONLE CUMMEMPULHA OMHOCUMENLHO

BEpLUMHE ocu y.

napabonsi Bo-BTOpEIX, 3aMeyaeM, YTO OCh CUMMeTPUH KaK Gbl

paspesaeT napaboily Ha aBe YaCTH, KOTOPhle OOBIYHO
Ha3BLIBAIOT BeTBAMH NapaGoJisl.
B-TpeTpHX, OTMeuaeM, uTO y napaboJisl ecTb 0co-
fasi TOYKA, B KOTOPO# cMEIKaloTCA 00e BETBH U KOTO-
pas JesKuT Ha ocH cuMMeTpuy napaboasr — Touka (0; 0). YuureBan
ee 0co0OeHHOCTD, €l MPUCBOMJIM ClenuajibHOe HAa3BaHHe — BepIIHHA
nmapa6oJsl.
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8. u DYHKUMS y = X2

B-ueTBepTHIX, KOrla OJHA BeTBb NapaboJikl cOeANHAETCA B BEPIIN-
HE C pyroi# BEeTBBIO, BTO IPOMCXOAMUT ILUIABHO, Oe3 manoma; napabosa
Kak Obl «nprixuMaeTca» K ocu aberucce. OGEIYHO rOBOPAT: napabona
Kacaemcsa ocu abcyucc.

Teneps nonpobyem, risaga Ha PUCYHOK 56, 6, onucaTs HEKOTOpLIE
cBoiicTBa GyHKIUHA y = x2, ,

Bo-nepBrIX, 3aMeuaeM, 40 ¥y = 0 npu x = 0, y > 0 npu
x>0unpux<0.

Bo-BTOpEIX, OTMEYaEM, YTO Yppun = 0, 8 Yppu6. HE CYIIECTBYET.

B-TpeTbux, 3aMeuaeM, UTO QYHKYUAL Y = x° ybviéaem Ha Lyye
(—°0; 0] — OpH 3THX 3HAYEHHAX X, ABHUTafch mo mapaboyie ciaeBa
HAIIPABO, MEI «CIYCKaeMCs C ropku». Pyuryua y = x° eospacmaem
Ha ayue [0; +0°) — mpu BTHX 3HaAYEHHAX X, ABUTafAch 1o mapaboie
cJIeBa HANIPABO, MBI « IOAHUMAEMCS B T'OPKY».

IIpumep 1. Haiitu Hanbonbllee 1 HAMMEHbIIEe 3HAYEHHUSA
byrknmn y = x%:

a) Ha orpeske [1; 3];

6) Ha oTpeske [— 3; — 1,5];

B) Ha oTpeske [— 3; 2].

Penre s ue. a) [loctpoum mapabony y = x* u BHAeNuM Ty ee
4acTh, KOTOpPAasA COOTBETCTBYET 3HAYEHUAM IIEPEMEHHOM X U3 OTPe3Ka
[1; 3] (puc. 58). [ina BeIAeNIeHHON YaCTH rpad®uKa HAXOAUM VY, .. = 1
(opn x = 1), Ypuus. = 9 (mpu x = 3).

6) ITocTponm napaGony y = x® ¥ BEIIEJIUM Ty €e 4acTb, KOTOpas
COOTBETCTBYET 3HaueHHUAM NEepPeMeHHOH x u3 orpeska [-3; —1,5]

] y y y
lk - 9 .l ] ‘Lg 3 g -
j‘ A || ] : ol ¢
> : hill 2:1 0\ A
f : b NE >
1 51 4 ..’ 4
44 42,25
1, 3 3
i > x A k_x o i B » K > x
lo o 1 | 83-3-1,50 -3| |0 2
Pue. 57 Puc. 5 Puc. 59 Puc. 60
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8. OYHKUMSA y = X

Eesmrer— S — ==

(puc. 59). lnsa BeIeNeHHOH yacTu rpaduKa HaAXOOAMM Y... = 2,25
(npn x = —1,5), Ypps. = 9 (mpu x = -3).

B) ITocTpoum napaGosy y = x* u BEIAEIMM Ty ee 4acTh, KOTOpas
COOTBETCTBYET 3HAYEHHUSAM IIepeMeHHOM X U3 oTpeska [—3; 2] (puc. 60).
Jia BeIEJIEHHOH YacTH rpadmka HaxoiuM y. .. =0 (npu x = 0),
Ysans. = 9 (mpu x = —3). (m]

CoBeT. Y4robbl Kamabiii pas He CTPOUTb rpacuK hyHKLMM
y = x* NO TOYKaM, BbIPEXbTE M3 NNOTHON ByMmaru wabnow na-
pabonbl. C ero nomouusto ebl Gypete overb GbicTpO YepTUTL
napabony.

3ameyaHme. Mpepnaras sBam 3arotosuts WabnoH napabons!,
MbI Kak 6bl ypaBHMBaeMm B NpaBax yHKUMIO ¥ = X’ U NMHEIHYIO
dyHkumo y = kx + m. Bepb rpacdmkom nuHeHHOM hyHKLMM
ABNAETCA Npaman, a ans usobpareHus NpsmMoi ucnonbayercs
obbI4Han NMHEHKa — 3TO M ecTb WabnoH rpaduKa yHKUMM
y = kx + m. Tak nycte y Bac 6yaer u wabnoH rpacmka
byHKummn y = x%

INpumep 2. HaiiTu Toukm nepeceyeHua mnapabonul y = x2 u
npsamMoit y = x + 2.

Pem e nue. ITocTpouM B OfHOII cHCTEeMe KOOpPAUHAT mapaGosy
y = x° u npamyio y = x + 2 (puc. 61). OEM nepecekatorcs B TOukax A u B,
IpHYEM IIO YEPTEXKY HETPYAHO HANTH KOODAHMHATHI 9THX TO4eK A u B:
A Toukn A umeeM x =— 1, y =1, a ana Touxku B umeem x =2, y = 4.

OTtBeT: nmapabosa y = x% u mpsAMas y = x + 2 NepeceKaTCA B
nByx Toukax: A (—-1; 1) u B(2; 4).

YA y
\ %, A 1 L |
\ 11« VAT ALY
\ 313 \ |
\ K \ rI
3 B \
\ / \ /
A, \
KNV
-1 10| 2 x 0 x
Puc. 61 Puc. 62
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DYHKUMSA y = X

Ba)xHoe 3ameyaHme. [o cux Nop Mbl C BaMM AOBONBHO
cMeno penanu BblBOAbl C Momollbto 4Yeptexma. OpHako
MaTEMaTHK1 HE CIMLLKOM AoBepsitoT yeptexmam. ObHapymms
Ha pucyHKke 61 gBe TOuKM nepeceyeHus napabonbl U NPAMON M
ONpepenye C NOMOLLBIO PHUCYHKA KOOPAMHATBI 3TUX TOYEK,
marematuk obbiuHO nposepset cebs: Ha camom Nu pene TouKa
(=1; 1) nexur Kak Ha npamol, Tak M Ha napabone; peict-
BMTENBHO Nk TOuKa (2; 4) nemur 1 Ha npsimoM, u Ha napabone?
Ina 3TOro Hy)»HO NOACTABMTE KOOPAMHATbI ToueK A u B B
YpaBHeHue npsmol M B ypaeHeHvwe napabonel, a 3arem
ybenurbes, YTO M B TOM, M B APYFrOM Cyyae Nony4MTcs BepHoe
paseHcTso. B npumepe 2 B oboux cnyyasx nony4arcs BepHble
pasenctBa. OcobeHHO HacTo NPOBOAAT TaKylo NPOBEPKY, KOraa
COMHEBAIOTCA B TOYHOCTH YepTelKa.

Mpumep 3.Ilocrpouts rpaduk GysKIuY y = —x2

PemeH ue. CpaBEHEM QYHKIMH Y = x2u y=- x% Ilpn omHOM M
TOM € 3HAYEeHUH apryMeHTa, HalpuMep NpH X = a, nepBas QyBEKnusa
IpUHMMaeT 3HaueHue a’, a BTopasg — sHaueHue —a’. 3HauuT, Ha rpa-
(uKe mepBoii GyHKIMK ecTh TouKa (a; a?), a Ha rpaduKe BTOpOit HYHK-
muu — Touka (a; —a?). OTH TOYKM PACHONOMEHE! HA KOOPAMHATHOH
mwiockoctu xOy CMMMETPHYHO OTHOCHUTENBLHO ocH abcnuce (puc. 63).

yA Y, ]I
a? ‘1 __ﬂ I.!ll
\ x
\ 1
) 1
A Y ' 4
\ y
3 Fi
o a| « [\ [x
A 1\
/ \
W
—a? i \
>/
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8. OYHKUMS y = ¥

— = =

3HauuT, rpad@uK QYHKIUK y= —x? cHMMMeTpHUYeH rpaduKy QyHKIHNI
y = x? oTHOCHTENIBHO Ocu abemuce (puc. 64). 3o Ta ke napabona ¢ Toi
JKe BEPIIMHOM M ¢ TOif 3Xe 0ChI0 CHMMETPHH, HO TOJILKO BETBH napabo-
JIbI HAIIPABJIEHH HE BBEPX, 4 BHU3. (m)

B zaxioueHne oTMeTHMM OAHO JIIOOOIBITHOE CBOMCTBO NMapaboJikl.

Ecnu paccMaTpuBaTh napabony y = x° Kak s3KpaH, KaK OTPAKAIIYIO
NOBEPXHOCTh, & B TOUKE {0; -i] IIOMECTHUTE MCTOYHUK CBETa, TO JYy4H,
oTpakasch OT NapaGoJbI-dKpaHa, 06pPa3yIOT NapajulesIbHEIA My40K
csera (puc. 62). Touxky (0; i) HA3BIBAIOT QoKycom napabonbt. Dra

ues NCIOJIb3YETCS B ABTOMOOUIIAX: OTPAYKAIOIIAS MOBEPXHOCTH aphl

uMeeT napabonuueckyio ¢GopMy, a JIaMIIOYKY nomeinaioT B GoKkyce —
TOrZia CBeT OT (apkrl paclupocTpaHAeTcA AOCTATOYHO AajieKo,

§ 38. rPA®MYECKOE PELLEHME YPABHEHMM

IToariTOXMM Hamu 3HaHUA 0 rpadukax ¢pyHKumii. Mu ¢

BaMHM HAYYHJINCh CTPOUTH I'PpadMKH cIeayIommnX QyHKIni:

y = b (npamyo, napauleJILHYIO OCH X);

Y = kx (IpAMYI0, NPOXOAAIIYIO Yepes Hauao KOOPANHAT);

Yy = kx + m (npaMy10);

y = x%, y = —x* (napaGouxy).

3uaHue 3TUX rpa@uKOB NO3BOJIUT HAM B CIy4ae HeoOXOAMMOCTH
3aMEHHMTH AHAJIATHYECKYIO MOJIENh NeOMEeTPHUYecKoi (rpaduveckoir),
HanmpuMep, BMecTO Mofieniu y = x2 (KoTopas mpeacTasisier coboit paseH-
CTBO C IByMS NIEPEMEHHLIMH X ¥ J) paccMaTPUBaThL napabosy B KOOpAU-
HATHOH IUIOCKOCTH. B 4acTHOCTH, 2TO MHOrJA II0JIE3HO AJIA DPEelleHUSA
ypasHennii. Kak ato genaercs, o6cyinM Ha HECKONIBKUX NMPUMEpax.

Hpumep 1.Pemursypassenue x°=x + 2.

P e m e u u e. PaccmorpuM dysknun y = x% u y = x + 2; nocrpoum
X rpadMKM ¥ HaiifleM TOYKM nepecedyeHus rpaduKoB, OTY 3aja4y Mkl
¢ BaMu yike pemianu (cM. npumep 2 ua § 37 ¥ COOTBETCTBEHHO puc. 61).
Iapa6osa y = x* u npaMas y = x + 2 nepecekaioTcs B Toukax A (—1; 1)
u B (2; 4).
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8. ” OYHKLUMSA y = x*

Kax >¢e HaliTH KODHM ypaBHeHMSA x> = x + 2, T. e. Te 3HAUCHMA X,
IIPM KOTOPHIX BHIPAXKEHUS x> U X + 2 MPUHNUMAIOT OJUHAKOBBIE YHCJIO-
Bhle 3HaueHHA? O4YeHb IPOCTO, 3TH 3HAYEHMA YiKe HaiifieHl: x; = —1,
x, = 2. 3ro abcuuccl ToueK A u B, B KOTOPHIX IIepPeceKaloTCsA NOCTpo-
eHHbIe rpaduKu.

OrBeT: x,=-1,x,=2,

DaKTHYECKU MEI HCIIOIL30BAIHN CIEAYIOLHA aJIrOpPUTM:

1. Beesiu B pacemorpenve dyEKmuu y = x2, y=x + 2
2P (onna ppyroro ypaBHeHHs OymyT, pasyMeeTcs, MHEIE
‘; byHKIHH).

2. IlocTpouau B ONHO#M cHCTEMe KOOPAHWHAT rpadu-
Ku bysknuit y = x4, y=x + 2.
3. Hamny TouKHu nepeceyeHus rpaduKoB.
4. Hanumn abcnpccs! TOYEK mepecedyeHus — 3TO M
€CTh KOPHM YPABHEHUSA.

z

|

Hpumep 2.PemursypaBHenue x> —x+4=0.

P e m1 e H u e. 3leck IPUJETCH JONOJHUTE BRIpAOGOTAHHEINA AJITOPUTM
ele OAHMM IIaroM (IMOArOTOBMTEJNHHBEIM INATOM): HAAO IepenucaThb
YpPaBHEHUE B BHAE, JJIs1 KOTOPOrO HMeeTCs AIMOPUTM. ITOT BUZ TAKOB:

x%=x — 4. Tenrepb Bce B MIOPAAKE, AeHCTBY-
€M B COOTBETCTBHH C aJITOPHTMOM.
YA 1) Beeaem aBe dymkmum: y = x2,
y=x-—4.

2) ITocTpouM B OAHOIT cucTEMe KOOpPAH-
HaT rpaduky QyEKIMA y = x’ uy = x — 4
(puc. 65).

- 3) Touex nmepeceyeHUs y MOCTPOEHHBIX
" ] | Tapabosisl ¥ NpPSMOii Her.
\ /,,/ i Kax Bul AyMaeTe, YTO O3HAYaeT 3TOT
reoMeTpu4YecKHi GaKT ANA SaHHOMN anred-
Ol | 2 [ /{4 ’=| Pamieckoii safaum (I JAHHOTO ypaBHe-
/ HuA)? [oraganuck? A Teneps CONOCTABbLTE
/ CBOIO IOTAAKY C TEM, YTO HHXKE 3aIIHCAHO B
—4| /1 OTBeETE.

T
o
Y =
i
N -

7
S
&

1 O T B e T: ypaBHEHHE HE HMEET KOp-
Puc. 65 Hell.
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8. “ DYHKUMSA y = x?

3ameyaHme. B § 34 mbi yie rosopunu o TOM, uTO Cy-
LLECTBYIOT TaK Ha3blBa€Mbl€ KBAPAaTHblE YPABHEHWs —
ypaeHeHus Bupna ax’ + bx + ¢ =0, rpe a, b, ¢ — uucna,
sHUMAHuE a # 0. Onu pewarotcs No cneumaneHbim chopmynam ans
OTBICKaHUs KOPHEH, HO 3TUX (POPMYN Mbl MOKA HE 3HAEM.
Tem He meHee HeKOTOpble KBafpaTHbIE YPABHEHWS Mbl
ye pewmnnu. Tak, B § 34 mbl pewumny ypasHerue X2 — 6x +
+ 5 =0 meToaoM paznoKeH1s Ha MHOMUTENM. A B HacCTO-
filem naparpace mbl pelumnv eLLe ABa KBaapaTHbIX ypasHe-
HYR — rPacMHECKMM METOROM. IT0 ypasHenue XX —x—2= 0
(cm. npumep 1; npaepa, Tam ypaeHeHue Beino 3anucaHo
no-apyromy: x> = x + 2 — HO Bbl )K€ NOHMMaEeTe, YTO 3TO
T0 e camoe) u ypasHerue X — x + 4 =0 (cm. npumep 2).

§ 39 YTO O3HAYAET B MATEMATHUKE
3AMMUCDL y = f(x)

HMsyuas Kaxoit-mub0o peanbHEIH mporece, 00sIYHO obpaina-
0T BHUMaHWe Ha JBe BeJIMYHMHEI, YYACTBYIOIIHE B mpouecce (B Gosiee
CJIO}KHBIX IPOIECCAX YYACTBYIOT He ABE BEJIMYMHEI, a TPH, YETHIpe
M T. ., HO MBI [IOKa TAKKE [IPOLECCHl HE PACCMATPHMEBAEM): OJHA U3 HUX
MeHseTcA Kak Obl caMa cofoii, HesaBMCHMO HHM OT 4ero (Taxkyio mepe-
MEeHHYIO yaille Bcero o60osHauaT OYKBOi X), a Apyras BeJIMYWHA IIPH-
HUMAaeT 3HAYEHWs, KOTOPEIe 3aBUCAT OT BHIOPAHHEIX 3HAYEHWI mepe-
MEeHHO#i X (TAaKyI0 3aBHCHMYIK IePeMEHHYI0 Yaie Bcero 0003HAYAIOT
OyxBoii ). MaTemMaTHyecKOi MOAENBIO PEANbHOO NpoLecca KaK pas u
SIBJIETCA 3alMCh HA MATEMATHYECKOM S3hIKe 3aBHCHMMOCTH Y OT X,
T. €. CBASH MeX Y NepeMeHHEIMH X U . ’

Eije pas HanOMHHM, YTO K HACTOSIIEMY MOMEHTY MBI HM3YYWIN
caeAyiollue MaTeMaTH4YecKue Mmonenu: y =b, y=kx,y=kx + m,
y = x% y=—x° EcTh I y 5THX MATEMATHYECKUX MOJIe-
Jeit uto-nubo obmee? Ecte! Ux cTpykTypa oquHaKoBa:

y = f(x).
9Ty sanuch cjaeAyeT MOHUMATE TaK: MMEETCH BhIpaxe-
Hue f(x) ¢ mepemMeHHOM X, ¢ IOMOIIBI0 KOTOPOTO MEI
HaXOAHM 3HAYEHUA NepeMeHHOM V.

MaremaTukm npeanounTaioT sanuck y = f (x) He ciyuaiino. ITycTs,
Hanpumep, f(x) = x%, T.e. peus uner 0 QYHKIHUHK Y = x%. Ilycrs Ham
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8. u DOYHKUMSA y = £

HAJI0 BHIZIEJIATh HECKOJIBKO 3HAYeHHUI apryMeHTa ¥ COOTBETCTBYIOLMX
sHAYeHU GyHKIHH. {0 CHX Op MBI IHCAJIH TAK:
ecmx=1,Toy=1%=1;

ecux=-3,Toy=(-3)2=9wur. A

EcJu ke MCHoJb3oBaTh obosHauenue f(x) = x%, To sanuck crTaHO-
BUTCHA 00Jiee SKOHOMHOI:

fa)y=1=1;
f(-3)=(-3)*=9.

WTax, MBI MO3HAKOMILIMCE €IIle ¢ OAHUM GparMeHToM MaTeMaThye-
CKOTO A3bIKa: dpasa «3HaueHne QyHKIUM y = xZ B TOuKe X = 2 PaBHO 4»
3amMchIBaeTCA Kopoue: «ecau f(x)=x2, 1o f(2)=4».

A BoT 00pasern 00paTHOrO nNepeBoja:

Eciu f(x) = x2, o f(—3) = 9. ITo-npyromy — sHaueHue GyHKIUN
y = x° B TOuKe x = —3 paBHO 9.

Mpumep 1. Jana byaxnus y = f(x), rae f(x) = x3. BeraucauTs:

a)f(1); n) f(a-1);

6) f(—4); e) f(3x);
B) f (a); x®) f(—x).
r) f (2a);

Pem e u ue. Bo Bcex ciayyadax ILIaH JeMcTBHIl OOWH M TOT Ke:
HYKHO B BRIpAXKEHHWH f(X) MOACTABUTE BMECTO X TO 3HAYEHWE apry-
MEHTa, KOTOpOe YKas3aHO B CKOOKAaX, W BHEINOJHUThL COOTBETCTBYIOIIUE
BHIYUCJIEHHUA ¥ npeoOpa3soBaHus.

a) f()=1°=1;

6) f(-4)=(-4)°=-64;

B) f(a)=a%

r) f(2a) =(2a)’ = 8a%

m fa-1)=(a-1)%

e) f(38x)=(3x)®=27x%

#) 1(=x)=(-x)° =2 (m]
3ameuaHne. Pasymeercs, emecto Bykest f MOXHO Mcnons-
3osare mobyio gpyryio 6ykey (B OCHOBHOM W3 NaTMHCKOro
andpaeuta): g(x), h(x), s(x)m 1. a.

Npumep 2. Naun nse dysxnum: y = f(x), rae f(x) = x%, n
Y = g(x), rae g (x) = x°. [lokasats, 4To:

a) f(—x) = f(x); 6) g (—x) = —g ().

Pemen ue. a) Tak xak f(x) = x2, 10 f(—x) = (—x)? = x°. Urax,
f(x) =22, f(-x) = 2%, smavur, f (- x) = f (x).

152



8. DOYHKUMS y = x*

6) Tak kak g(x) = 2%, 10 g(-x) = (—x)® = —x*. Hrax, g(x) = 2%,
g(-x)=-x 1. e. g(-x) = —g(x). O

Hcnonb3oBaHue MaTeMaTH4YecKOH Mojeau Buaa y = f(x) oka-
3BIBaeTCA yAOOHBIM BO MHOIMX CJIVYasX, B YACTHOCTH TOrZAa, KOrJa pe-
anbHBIA NMPOIECC ONUCHIBAETCA PasIMYHBIMK (GOPMyNaMy Ha PasHEIX
NPOMEXKYTKAX USMEHEHUS HE3aBUCUMOM IePEeMEHHOM.

IHIpumep 3.lanadysxnusay = f(x), rae

2x, ecxm x < 0;
f(x)= x?, ecim x>0.

a) Berumncauts: f(-5), f (- 2), f(1,5), f(4), f(0).

©6) ITocTpouTs rpaduk GyEKOUHE ¥ = f(X).

Pemenue. a) Yro Takoe f(—5)? 310 sHauenue 3agaHHON QYHK-
ouu B Touke X = —5. Ho @pyHKIuA 3agaHa He OAHUM BEIpAXKEHHEM, a
nByma: 2x u x%. KakuM m3 HUX BOCIIONB30BATHCA? 3TO 3aBUCHT OT
BEIODAHHOrO 3HAYEHWA aprymMeHTa. Mer BmiOpamm x = —5, a 4yucio
—5 ymoeyieTBOpseT HepaBeHCTBY X < 0; B 3TOM ciaydae QyHKOUA 3a1a-
eTcA BRIpAaXKeHHeM, CTOAIHM B IIepBOii CTPOKe, T. e. f(x) = 2x. Torma
f(-5)=2-(-5)=-10.

Aranoruuso BeiyuciaseM f(—2): ecau x = -2, To x < 0 1, 3HA4YHUT,
f(x)=2x,T.e. f(-2)=2-(-2)=-4.

Buiuncaum f(1,5), T.e. sHauenune pyHKuum y = f(x) B TOU-
Ke x = 1,5. 9To 3HaUeHHE X YAOBJIETBOPAET ycjioBuio x = 0, u, ciiegoBa-
TEeJILHO, (PYHKIHAA 3a/jaeTcAd BhIpaXKeHHeM, CTOSIIUM BO BTOPOM CTpO-
Ke, T. e. f (x) = x2. Iloaromy f(1,5) = 1,52 = 2,25.

vA | 1] ! yA vh | 1]
o ' ,f! [
& 1 2
¥ by 4T
i “'1 :;
—5 T s _I!;
01 X / il 7 "
l/ i ‘; O/ 1 X
/I : -
am 3 x /
| /
Puc. 66 Puc. 67 Puc. 68
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8. DOYHKUMS y = X

Amnanorudso HaxoxuM f (4): ecmu x = 4, 1o x > 0 u, 3HaUMUT, f(x) = x2,
T. e. f(4)=4%=16.

Ocranocek Beruucautsk f(0). 3ravenue x = 0 yooBJIETBOPAET yCJIO-
BuIo x > 0, cemoBaTenbHo, f(x) = x2, . e. f(0) = 02=0.

6) Mu: ymeeMm cTpouTh rpadmky dysxnuit y = 2x (puc. 66) u y = x2
(puc. 67). 3apanHasa dyHKOUA y = f(x) coBnagaer ¢ Qyaxnoueit y = 2x
npu x < 0 — aTa yacTh rpaduKa BriJieJieHa Ha pucyHKe 66. 3agannas
dbyuxnus y = f (x) coBnagaer ¢ dyaknueit y = x> npu x >0 — sTa yacTs
rpaduka BeZeNeHa HA pucyHKe 67. Ecoim MBI Tenepk n3obpasum obe
BbIJleJICHHEIE YACTH B OJHOU cHCTEMe KOOPAUWHAT, TO NOJIyYuM Tpebye-
Melil rpaduk dyaxnuu y = f(x) (puc. 68). (|

KoneuyHO, MaTeMaTUKHX He CTPOAT oAoGHEIe rpadu-
Ku TaK goiro. OOEIMHO Bee AesiaeTcs cpasy B OGHOM cHu-
creMe KoopauHAT. TONbKO, eCTeCTBEHHO, NMpAMadn
y = 2x GepeTcs He LIEIUKOM, a JIMIIb IPH yeJioBun x < 0,
T. €. Ha npoMesxyTKe (—o0; 0), m napabona y = x2 Oepet-
CcHA He LEJHMKOM, a JIMIIb npu yciaoBuu x = 0, T.e. Ha
npomMexyTKe [0; +o0). Bor Tak, «mo KycoukaM» M BOC-

Kyco4Has npou3BOAMTCS Bech rpaduk. Iosromy hyHKIUM TaKkoro
yHKUYpS TUNA, KAK B OpUMepe 3, HA3LIBAIOT KYCOYHbIMU QYHK-
yuamu.

IIpumep 4.[dasa dyaxuousa y = f(x), rae
x+2, ecom —4<x<-1;
f(x)=1{x*, ecnm —-1<x<0;

4, ecin 0<x<4.

y yh L [ 1]y y
y=x°
\ y . =4
4t
i-x‘b ‘\ i<
I
‘)’& ; X \\ 1 t!
4 -1 lo :x“ 7 =4 X +
- | -110| |x o 4 ~2 4
& _1 O ;
=2
|
Puc. 69 Puc. 70 Puc. 71 Puc. 72
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8. H DOYHKUMSA y = x?

a) Beranciurs: f(-4), f(-2), f(=0,5), (0), (1), f(5);

6) noctpouts rpadpux dyurmuu y = f(x).

PemreH ue. a) 3Hauenue x = —4 yAORIETBOPAET YCJIOBMIO —4 < x<—1,
a B 3TOM cayuyae f(x) = x + 2. [Toaromy f(—4)=-4+ 2 =-2,

3HaueHue x = —2 yznoeiersopseT ycioBuo —4 < x < -1, a B aTOM
cayuae f(x) = x + 2. 3gauur, f(-2)=-2+2=0.

3unauenmne x = —0,5 yaoBnerBopser ycaosuio —1 < x < 0, a B aTOM
ciry4ae f (x) = x%. CneposarensHo, f (—0,5) = (-0,5)% = 0,25.

SHaueHue x = ( yzosierBopseT ycioBuio —1 < x < 0, a B aTOoM
cayuae f (x) = x%. Torga f(0)=0?=0.

3HaueHue x = 1 yposiersopser yciaosuio 0 < x < 4, a B 3TOM clIy-
yae f (x) = 4; B yacTHOCTH, U (1) = 4.

3HaueHHe x = 5 He YIOBJIETBOPAET HU OJHOMY M3 MMEIOIIHXCH YCJIO-
BHI: HE nepBoMy —4 < x < —1, Hu Bropomy —1 < x< 0, a1 TpeTremy 0 < x <4.
IloaroMy BEIYMCIHTE f(5) MBI HE MOXKeM, 3mo 3adaHue HeKOPPEeKmHO.

0) 'padpuk pysxnuu y = f (xX) MOCTPOMM «II0 KyCOd-
kam». Ha pucynke 69 msobpakeH rpadux GyHKIMH
y=x+2,rpe x * [-4; —1]. Ha pucynke 70 npexcrasien
rpaduk dpyaxnvm y = x%, roe x * (—1; 0]. Ha pucynke 71
usobpaxeH rpadpuk ¢pysxkomm y = 4, rae x * (0; 4].

yreHue HaxoHer, Ha pucyHKe 72 Bce «KYCOUKH» BOCCOETHHEHEI
rpachuica B OJ(HO lesioe — B rpaduk dyaxmuw y = f (x). (w]
i BoT Tak ¢ MOMOIIBIO U3BECTHLIX I'PAQUKOB «II0 KY-
onpeaeneHms COYKaM» MOXXHO CTPOMTH rpadHMKH HAa KOOPAUHATHOMN
PyHHUMM IIJIOCKOCTH.

OnumeM ¢ MOMOIIBIO IIOCTPOEHHOI'O HA PHCYHKeE 72
rpaduka HeKOTOpBIe CBOicTBA QyHKIMU Yy = f(x) — Takoe onmucaHue
CBO#CTB OOBIYHO HA3EIBAIOT YMmeHueM 2paguka. YreHue rpaduka — 310
cBoeoOpasHBI#l epexoj OT reoMeTpHU4ecKoil Mojenu (or rpadpuyeckoit
MOZIeJIN) K CJIOBECHO#M Mozenu (K OMMCAHMIO CBOMCTB GyHKIUM). A no-
cTpoeHMe rpaduKa — B9TO IEpPexOof OT aHAJIMTHUYECKOH Mofenu (OHa
[pPeACTABJIEHA B YCJIOBUM IpUMepa 4) K reoMeTpUYeCKOH MOJIENIH.

Hrak, npuctynaeM K 4ureHuIo rpadpura oysHroum y = f(x) (cm.
puc. 72).

1. HesaBucumas mepeMeHHas X «npoberaeT» BCe 3HAYEHHA OT —4
Z0 4. UupiMu ciioBaMu, AJIs Ka)KJAOro 3Ha4YeHUA X U3 oTpeska [—4; 4]
MOKHO BEIYMCJIUTE 3HauYeHue GyHknuu f(x). ToBopaT Tak: [—4; 4] —
obracmy onpedenenus QyHKEYUL.
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8. DOYHKUMS y = £

Ilouemy npu pemeHn# npumepa 4 MeI cKasaau, 4To Haitu f(5)
Henbana? Jla moroMy, YTO 3HAYEHME X = 5 He NPHHAJIEKHUT 00JiacTH
ompeeneHna QYHKIHHA.

2. Ypoun. = —2 (9TOTO 3HAUEHUSA GQYHKIUA AOCTUraeT NpH X = —4);
Ypawe. — 4 (3TOTO 3HAYEHHA QYHKIMA JOCTUTaeT B JII060H TOUKe IONY-
uHTepBaiua (0; 4]).

3.y=0, ecnu x = -2 u ecsiu x = 0; B 3THX TOYKax rpaduk QyHK-
uuu y = f (x) mepecekaer ock x.

4.y > 0, ecan x € (—2; 0) uim ecan x € (0; 4]; Ha PTUX TPOMEKYT-
Kax rpadpuk pyHKnum y = f(x) pacmosoxKeH sviule ocu X.

5.y <0, ecnu x € [-4; —2); Ha 3TOM NIpoMesRkyTKe rpaduk QyHKIUM
y = f (x) pacmonoxeH Huice ocu x.

6. dysKIUA BO3pacTaeT Ha oTpe3ke [—4; —1], yOrIBaeT Ha oTpeske
[-1; 0] » mocTosHHA (HM BO3pacTaeT, HU YOLIBAET) Ha MOJIYWHTEDBAJE
(0; 4].

ITo Mepe TOro Kax MuI ¢ Bamu OyieM M3ydaTh HOBBIE CBOMCTBA (QYHK-
nuil, npomecc YyTeHudA rpaduka GyneT cTaHOBHUTHCA Oosiee HACHIIIEH-

HBIM, COAEPIKATELHBIM M MHTEPECHBIM.

O6cyauM OfHO M3 TAKMX HOBBIX cBOicTB. I'padmk

%@ ¢GyHKIOMH, PacCMOTDEHHO# B mpuMepe 4, COCTOMT u3
o Tpex BeTBel (M3 TPEX «KYCOYKOB»). IlepBas u BTOopas
psirance BeTBH (OTpPe30K HpAMOil y = x + 2 ¥ yacTb napaboJik)

«COCTBIKOBAHBI» YIAYHO: OTPE30K 3aKAHYMBAETCHA B
Touke (— 1; 1), a yuacTox napaboJsibl HAYMHAETCHA B TOI
e TOuKe. A BOT BTOPAs U TPEThbA BETBH MeHee yaad-
HO «COCTHIKOBAHEI»: TPEThS BETBb (¢«KYCOYEK» rOopH-
30HTAJBHOM NpAMOIt) HaunHaeTca He B Touke (0; 0), a
B Touke (0; 4). MaTeMaTHK¥ rOBOPAT Tak: «(PyHK-

HenpepeisHas nus y = f (x) npemepneeaem paspwvié npu x = 0 (11u B
ByHKups Touke x = 0)». Ecnu dyHKIMA He UMeeT TOYEK Pa3phIBa,
TouKa TO ee Ha3LIBAIOT HenpepuisHoil. Tak, Bce GYHKIMH, € KO-
paspsisa TOPBIMKM MEI IO3HAKOMIJINCH B NPEJBLIAYIONX Iaparpa-
bax (y=0b, y=kx, y=kx+m, y=x2,y=‘x2),—
HENpEepHIBHEIE.
x°—2x?

IIpumep 5. Jdasa pysxoua y = . ITocTpouTs ¥ npoyn-

TaTh ee rpadpuk.

x-2
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8. DYHKUMS y =

Pem e nue. Kak sugure, ageck pyHk- y
oA 3aJaHa JOCTATOYHO CJIOKHEIM BhIPaXKeHH- o
em. Ho maTemaTnka — efuHas u nenbHas Ha- | || ]
VKA, ee pasfesbl TECHO CBA3AHHI APYT C APY- \ ¥ If
roM. BocnonbayeMcHa T€M, YTO MBI M3YYaJIH B \ ! ;
riase 7, ¥ cOKpaTUM anreGpamueckyio Apobb \ B 7
=222 % a1k ;
<2 - HAmeem: ]
PO e S < Ca R Nl
= "x-2 x-2 r ol 123 |
Hrak, Ha camoM jpede f(x) = x2. Ilpasna, Puc. 73
HaJI0 YIECTD, UTO TOM/IECTBO —— — = x? cripa-
BeJUIMBO JIMILL NTPH orpaEmyeHun x ¥ 2. CiefoBaTenbHO, MBI MOMEM
3 2
x"—-2x
nepeOpMYJIHPOBATE 38184y TaK: BMeCTO QYHKIUH Y = e oynem

paccMaTpUBATL QYHKIOHIO Y = 2, roe x + 2.

IMocTpouM Ha KOOpAMHATHOH miockoctu xOy mapaboay y = x2.
Ilpamasa x = 2 nepecexkaet ee B Touke (2; 4). Ho no yenosuio x # 2,
3HAYMT, TOYKY (2; 4) mapaboisl MBI JOJKHBEl UCKJIIOYUTL U3 PACCMOT-
PEHUA, IJIS Yero Ha YePTeKe OTMETHM 3TY TOYKY CBETJIBIM KPYKKOM.
TaxkuMm 06pasoM, rpaduK GYHKIMH IOCTPOEH — 3TO mapabona y = x?
€ «BBIKOJIOTOM » TOUKOii (2; 4) (puc. 73).

IlepeiifgeM K OnMCAHMIO CBOMCTB QYHKIMH ¥ = f(x), T. €. K YTEHHIO
ee rpadpuka.

1. HesaBucumas nepeMeHHAas X IPUHAMAaeET JiloOble 3BHAYEHUA, KPO-
Me x = 2. 3HaYuT, 00JIACTh ONpeAeseHHuA GPYHKIOUU COCTOMUT U3 ABYX
OTKPBITHIX Jiyueit (—oo; 2) u (2; +0).

2. Ypuun. = 0 (mocTHTEETCH IDU X = 0), Y006, HE CYIIIECTBYET.

3. dyHKNMA mpeTeprneBaeT pasphiB Npu X = 2 (B TOuKe X = 2);
Ha (—0; 2) u Ha (2; +) OHa HenmpepLIBHA.

4.y=0,ectmx=0.

5.y >0, ecan x € (—; 0), ecn x € (0; 2) u ecint x € (2; +0).

6. ®yuxnusa yoriBaeT Ha Jyue (—oo; 0], BO3pacTaeT Ha NOJYUHTED-
paJie [0; 2) u Ha OTKPHITOM Jiyue (2; +o). (m
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B.JI

DOYHKUMS y = X

OCHOBHbBIE PE3YINbTATHI

M&I NONOJIHKMIY HaII CJIOBAPHEINM 3808C MATEeMaTHYECKOro
A3bIKa CJeAYIOMUMH TEPMIHAMM:

napabona, ock (ock cuMMeTpuu) napaGoJikl, BETBH
napabossl, BepImuHa NapadoJIk;

HenpepbiBHAA QYHKIUSA, Pa3phlB QYHKIHH;

KycouHafA QyHKOHA;

obnacTe onpegesienns GyHKIUM;

4yTeHHue rpaduka.

MEI D03HAKOMUJIIHCE C OBYMSA MATEMATHYECKHMM MOJe-
JIAMM:

i
y=x,

y=1(x).

MBI MONYYHIN CIEAYIOIUI PE3YIILTAT:
rpad@uKoM QyHKIMH Yy = x? apnaerca napaboJa.

M=zl paspaGoTaiu AArOPUTM IpadHYecKOro pereHus ypas-
HeHuA BUja f (x) = g (x).

Haxogen, BBl MOSHAKOMMJINCE C TEM, K&K CTPOUTL rpadUKu
KYCOYHBIX (DYHKIIHIA.
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